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ABSTRACT 


Title  of  Dissertation:  Feedback  Stabilization  via  Center  Manifold  Reduction 

with  Application  to  Tethered  Satellites 

Der-Cherng  Liaw,  Doctor  of  Philosophy,  1990 

Dissertation  directed  by:  Dr.  Eyad  H.  Abed 

Associate  Professor 

Department  of  Electrical  Engineering 

Center  manifold  reduction  has  recently  been  introduced  as  a  tool  for  de¬ 
sign  of  stabilizing  control  laws  for  nonlinear  systems  in  critical  cases.  In  this 
dissertation,  the  center  manifold  approach  is  elaborated  for  general  such  non¬ 
linear  systems  in  several  critical  cases  of  interest,  and  the  results  are  applied  to 
the  control  of  tethered  satellite  systems  (TSS).  In  addition,  to  address  stability 
questions  for  satellite  deployment  via  TSS,  we  obtain  new  results  in  finite-time 
stability  theory. 

The  critical  cases  considered  in  the  general  feedback  stabilization  studies 
include  the  cases  in  which  the  system  linearization  possesses  a  simple  zero  eigen¬ 
value  (of  multiplicity  one  or  two),  a  pair  of  simple  pure  imaginary  eigenvalues, 
one  zero  eigenvalues  along  with  a  pair  of  simple  pure  imaginary  eigenvalues, 
and  two  pairs  of  simple  pure  imaginary  eigenvalues.  The  calculations  involve 
center  manifold  reduction,  normal  form  transformations,  and  Liapunov  function 
construction  for  critical  systems.  These  calculations  are  explicit. 

The  tethered  satellite  systems  considered  here  consist  of  a  satellite  and 
subsatellite  connected  by  a  tether,  in  orbit  around  the  Earth.  The  Lagrangian 
formulation  of  dynamics  is  used  to  obtain  a  nonlinear  system  of  ordinary  dif¬ 
ferential  equations  for  TSS  dynamics.  For  simplicity,  a  rigid,  massless  tether 
is  assumed.  Linear  analysis  reveals  the  presence  of  critical  eigenvalues  in  the 
station-keeping  mode  of  operation.  This  renders  useful  results  on  stabilization 
in  critical  cases  to  this  application.  The  control  variable  assumed  is  tether 


tension  feedback.  Besides  the  design  of  stabilizing  station-keeping  controllers, 
stability  of  deployment  and  instability  of  retrieval  are  also  shown  for  a  constant 
angle  deployment /retrieval  scheme. 
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CHAPTER 

ONE 

INTRODUCTION 


Stability  analysis  and  stabilization  for  nonlinear  autonomous  systems  are 
subjects  which  have  been  studied  extensively.  Many  publications  have  ap¬ 
peared:  Some  of  them  emphasize  the  development  of  new  control  theories  for 

general  systems  [6],  [15]-[19],  [23],  [25]-[26],  [29]- [34],  [44],  [45],  [53]-[55],  [60]- 
[62],  and  some  concern  practical  applications,  for  instance,  [5],  [8],  [9],  [12]- [14], 
[20]-[22],  [24],  [37]-[39],  [46]-[50],  [66]-[73].  But  until  now,  not  many  papers 
have  been  published  in  the  study  of  the  stability  and  stabilization  of  critical 
systems,  wherein  the  system’s  Jacobian  matrix  possesses  eigenvalues  lying  on 
the  imaginary  axis.  Several  approaches  have  been  used  to  study  such  systems. 
One  involves  an  application  of  bifurcation  theorems  [1],  [2],  [25],  [34],  and  an¬ 
other  is  geometric  in  nature  and  uses  center  manifold  reduction  [4],  [10],  [51], 
[55].  Other,  often  less  constructive,  techniques  have  also  been  used;  see  the 
survey  papers  of  Bacciotti  and  Boieri  [7],  and  Sontag  [83]  for  details  and  fur¬ 
ther  references.  In  this  dissertation,  we  extend  existing  results  in  the  geometric 
approach  to  the  study  of  stability  and  stabilization  of  general  critical  nonlin¬ 
ear  autonomous  systems.  These  results  are  then  employed  to  design  stabilizing 
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control  laws  for  a  Tethered  Satellite  System  (TSS)  during  station-keeping.  Ad¬ 
ditionally,  we  extend  known  results  on  the  so-called  finite  time  stability,  and 
use  these  results  to  study  stability  of  the  TSS  during  constant  in-plane  angle 
deployment  and  retrieval. 

1.1.  Motivation 

In  general,  the  linearization  approach  is  a  very  popular  and  powerful  method 
being  used  to  study  the  local  stability  properties  as  well  as  the  locally  stabiliz¬ 
ing  control  design  for  smooth,  nonlinear  autonomous  systems.  It  is  known  (e.g., 
[17],  [36])  that  if  the  linearized  system  at  an  equilibrium  has  all  its  eigenvalues 
in  the  open  left-half  of  the  complex  plane,  then  the  nonlinear  system  is  asymp¬ 
totically  stable.  If,  on  the  other  hand,  one  of  these  eigenvalues  has  positive  real 
part  the  system  is  unstable.  In  the  critical  cases,  where  some  of  the  eigenvalues 
have  zero  real  parts  while  the  rest  lie  in  the  open-left-half  plane,  it  is  known 
that  stability  is  not  determined  by  the  linearization. 

It  is  known  that  the  local  stability  of  smooth,  nonlinear  autonomous  system 
is  implied  by  the  asymptotic  stability  (or  the  instability)  of  its  linearized  model. 
For  the  critical  cases,  the  results  will  not  be  as  direct.  This  might  involve  using 
the  results  of  the  bifurcation  theorems  [1],  [2],  [25],  [34],  especially,  when  a 
system  has  only  simple  critical  eigenvalues,  i.e.,  one  zero  eigenvalue  or  a  pair 
of  pure  nonzero  imaginary  eigenvalues.  An  example  of  such  a  situation  can 
be  found  in  Section  2.4.  Thus,  by  using  the  technique  of  linearization  with 
linear  stability  criteria  and  bifurcation  theorems,  the  local  stability  of  smooth, 
nonlinear  systems  might  be  possible  to  determine.  This  approach  is  used  in  this 
dissertation  to  investigate  the  stabilization  of  a  tethered  satellite  system  during 
station-keeping  mode. 

The  other  approach  studying  critical  systems  is  to  use  a  geometric  method 
for  constructing  the  stability  conditions  of  the  overall  system  from  an  auxiliary 
system,  namely  the  reduced  model,  by  employing  the  center  manifold  theorem 
(e.g.,  [4],  [10],  [18],  [19],  [29],  [32]).  The  application  of  this  method  has  been  ex- 
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tended  to  many  areas,  for  instance,  the  stabilization  of  two  time-scale  nonlinear 
systems  [60]- [61],  [82]. 

Among  those  using  center  manifold  reduction,  Aeyels  [4]  investigated  the 
existence  of  smooth  stabilizing  feedback  control  laws  for  a  class  of  third  order 
nonlinear  systems  for  which  the  linearization  possesses  an  uncontrollable  pair  of 
pure  imaginary  eigenvalues.  Behtash  and  Sastry  [10]  considered  the  stabiliza¬ 
tion  for  critical  nonlinear  systems  whose  linearization  possesses  a  scalar  stable 
mode,  along  with  a  double  zero  eigenvalue,  two  distinct  complex  conjugate  pairs 
of  pure  imaginary  eigenvalues,  or  a  zero  eigenvalue  along  with  a  pair  of  imag¬ 
inary  eigenvalues.  Unfortunately,  there  does  not  currently  exist  an  analogous 
understanding  for  more  general  nonlinear  critical  systems.  For  instance,  it  is 
clearly  important  to  allow  any  finite  number  of  stable  modes.  Also,  calculations 
given  directly  in  terms  of  the  original  higher  order  model  are  clearly  desirable. 

A  main  goal  of  this  dissertation  is  to  derive  such  stabilizing  control  al¬ 
gorithms  for  general  nonlinear  systems  in  critical  cases.  Previous  results  for 
simple  critical  systems  [4]  and  the  double  critical  systems  [10]  are  extended 
to  more  general  high  dimensional  systems.  Moreover,  the  stability  conditions 
and  stabilizing  control  laws  obtained  here  axe  stated  explicitly  in  terms  of  the 
original  system  dynamics. 

A  convenient  assumption  for  using  center  manifold  reduction  is  that  there 
exist  two  groups  of  system  states  with  linearly  decoupled  dynamics.  To  employ 
this  reduction  technique  in  constructing  the  stabilizing  controllers  for  general 
nonlinear  systems,  we  observe  that  linear  feedbacks  will  change  the  structure 
of  the  linearized  model  of  system  dynamics.  Obtaining  a  change  of  coordinates 
facilitating  the  use  of  the  center  manifold  theorem  for  such  problems  is  analyzed 
in  this  thesis.  This  is  useful  in  the  design  of  linear  and  linear-plus-nonlinear 
stabilizing  control  laws  for  critical  systems. 

In  constructing  Liapunov  functions  for  critical  nonlinear  systems,  Fu  and 
Abed  [26]  have  obtained  results  for  the  simple  critical  cases  by  using  an  asymp¬ 
totic  approach.  Analogous  results  for  general  critical  nonlinear  systems  do  not 
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currently  exist.  One  goal  of  this  thesis  is  to  alleviate  this  deficiency. 

In  this  thesis,  we  are  strongly  concerned  with  the  applications  of  the  exist¬ 
ing  stability  criteria  and  stabilization  techniques  to  the  study  of  the  behavior 
of  the  TSS,  where  analytical  results  are  few.  Based  on  a  derived  rigid-body 
model  of  the  TSS,  the  bifurcation  theorems  and  the  new  geometric  results  are 
applied  to  obtain  criteria  for  stability  and  stabilization  during  station-keeping. 
In  addition,  Liapunov- like  finite-time  stability  criteria  are  proposed  and  consid¬ 
ered  in  the  context  of  studying  the  behavior  of  the  TSS  during  constant  angle 
deployment  and  retrieval. 

1.2.  Introduction  to  Tethered  Satellite  Systems  (TSS) 

The  topic  of  TSS  has  received  considerable  attention  in  recent  years  (e.g., 
[5],  [8],  [9],  [12],  [20]- [22],  [24],  [37]-[39],  [66]-['73]).  The  basic  TSS  configuration 
consists  of  a  satellite  and  a  subsatellite  connected  by  a  tether,  in  orbit  around 
the  Earth  (see  Figure  1.1).  Potential  TSS  applications  include  deployment 
and  retrieval  of  satellites,  aiding  in  space-assembly  tasks,  use  of  electrodynamic 
tethers  for  electric  power  generation  [74,  p.  4-259],  and  tethering  platforms 
with  an  infrared  telescope  above  the  Space  Station  for  observing  stellar  and 
planetary  objects  [74,  p.  4-263].  Other  potential  applications  [81]  include  low 
altitude  scientific  applications  (such  as  gravity  and  magnetic  field  mapping, 
Earth  surveillance,  plasma  physics  and  pollutant  measurement),  release  of  ar¬ 
tificial  meteors,  study  of  Earth’s  magnetic  field,  cargo  transfer  and  disturbance 
avoidance  for  payload  deployment.  Control  problems  associated  with  satellite 
tethering  which  are  of  particular  concern  in  this  thesis  concern  stabilization  of 
the  TSS  during  the  deployment,  retrieval  and  station-keeping  modes  of  opera¬ 
tion. 

The  basic  structure  of  the  Tethered  Satellite  System  is  as  shown  in  Figure 
1.2  [81].  The  main  body  (“satellite”)  of  this  configuration  can  be  a  Shuttle  or 
a  large  satellite  and  the  tethered  object  (“subsatellite”)  at  the  far  end  of  the 
tether  might  be  an  experimental  laboratory  or  a  small  satellite.  The  TSS  should 
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be  capable  of  deploying  the  subsatellite  either  upward  away  from  the  Earth  or 
downward  toward  the  Earth.  In  [81],  a  reel  mechanism  (see  Figure  1.2)  is 
proposed  to  provide  control  of  the  tension  force  along  the  tether.  Other  options 
for  control,  besides  direct  control  of  the  tether  tension,  include  momentum-type 
controllers  [46]  and  thrusters  [38],  [89]. 


Figure  1.1.  Tethered  Satellite  System  in  orbit 

A  variety  of  mathematical  models  for  the  TSS  have  been  introduced  and  . 
studied  through  analysis  and  simulation  [5],  [8],  [24],  [37],  [57],  [66]-[71],  [85]. 
These  models  are  based  on  assumptions  on  the  mass  and  configuration  of  each 
element  (satellite,  subsatellite  and  tether),  the  flexibility  and  elasticity  of  the 
tether,  orbit  eccentricity,  aero  dynamic  drag,  electromagnetic  forces,  gravita¬ 
tional  forces,  thermal  or  solar  radiation,  and  control  techniques.  In  addition, 
as  noted  by  Misra  and  Modi  [66] ,  several  other  factors  should  be  considered  in 
modeling  TSS  dynamics.  These  are  longitudinal  vibration  of  the  tether,  lon¬ 
gitudinal  strain  variation  along  the  tether,  transverse  vibration  of  the  tether, 
torsional  stiffness  of  the  tether,  rotational  motion  of  the  end  masses,  offset  of 
the  point  of  attachment  at  the  satellite,  and  effects  of  a  rotating  atmosphere 
(in  low  altitude  applications). 

Several  previous  investigators  consider  simple  cases  and  obtained  lumped- 
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parameter  models  [5],  [47]-[50],  while  others  propose  more  complicated  models 
[66]- [71].  For  instance,  Eades  and  Wolf  [24]  obtain  the  relative  motion  equations 
and  discuss  the  determination  factors  of  the  initial  ejection  velocity  and  the 
required  techniques  (constant  tension  force)  to  cause  the  trajectory  to  pass  a 
desired  spot.  Arnold  [5]  proposes  an  approximate  model  and  uses  it  to  discuss 
the  libration  of  the  system  through  the  gravity  gradient  method. 


Figure  1.2.  Basic  structure  of  the  Tethered  Satellite  System 

As  mentioned  above,  the  major  modes  of  operation  of  the  TSS  are  payload 
deployment,  payload  retrieval  and  station-keeping.  Among  the  possible  control 
techniques  for  these  three  basic  functions,  a  tension  control  method  [80]  and 
a  constant  in-plane  angle  method  [5]  were  proposed  for  satellite  deployment 
and  retrieval.  It  was  asserted  in  [5],  [80]  that  constant  angle  retrieval  of  the 
TSS  is  inherently  unstable.  Several  techniques  have  been  proposed  to  overcome 
this  unacceptable  behavior.  Kane  [39]  proposed  that  the  tether  be  used  as  a 
guideline,  wherein  a  dummy  subsatellite  serves  as  a  pseudo-end  object,  with 
the  true  subsatellite  “crawling”  along  the  tether  during  retrieval.  Kane  and 
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Banerjee  [38]  proposed  the  use  of  a  built-in  thruster  in  the  subsatellite,  in 
addition  to  the  tension  control  force.  For  station- keeping,  Perrine  [76]  suggested 
to  repeatedly  let  the  tether  be  taut  only  at  some  discrete  time  instants  and  let 
it  be  slack  for  the  remainder  of  the  time. 

Attitude  control  of  tethered  objects  was  studied  by  Lemke,  Powell  and 
He  [46],  who  proposed  using  a  moving  attach  point  for  attitude  adjustment. 
Linearized  controllability  and  observability  of  a  tethered  platform  system  during 
station-keeping  motion  were  studied  by  Bainum,  Woodard  and  Juang  [8],  where 
control  input  contains  the  tension  control  force  and  a  momentum-type  control 
device. 

In  [8],  a  minimum  energy  control  law  was  also  proposed  for  station-keeping 
motion  by  using  a  linear  quadratic  regulator  design.  Colombo  and  Arnold  [20] 
discussed  the  anticipated  orbit  and  speed  of  the  subsatellite  after  release  from 
the  tether.  In  [21],  Colombo  considered  use  of  a  special  reel  mechanism  to 
achieve  a  stable  release  motion  of  the  system  without  significant  loss  of  tension 
force.  In  [20],  limitations  on  the  tension  force  imposed  by  the  configuration 
of  the  tether  were  studied  and  a  tapered  type  tether  was  proposed  for  wider 
application. 

A  security  problem  might  also  arise  during  the  operation  of  the  system.  If 
the  tether  breaks  during  any  of  the  operating  modes,  then  serious  damage  can 
result.  Since  the  breakage  of  the  tether  will  effectively  change  the  payload,  the 
tether  itself  might  be  forced  back  and  hit  the  main  satellite  body.  Moreover, 
the  motion  of  the  “lost”  payload  might  also  block  the  motion  of  the  system 
and  hit  the  main  satellite  body.  Beramaschi  [12]  noted  that  parts  of  the  tether 
would  be  able  to  reach  the  shuttle’s  altitude  if  this  breakage  occurred  sufficiently 
close  to  the  orbiter  with  the  tether  slackening  after  breakage.  He  also  proposed 
either  increasing  the  cross  section  of  tether’s  terminal  section  or  connecting  the 
terminal  section  to  the  remaining  part  of  the  tether  by  a  damper  as  ways  of 
reducing  the  satellite  safety  problem.  This  study  considered  only  the  case  of 
station-keeping  and  the  safety  of  the  satellite. 
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Many  applications  of  the  TSS  have  been  proposed  by  Rupp  and  Laue  [81]. 
In  addition,  Maunel  and  Gavit  [63]  considered  an  application  in  orbit  modifi¬ 
cation  by  using  forced  tether  length  variations,  and  Lorenzini  [58]  considered 
a  micro-g/variable-g  application.  Moreover,  two-shuttle/two-tether  systems  or 
even  multi-shuttle/multi-tether  systems  can  be  considered  [67]. 

1.3.  Outline 

The  development  of  this  dissertation  is  as  follows.  In  Chapter  2,  we  collect 
some  basic  results  on  nonlinear  systems  of  ordinary  differential  equations,  which 
will  be  referenced  in  the  sequel.  First,  the  definition  of  invariant  and  locally 
invariant  manifold  are  given.  This  is  followed  by  a  discussion  of  the  center 
manifold  theorem.  A  convenient  assumption  in  applying  the  center  manifold 
theorem  is  that  the  system  state  variables  separate  into  two  groups,  for  which 
the  linearized  system  dynamics  are  decoupled.  A  generally  applicable  linear 
transformation  is  introduced  to  facilitate  systematic  application  of  the  center 
manifold  theorem  to  linear  feedback  stabilization  of  critical  nonlinear  systems 
even  when  this  assumption  does  not  hold.  This  is  followed  by  a  summary  of 
the  definitions  and  some  properties  of  multilinear  functions,  and  the  technique 
of  normal  form  reduction.  In  Section  2.4,  we  review  basic  behaviors  of  one 
parameter  families  of  nonlinear  systems  and  simple  bifurcation  theorems,  for 
cases  in  which  the  system  Jacobian  at  a  critical  parameter  value  possesses  one 
simple  zero  or  a  pair  of  simple  pure  imaginary  eigenvalues.  Definitions  and 
results  related  to  the  so-called  “finite  time  stability”  are  also  given  in  the  last 
section  of  Chapter  2. 

Based  on  the  existence  theorems  for  the  locally  invariant  manifold  given 
in  Section  2.1,  composite- type  linear  and/or  nonlinear  controllers  are  proposed 
in  Chapter  3  for  stabilization  of  nonlinear  systems  in  critical  cases.  Designs  for 
feedback  stabilizing  controllers  for  the  simple  critical  (SC)  and  the  compound 
critical  (CC)  systems  are  proposed  in  Chapters  3  and  4,  respectively.  The  simple 
critical  cases  (SC)  occur  when  the  linearized  model  has  one  simple  zero  or  a  pair 
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of  simple  pure  imaginary  eigenvalues,  while  for  the  compound  critical  cases  (CC) 
of  interest  here,  the  linearized  model  has  two  zero  eigenvalues  with  geometric 
multiplicity  one,  one  zero  and  a  pair  of  simple  pure  imaginary  eigenvalues,  or  two 
pairs  of  simple  pure  imaginary  eigenvalues.  In  this  design,  the  linear  feedback  is 
first  constrained  to  ensure  existence  of  a  locally  attracting  invariant  manifold. 
The  remaining  freedom  in  the  controller  is  then  employed  to  guarantee  stability 
of  the  reduced  model. 

Families  of  Liapunov  functions  for  critical  systems  are  constructed  in  Chap¬ 
ter  5.  The  Center  Manifold  Theorem  is  employed  in  the  development.  Stability 
conditions  for  the  simple  critical  systems  (SC)  and  the  compound  critical  sys¬ 
tems  (CC)  are  rederived  by  using  these  Liapunov  functions. 

In  Chapter  6,  tension  control  laws  are  designed  guaranteeing  asymptotic 
stability  of  the  TSS  during  station-keeping.  After  deriving  a  set  of  dynamic 
equations  governing  the  TSS  dynamics,  stabilizing  tension  control  laws  in  feed¬ 
back  form  are  derived.  The  tether  is  assumed  rigid  and  massless,  and  the 
equations  of  motion  are  derived  using  the  system  Lagrangian.  It  is  observed 
that,  to  stabilize  the  system  using  tension  control,  tools  from  stability  analysis 
of  critical  nonlinear  systems  must  be  applied.  The  results  employs  calculations 
related  to  the  Hopf  Bifurcation  Theorem  (recalled  in  Section  2.4).  It  is  found 
that  linear  stabilizing  feedback  control  laws  exist.  Simulations  illustrate  the  na¬ 
ture  of  the  conclusions,  and  demonstrate  that  nonlinear  terms  in  the  feedback 
can  be  used  to  significantly  improve  the  transient  response.  The  results  given 
in  Chapter  6  are  found  to  be  obtained  by  using  the  center  manifold  reduction 
technique  proposed  in  Chapter  3. 

In  order  to  improve  the  transient  responses  of  the  TSS  given  in  Chapter 
6  without  using  high  gains,  a  different  technique  is  proposed  in  Chapter  7  for 
station-keeping  control.  In  this  approach,  the  linear  feedback  is  first  constrained 
to  preserve  the  two  distinct  pairs  of  nonzero  pure  imaginary  eigenvalues  of  the 
uncontrolled  model  of  the  TSS.  The  remaining  freedom  in  the  controller  is  then 
designed  to  provide  the  stability  of  the  system  by  invoking  the  stability  criterion 
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as  in  Section  4.2.3  for  a  class  of  fourth-order  critical  systems.  Simulations 
indicate  that  the  nonlinear  stabilizing  feedback  control  law  will  improve  the 
transient  response  significantly  and  the  performance  of  the  transient  responses 
by  using  the  new  approach  is  better  than  those  given  in  Chapter  6. 

Based  on  the  rigid  model  of  TSS  obtained  in  Chapter  6,  a  constant  an¬ 
gle  control  method  is  hypothesized  for  subsatellite  deployment  and  retrieval  in 
Chapter  8.  It  is  proved  that  this  control  law  results  in  stable  deployment  but 
unstable  retrieval.  An  enhanced  control  law  for  deployment  is  also  proposed, 
which  entails  use  of  the  constant  angle  method  followed  by  a  station-keeping 
control  law  once  the  tether  length  is  sufficiently  near  the  desired  value.  Simu¬ 
lations  are  given  to  illustrate  the  conclusions. 

Finally,  a  summary  of  this  dissertation  and  suggestions  for  the  future  study 
are  given  in  Chapter  9. 

Notation 

cr(-)  -  Eigenvalue 
Re{-}  -  Real  part 
Im{-}  -  Imaginary  part 

D,Dr!,D^  -  Differentiation  operator,  partial  differentiation  operator  with  re¬ 
spect  to  Tj  and  partial  differentiation  operator  with  respect  to  £ 

-  Coefficients  of  the  quadratic  terms  ij  and  the  cubic  terms  ijk  of  func¬ 
tion  <p,  respectively,  when  ip  E  { f,g,r,s,u,G }  and  i,j,  k  E  {x,y,  z,w}. 

~  Identity  matrices. 

O(-)  -  High  order  terms  of  Taylor  series  expansion 
prime  denotes  the  transpose  of  vector  and  matrix 


10 


CHAPTER 

TWO 

MATHEMATICAL  PRELIMINARIES 


In  this  chapter,  we  collect  some  basic  results  on  nonlinear  systems  of  or¬ 
dinary  differential  equations  which  will  be  employed  in  the  remainder  of  this 
dissertation.  The  definitions  of  invariant  and  locally  invariant  manifold  are 
recalled  first,  along  with  the  Center  Manifold  Theorem.  Next,  definitions  and 
properties  associated  with  multilinear  functions  are  recalled.  This  is  followed  by 
a  description  of  the  technique  of  normal  form  reduction.  Results  on  generic  sim¬ 
ple  bifurcations  of  equilibria  of  one-parameter  families  are  given  next.  Finally, 
concepts  and  results  on  the  so-called  “finite  time  stability”  are  summarized. 

2.1.  Center  Manifold  Reduction 

Consider  the  class  of  nonlinear  autonomous  systems 

V  =  AuT)  +  A12C  +  F(rj,£)  (2.1a) 

t  =  A2ir] A22C  +  (2.1  b) 

where  T]  £  2Rn,  £  £  IRm.  In  (2.1),  Aij  for  i,j  =  1,2  are  constant  matrices,  and 
the  functions  F,  G  axe  sufficiently  smooth,  with  their  values  and  first  derivatives 
vanishing  at  the  origin.  Let  \  W ,  £')' •  Denote  by  x(LXo)  the  solution  to 
(2.1)  at  time  t  satisfying  initial  condition  Xo  at  time  to¬ 
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Definition  2.1.  A  manifold  V  C  IRn+m,  0  G  P,  is  a  locally  invariant  manifold 
for  (2.1)  if  for  each  Xo  €  T>  with  |[xo||  sufficiently  small,  there  is  a  T  >0  such 
that  x(^Xo)  €  V  for  \t\  <  T.  Moreover,  if  this  holds  for  any  xo  £  T>  with 
T  =  oo,  then  T>  is  said  to  be  an  invariant  manifold  for  (2.1). 

Existence  conditions  for  and  some  properties  of  a  special  locally  invariant 
manifold,  the  so-called  “center  manifold,”  are  given  in  the  next  theorem  ([16], 
[18],  [19],  [32]). 

Theorem  2.1.  Let  A12  =  0  and  A2 1  =  0.  If  Re{cr(A22)}  <  0  and  Re{a(Au)} 
=  0,  then  there  exists  a  6  >  0  and  a  locally  invariant  manifold  for  (2.1)  given 
by  the  graph  of  a  C 2  function  £  =  A (77 ) ,  ||?7[[  <  8,  where  the  function  h  satisfies 

Dh(rj)  ■  {-An 77  +  F(rh  Kv))}  =  A22h(r))  +  G(v,  Hv))  (2-2) 

with  h(0)  =  0  and  Dh(0)  =  0.  Moreover,  the  stability  of  the  origin  for  (2.1) 
coincides  with  the  stability  of  the  origin  for  the  reduced  model  (2.1a),  with  £ 
replaced  by  h(r]). 

Suppose  A12  =  0,  A21  =  0  and  introduce  the  operator 

0)  =  £>%)  •  {An??  +  F(r),  h(rj))}  -  A22h(r ?)  -  G(rj,  h(r]))  (2.3) 

on  the  class  of  smooth  functions  h  with  /i(0)  =  0  and  Dh(0)  =  0.  Clearly, 
Jf(h(r]))  =  0  precisely  when  h  solves  Eq.  (2.2).  In  most  cases,  h  cannot  be 
solved  for  exactly.  In  this  context,  we  note  that  although  center  manifolds  are 
not  necessarily  unique,  they  are  unique  to  finite  order  [16].  A  well  known  result 
useful  in  constructing  an  approximate  solution  for  h  is  recalled  next. 

Theorem  2.2.  (Carr  [16],  Henry  [32]).  Let  xf  :  — ►  TRn  be  a  C 1  mapping 

with  0)  =  0  and  Dxp( 0)  =  0.  If  Af(xf(r]))  =  0(|M|7)  for  some  7  >  1,  then 
any  h  solving  (2.2)  satisfies 

Hv)  =  Wv)  +  0(  !Mi7).  (2.4) 

The  following  extension  of  Theorem  2.1  appears  in  [6]. 
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Theorem  2.3.  Let  A 12  =  0  and  A21  =  0.  If  there  is  a  /?  >  0  such  that 
Re{cr(A22)}  <  —fi  and  Re{a(j 4n)}  >  —ft,  then  there  exists  8  >  0  and  a  locally 
invariant  manifold  for  (2.1)  given  by  the  graph  of  a  C2  function  £  =  /i ( 77 ) , 

Since  (2.1)  is  an  autonomous  (i.e.,  time-invariant)  system,  reversing  the 
sense  of  time  yields  the  following  result. 

Corollary  2.1.  Let  A12  =  0  and  A21  =  0.  If  there  is  a  ft  >  0  such  that 
Re{a(A22)}  >  ft  and  Re{a(Au)}  <  ft,  then  there  exists  8  >  0  and  a  locally 
invariant  manifold  for  (2.1)  given  by  the  graph  of  a  C 2  function  £  =  6(r/), 

In  Theorems  2.1  and  2.3,  a  convenient  assumption  in  ascertaining  existence 
of  a  locally  invariant  manifold  is  that  the  linearized  dynamics  in  the  variables  rj 
and  £  (as  given  in  (2.1))  are  decoupled.  A  linear  transformation  is  introduced  in 
the  following  discussions  to  facilitate  application  of  the  results  above  to  general 
nonlinear  systems,  for  which  the  linear  decoupling  does  not  apply. 

First,  recall  the  following  matrix  equality  (e.g.,  [36]). 

Equality  2.1.  Let  A  and  D  be  square  matrices,  with  A  nonsingular.  Then 

det  (  C  D  )  =  det(^  '  det(D  ~  CA_lj5)-  (2-5) 

Next,  we  use  this  identity  to  show  that  the  stability  of  a  smooth  nonlinear 
system  is  preserved  under  a  specific  linear  transformation  defined  below,  which 
facilitates  application  of  the  center  manifold  theorem  to  cases  in  which  A 12  and 
A21  do  not  vanish. 

Consider  a  general  nonlinear  system 

=  fi(x1,x2),  (2.6a) 

^2  =  f2(xi,x2),  (2.66) 

where  Xi  G  IRn,  x2  G  IRm ,  and  /i,/2  are  smooth  vector  functions. 
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Let  Z\  :=  X\  —  Px 2  and  22  :=  £2  —  Ez\,  where  P  and  E  are  constant 
matrices.  System  (2.6)  can  then  be  rewritten  in  the  form 

z\  =  /1  (21,22),  (2.7a) 

*2  =  h(zuz2).  (2.76) 

It  is  implied  by  the  inverse  function  theorem  and  Lemma  2.1  below  that 
the  local  stability  of  the  origin  is  preserved  under  the  linear  coordinate  trans¬ 
formation  defined  above. 

Theorem  2.4.  (An  Inverse  Function  Theorem)  Let  V  be  an  open  subset  of  IRn 
and  F  :  X>  — >  IRn  be  C1.  Suppose  the  Jacobian  matrix  DF(r)i)  is  invertible  for 

some  7/i  6  P.  Then  there  exists  an  r  >  0  and  an  open  subset  T>\  of  T>  containing 

7/1  such  that  F  :  V\  — >  Br(F(rji ))  is  invertible,  where  Br(F(r]i ))  denotes  the 
open  ball  centered  at  F(r]i)  and  of  radius  r.  Moreover,  the  inverse  mapping  is 
also  C1. 


By  using  Theorem  2.4,  it  is  easy  to  have  following  result. 

Lemma  2.1.  The  origin  of  (2.7)  is  asymptotically  stable  if  and  only  if  the 
origin  of  (2.6)  is  asymptotically  stable. 


Proof:  We  have 


(-£  7m  +  £p)(x0’ 


(2.8) 


where  /„  and  Im  denote  identity  matrices  of  dimension  of  n  and  m,  respectively. 
From  Equality  2.1,  we  have 

<iet  (  —E  Im  +  EP ) 

=  det(/„)  •  det[/m  +  EP  -  (-E)  ■  I  ■  (-P)]  =  1.  (2.9) 


The  conclusion  now  follows  from  (2.8)  and  Theorem  2.4. 
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In  our  study  of  systems  for  which  the  linearized  decoupling  assumption 
does  not  hold,  we  shall  encounter  equations  of  the  form  (2.10)  below.  We  now 
proceed  to  study  this  linear  matrix  equation.  Consider 

AM  +  MB  =  C ,  (2.10) 

where  A  £  <FmXm,  B  £  <FnXn  and  M,C  £  <FmXn.  For  n  =  m  and  B  =  A',  Eq. 
(2.10)  is  a  Liapunov  matrix  equation  [17]. 

Let  T  denote  the  linear  operator 

f  :Mh  AM  +  MB  (2.11) 

for  M  £  d7mxn. 

For  the  case  of  m  —  n,  we  have  the  following  results  (see,  e.g.,  [17]). 

Lemma  2.2.  Let  m  —  n.  Any  eigenvalue  of  the  linear  operator  T  is  the  sum 
of  an  eigenvalue  of  A  and  an  eigenvalue  of  B. 

Lemma  2.3.  Let  m  =  n.  Any  matrix  representation  of  the  linear  operator  T 
is  nonsingular  if  and  only  if  the  sum  of  any  eigenvalue  of  A  and  any  eigenvalue 
of  B  is  nonzero. 

The  proofs  of  Lemmas  2.2  and  2.3  given  in  [17,  p.  572-574]  are  easily 
extended  to  show  validity  of  these  lemmas  for  the  case  of  n  m.  We  thus  have 
the  following  result. 

Theorem  2.5.  Let  n,m  be  arbitrary  positive  integers.  If  the  sum  of  any 
eigenvalue  of  A  and  any  eigenvalue  of  B  is  nonzero,  then  the  linear  matrix 
equation  (2.10)  has  a  unique  solution. 

We  now  study  the  application  of  Theorem  2.1  (or  Theorem  2.3)  to  the 
stability  analysis  of  (2.1)  for  the  case  in  which  the  assumption  that  A\2  =  0 
and  A21  =  0  does  not  apply.  First,  consider  the  case  in  which  A\2  =  0  and 

A2i  7^  0. 

Letting  v  :=  £  —  Erj,  we  have  that 

rj  =  An 77  +  F(rj,  v  +  Er]) 

v  —  A22V  +  G(rj,  v  -f  Er})  —  E  •  F(r},  v  +  Erj), 
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(2.12a) 

(2.126) 


for  a  matrix  E  solving  the  linear  equation 

A22E  —  EAu  +  A21  =  0.  (2.13) 

A  condition  for  the  existence  of  a  matrix  E  solving  (2.13)  has  been  given 
in  Theorem  2.5.  Applying  Theorems  2.1  and  2.5  and  Lemma  2.1  to  (2.12),  we 
have 

Lemma  2.4.  Assume  Ai2  —  0,  Re{a(A22)}  <  0  and  Re{cr(Au)}  =  0.  Then 
the  origin  of  (2.1)  is  asymptotically  stable  if  the  origin  is  asymptotically  stable 
for  the  reduced  model 

n  =  A11rj  +  F(r),  h(rj)  +  Erj),  (2-14) 

where  h  satisfies  the  partial  differential  equation 
Dh(r))  •  {Anrj  +  F(rj,  h{rj )  +  Erj)) 

=  A22  HO  +  G(r),  h(0  +  Erj )  -  E  ■  F(ij ,  h(rj )  +  Erj),  (2.15) 

with  h( 0)  =  0  and  Dh( 0)  =  0. 

A  similar  result  can  be  obtained  for  the  case  in  which  A2\  =  0  but  A12  /  0. 
Letting  £  :=  rj  —  P£,  (2.1)  gives 

C  =  AnC  +  F(C  +  Pi,  0  -  P  •  <?(C  +  Pt,  0  (2-16a) 

i  =  Ani  +  G(C  +  Pi,i),  (2.1 66) 

where  P  solves 

Ai\P  —  P A22  T  Ai 2  =  0.  (2.17) 

Thus,  we  have 

Lemma  2.5.  Assume  that  A21  =  0,  i?e{a(A22)}  <  0  and  -Re{cr(An)}  =  0. 
Then  the  origin  is  asymptotically  stable  for  (2.1)  if  the  reduced  model  (2.16a) 
with  i  =  h(()  is  asymptotically  stable,  where  h  satisfies 

Dh(()  -  {A1XC  +  F( <  4-  Ph( 0,  HO)  -  P-GU  +  PH 0,  HO)} 

=  A22HO  +  G(C  +  PHO,  HO),  (2.18) 
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with  h(0)  =  0  and  Dh(Q )  =  0. 


2.2.  Multilinear  Functions 

To  construct  a  Liapunov  function  for  nonlinear  systems,  the  technique  of 
Taylor  series  expansion  is  a  very  important  tool,  which  can  be  conveniently 
represented  in  terms  of  multilinear  functions.  In  this  section,  we  recall  basic 
facts  on  multilinear  functions. 

Definition  2.2.  (e.g.,  [26])  Let  VI,  V2, . . . ,  V*:  and  W  be  vector  spaces  over  the 
same  field.  A  map  xp  :  V\  X  V2  X  . . .  x  Vjt  — *  W  is  said  to  be  multilinear  (or 
^-linear)  if  it  is  linear  in  each  of  its  arguments.  That  is,  for  any  tq,  V{  E  V], 
i  =  1  ,...,&,  and  for  any  scalars  a,  a,  we  have 

V>(r>i , . . . ,  av{  +  avi, . . . ,  Vk )  =  axp{v\  , . . . ,  u;, . . . ,  u*) 

+  aip(vi ,...,  Vi,...,Vk).  (2.19) 

The  integer  k  is  the  degree  of  the  multilinear  function  ip. 

m 

Next,  we  consider  a  special  case  in  which  V\  =  V2  =  . . .  =  Vk  =  V. 

Definition  2.3.  [26]  A  ^-linear  function  xp  :  V  xV  x  . .  .xV  — ►  TV  is  symmetric 
if  the  vector  xp(v i,r>2,  ■  ■  ■  ,Vk)  is  invariant  under  arbitrary  permutations  of  the 
argument  vectors  u,-.  A  function  <p  :  JRn  — *  IRm  is  homogeneous  of  degree  k  {k 
an  integer),  if  for  each  scalar  a,  (f>(ar ])  =  ak<p(rj)  for  all  77  E  IRn. 

A  representation  of  such  maps  can  also  be  given  in  terms  of  multilinear 
functions.  A  very  important  property  of  homogeneous  functions  represented  in 
terms  of  multilinear  functions  is  given  next. 

Proposition  2.1.  [26]  Let  xp  :  ( IRn)k  — ►  IRm  be  a  symmetric  A:-linear  function. 
For  any  vector  v  E  ZRn, 

Dxp(rj,  77, . . . ,  77)  •  v  =  kxp(rj ,  17, ... ,  77,  v).  (2.20) 


17 


2.3.  Normal  Form  Reduction 


Normal  form  reduction  consists  of  a  nonlinear  transformation  usually  used 
to  study  the  local  stability  of  time-invariant  nonlinear  systems,  specifically, 
when  all  eigenvalues  of  system  lie  on  the  imaginary  axis.  This  transformation 
results  in  a  locally  equivalent  model  of  the  system  for  which  stability  conditions 
are  more  easily  obtained.  Thus,  the  technique  of  normal  form  reduction  provides 
a  means  to  study  local  stability  of  critical  nonlinear  systems. 

Consider  a  nonlinear  system 

V  =  Hv)  (2-21) 

where  77  €  IRn  and  F  is  a  sufficiently  smooth  function  with  F( 0)  =  0.  Let 
77  —  £  -f  P(C)i  where  P  is  a  purely  nonlinear  function  with  P( 0)  =  0.  Local 
stability  properties  are  preserved  under  such  nonlinear  transformations. 

Lemma  2.6.  Let  P(C)  be  smooth  mapping  with  DP( 0)  =  0.  Then  there 
exists  an  open  subset  V  of  IRn  containing  the  origin  for  which  the  nonlinear 
mapping  77  —  (  +  P(C)  is  one-to-one  and  onto.  Thus,  local  stability  of  the  origin 
is  preserved  under  the  nonlinear  transformation  17  1 — »■ 

■ 

Under  the  nonlinear  transformation  77  =  £  +  P((),  system  (2.21)  becomes 

(  =  (/  +  7>P(C))-1F((  +  P(0).  (2.22) 

Write 

F(tj)  =  Fir]  +  F2(t],ti)  +  F3(r],r],r])  +  0(||t7||4),  (2.23) 

where  F\ ,  P2  and  P3  denote  the  linear,  quadratic  and  cubic  terms  of  the  Taylor 
expansion  of  F  at  the  origin,  respectively.  Here,  we  have  presumed  F  is  at  least 
four  times  continuously  differentiable.  Analogously,  write 

P(  0  =  TMC.C)  +  JMC,C,C)  +  OdICII4).  (2.24) 

where  P2  and  P3  are  the  quadratic  and  cubic  terms  in  the  expansion  of  P.  The 
transformed  model  (2.22)  becomes 

C  =  PiC  +  *>«,  0  +  C,  0  +  OdICII4),  (2.25) 
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where  T\  =  F\  and  JT2,  JF3  are  given  by 

^(C,C)  =Fi(CO  +  fi  ■  Pi( C,C)  -  BftK.C)  ■  -fiC,  (2.26) 

M<,  c,  o  =m,  c,  o  -  -djmc,  o  •  ^i(c,  o  +  df2(c  o  .  p2(  c,  o 

+  *i  ■  a>(C,  C,  0  -  aa(C,  C,  0  •  flC-  (2.27) 

Normal  form  reduction  involves  choosing  a  nonlinear  function  P(£)  for 
which  the  nonlinear  terms  Ti  up  to  a  certain  order  in  Eq.  (2.25)  either  vanish 
or  have  as  few  nonzero  components  as  possible. 

2.4.  Stability  of  Critical  Nonlinear  Systems 

In  this  section,  we  recall  several  bifurcation-theoretic  results  on  stability  of 
one-parameter  families  of  nonlinear  systems 

x  —  f{x,y)  (2.28) 

where  x  £  IRn  and  /j.  £  ZR.  The  vector  field  /  is  assumed  to  be  sufficiently 
smooth  in  x  and  \l  and  /( 0, 0)  =  0. 

The  equilibrium  solutions  of  system  (2.28)  are  the  solutions  of  f(x,  fi)  =  0, 
and  thus  clearly  depend  on  the  value  of  the  parameter  fi.  For  any  given  fi  =  Ho 
with  Dif(xo(fi),fi)  nonsingular,  the  Implicit  Function  Theorem  guarantees  the 
existence  of  a  locally  unique  equilibrium  solution  xq(h)  for  h  near  /i0.  For 
a  parameter  value  He  at  which  the  Jacobian  Dif(xo(Hc)i  He)  is  singular,  the 
possibility  arises  of  (2.28)  possessing  several  equilibrium  paths  emanating  from 
xq(hc)  for  h  near  /ic.  If  such  a  joining  of  equilibria  occurs,  the  critical  point 
(x0(hc)t  He)  is  called  a  stationary  (or  static)  bifurcation  point.  Another  type 
of  bifurcation  from  equilibrium  is  the  so-called  Hopf  bifurcation,  which  may 
occur  when  the  Jacobian  -Di/^oO-Oj He)  hs.s  a  conjugate  pair  of  simple  pure 
imaginary  eigenvalues.  In  the  Hopf  bifurcation,  a  family  of  periodic  solutions 
merges  with  the  equilibrium  r0(/ic)  at  h  =  He- 

Two  main  approaches  are  generally  used  in  studying  the  stability  of  bifur¬ 
cated  solutions.  One  is  to  apply  the  center  manifold  theorem  given  in  Theorem 


19 


2.1  to  obtain  stability  criteria  for  the  system  from  criteria  derived  for  the  re¬ 
duced  model.  For  details  see,  for  instance,  [16],  [18],  [29],  [32]  and  [75].  In  the 
other  approach  (as  in  [1],  [2],  [25],  [34]),  a  Taylor  series  expansion  of  system 
(2.28)  at  the  bifurcation  point  up  to  cubic  terms  can  be  used  to  determine 
stability  criteria  from  the  Jacobian  of  the  bifurcated  solution. 

Here,  we  follow  the  notation  of  [25].  Write  the  Taylor  series  expansion  of 
(2.28)  as 

x  =  f(x,n) 

—  Lqx  +  Q0(x,x)  +  C0(x,x,x)  H - 

+  n(Lix  +  Qi(x, x)  -t - )  +  H - )  -) -  (2.29) 

where  Qk(x,x)  :=  DflkXIf(x,fj,),  Ck(x,x,x)  Dllkxxxf(x,y,),  etc.,  are  the 
quadratic  terms,  cubic  terms,  etc.,  of  f(x,fi).  Here,  the  quadratic  and  high 
order  terms  in  the  expansion  are  chosen  symmetric.  For  instance,  Qk(x,y )  = 
Qk(y,x )  for  each  k  >  0.  In  (2.29),  Lq  denotes  the  Jacobian  Dxf{ 0,0)  and 
Lk  :=  2?J*/(0,0),  fc>  1. 

Let  1  and  r  denote  the  left  (row)  and  right  (column)  eigenvectors  of  the 
matrix  Lq  corresponding  to  the  simple  zero  eigenvalue  or  to  the  pair  of  pure 
imaginary  eigenvalues  ±ju;c.  Here,  for  definiteness,  the  first  component  of  r  is 
set  to  1  and  the  left  eigenvector  l  is  chosen  such  that  Ir  =  1.  In  some  cases, 
a  reordering  of  the  components  of  the  state  vector  is  required  in  order  for  this 
normalization  to  be  possible. 

Suppose  Lq  has  only  simple  critical  eigenvalues  with  the  remaining  eigen¬ 
values  stable.  In  stationary  bifurcation,  the  stability  conditions  for  the  bifur¬ 
cated  solutions  are  found  to  be  determined  by  the  values  of  f$\  and  /?2,  the 
so-called  bifurcation  stability  coefficients.  If  (5\  is  zero  and  /?2  is  negative,  then 
the  bifurcated  solution  will  be  asymptotically  stable.  In  Hopf  bifurcation,  the 
stability  of  the  periodic  solution  (and  of  the  origin  as  well)  may  be  derived 
from  computing  the  Floquet  exponent  /?2  by  applying  Floquet  theory  or  by 
considering  the  linearization  of  the  so-called  Poincare  return  map.  If  /32  <  0, 
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the  bifurcated  periodic  solution  is  asymptotically  stable.  For  purposes  of  this 
thesis,  we  require  only  the  stability  criterion  for  Hopf  bifurcation.  A  stability 
criterion  for  simple  stationary  bifurcation  and  further  details  can  be  found  in 

[251. 

Lemma  2.7.  Suppose  system  (2.29)  undergoes  a  Hopf  bifurcation  with  a  pair 
of  pure  imaginary  eigenvalues  ±j uc.  Then  the  bifurcated  periodic  solution  will 
be  orbitally  asymptotically  stable  with  asymptotic  phase  in  a  neighborhood  of 
the  bifurcation  point  if 

(3 2  —  2Re{l[2Q0(r ,  a)  +  Q0(f ,  6)  +  jCQ(r,  r,  r)]}  <  0, 
where  the  vectors  a  and  b  solve 

-L0a  =  ~Qo(r,r), 

(2 juc  -  L0)b  =  ^Qo(r,r), 

respectively,  and  where  f  denotes  the  complex  conjugate  of  the  vector  r. 

Moreover,  stability  of  the  trivial  solution  x  =  0  for  system  (2.28)  is  known 
(e.g.,  [25])  to  coincide  with  the  stability  of  the  bifurcated  periodic  orbits  if 

fa  ±  0. 

2.5.  Finite-Time  Stability 

In  our  study  of  the  stability  properties  of  satellite  deployment  and  retrieval 
in  Chapter  8,  we  shall  find  standard  notions  of  stability  inadequate  from  a 
physical  point  of  view.  The  nonasymptotic  notions  arising  in  the  theory  of 
finite-time  stability  will,  on  the  other  hand,  be  of  considerable  value.  Below, 
we  summarize  basic  concepts  of  finite-time  stability.  Further  extensions  will  be 
given  in  Chapter  8. 

Consider  the  system 

i  =  /(M),  (2.32) 


(2.30) 

(2.31) 
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where  /  :  V  x  IRn  — »  IRn  and  T  :=  [t0,t0  +  T )  with  f0  G  R  and  T  >  0.  Let  x0 
denote  the  initial  condition  of  (2.32)  at  t0 ,  and  let  ft(t]t0,x 0)  be  the  solution 
of  (2.32)  at  time  t  satisfying  this  initial  condition.  We  recall  several  relevant 
definitions  [40]. 

Definition  2.4.  System  (2.32)  is  finite-time  stable  with  respect  to  (<*,/?, r,  ihi), 
at  <  ft  (see  Figure  2.1),  if  for  each  x0  with  ||x()||  <  a ,  we  have  \\<f>(t\  to,  x0)||  <  ft, 
V  t  £  r.  System  (2.32)  is  finite-time  unstable  with  respect  to  II  -II), 

a  <  ft,  if  there  exist  an  x0  and  a  t\  with  ||2:o||  <  a  and  ti  £  T  such  that 

IM<i;<o,®o)||  =  P- 

Definition  2.5.  System  (2.32)  is  uniformly  finite-time  stable  with  respect  to 
(o,/9,  r,  ||  •  ||),  a  <  ft  (see  Figure  2.1),  if  for  each  s  £  T  and  x  with  ||a;||  <  cv,  we 
have  ||^(t;  s,  x)||  <  ft,V  t  eT. 

Definition  2.6.  System  (2.32)  is  quasi- contr actively  stable  with  respect  to 
(0,7^,  ||  •  ||),  7  <  a  (see  Figure  2.1),  if  for  each  a:0  with  ||x0||  <  a,  there  is  a 
h  €  T  for  which  ||^(<;  t0,  xo)||  <  7,  V  t  6  [<i,to  +  T). 

Definition  2.7.  System  (2.32)  is  contractively  stable  with  respect  to  (a,/?, 7, 
II  ‘  ll)>  7  <  a  ^  fti  if  it  is  finite-time  stable  with  respect  to  (a,/3,T,  ||  ■  ||)  and 
quasi-contractively  stable  with  respect  to  (0,7,  T,  ||  •  ||). 

For  given  a,  ft,  T,  and  ||  •  ||,  a  necessary  a;[id  sufficient  condition  for  uniform 
finite-time  stability  is  recalled  next. 

Lemma  2.8.  ([40])  System  (2.32)  is  uniformly  finite-time  stable  with  respect 
to  (a,  ft,  r,  ||  •  ||),  a  <  ft,  if  and  only  if  there  exists  a  continuous  function  V ( t ,  x) 
such  that 

V(f,x)<0,  V  x  €  B{ft),  t  e  T,  (2.33) 

Vi(fi)  <  v£(t2),  V  t2>  ti,  V  <5  <  a,  and  tut2  G  T,  (2.34) 

where 

B(ft):=  {x  :\\x\\<  (5),  (2.35) 
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||  •  j|  denotes  a  norm  on  IRn,  B( (3)  is  the  closure  of  i?(/3),  and 

W):=  sup  V(t,x),  (2.36) 

ll*ll=« 

V“(():=inf  (2.37) 

IMI=“ 

Here,  V(t ,  x)  is  the  time  derivative  of  V(t,  x )  ;along  trajectories  of  system  (2.32). 


*2 . xn 


Figure  2.1.  Illustrating  finite-time  stability 
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CHAPTER 


THREE 

STABILIZATION  OF  NONLINEAR  SYSTEMS 

IN  SIMPLE  CRITICAL  CASES 


The  center  manifold  theorem  has  been  applied  to  the  local  feedback  sta¬ 
bilization  of  nonlinear  systems  in  critical  cases.  In  the  present  chapter,  this 
approach  is  explicated  for  two  particular  critical  cases  in  stability.  The  system 
linearization  at  the  equilibrium  point  of  interest  is  assumed  to  possess  either  a 
simple  zero  eigenvalue  or  a  complex  conjugate  pair  of  simple,  pure  imaginary 
eigenvalues.  In  either  case,  the  noncritical  eigenvalues  are  taken  to  be  stable. 
The  results  on  stabilizability  and  stabilization  are  given  explicitly  in  terms  of 
the  nonlinear  model  of  interest  in  its  original  form,  i.e.,  before  reduction  to 
the  center  manifold.  Moreover,  the  formulation  given  in  this  chapter  uncovers 
connections  between  results  obtained  using  the  center  manifold  reduction  and 
those  of  an  alternative  approach. 

3.1.  Introduction 

Recently,  the  center  manifold  reduction  has  been  employed  in  nonlinear 
stabilization,  resulting  in  stabilizing  control  laws  for  various  classes  of  nonlinear 
systems  in  the  so-called  “critical  cases.”  Critical  cases  occur  when  the  linearized 
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system  at  an  equilibrium  point  has  at  least  one  eigenvalue  on  the  imaginary  axis, 
with  the  remaining  eigenvalues  in  the  open  left  half  of  the  complex  plane. 

Aeyels  [4],  who  initiated  application  of  the  center  manifold  reduction  in 
nonlinear  stabilization,  investigated  the  existence  of  smooth  stabilizing  feedback 
control  laws  for  a  class  of  third-order  nonlinear  systems  for  which  the  linearized 
model  possesses  an  uncontrollable  pair  of  pure  imaginary  eigenvalues.  Behtash 
and  Sastry  [10]  used  the  same  approach  to  study  stabilization  for  nonlinear 
systems  whose  linearized  model  has  two  distinct  pairs  of  complex  conjugate 
pure  imaginary  eigenvalues,  or  a  double  pole  at  the  origin,  or  a  pole  at  the 
origin  and  a  complex  conjugate  pair  of  pure  imaginary  eigenvalues.  In  [10], 
the  design  was  undertaken  for  the  reduced  system  on  the  center  manifold  using 
normal  form  calculations,  and  for  simplicity,  a  scalar  stable  mode  was  assumed. 
Generally,  there  is  a  need  for  considering  cases  with  any  finite  number  of  stable 
modes.  Moreover,  the  control  laws  will  be  more  convenient  if  they  are  given 
directly  in  terms  of  the  original  model  rather  than  in  terms  of  transformed 
versions. 

A  main  goal  of  this  chapter  is  to  derive  such  stabilizing  control  algorithms 
for  general  nonlinear  systems  in  critical  cases.  The  development  focuses  on 
general  nonlinear  systems  in  two  specific  critical  cases.  In  the  first  critical  case 
of  interest  here,  a  simple  zero  eigenvalue  occurs,  while  in  the  second  case  a  pair 
of  pure  imaginary  eigenvalues  occurs.  In  either  case,  the  critical  eigenvalues  of 
the  linearized  model  need  not  be  controllable. 

Stabilizing  control  algorithms  for  such  sjrstems  have  been  obtained  [1],  [2], 
[25]  by  using  asymptotic  expansions  of  critical  eigenvalues  and  Floquet  expo¬ 
nents  of  bifurcated  solution  branches  of  one-parameter  embeddings  of  the  non¬ 
linear  models.  In  this  chapter,  we  use  the  center  manifold  reduction  approach 
to  obtain  criteria  for  existence  of  stabilizing  feedback  control  laws  for  critical 
nonlinear  control  systems.  Moreover,  explicit  designs  of  these  control  laws  are 
given  when  the  existence  criteria  hold.  The  algorithms  for  controller  design  in¬ 
volve  a  preliminary  stabilization  of  the  noncritical  modes,  followed  by  a  setting 
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of  control  gains  to  stabilize  the  so-called  reduced  model  whose  eigenvalues  lie 
on  the  imaginary  axis.  The  feedback  laws  obtained  include  purely  linear  state 
feedback  and  feedback  control  laws  containing  both  linear  and  nonlinear  terms 
in  the  state. 

3.2.  General  Design  via  Center  Manifold  Reduction 

Referring  to  the  results  given  in  Theorem  2.1,  a  convenient  assumption 
for  the  existence  of  a  locally  invariant  manifold  is  that  the  linearized  model 
of  a  nonlinear  system  must  have  two  groups  of  states  that  are  decoupled.  In 
the  application  of  the  theorem,  the  decoupling  may  be  destroyed  as  a  result 
of  the  linear  terms  in  the  feedback  controller.  To  overcome  this  difficulty,  we 
introduced  a  similarity  transformation  in  Section  2.1.  Thus,  we  will  be  able  to 
deal  with  systems  whose  states  are  linearly  coupled.  Stability  criteria  for  such 
cases  have  been  given  in  Lemmas  2.4  and  2.5,  which  can  then  be  employed  to 
design  linear  and/or  nonlinear  stabilizing  feedback  control  laws  for  nonlinear 
control  system. 

Consider  the  class  of  nonlinear  control  systems 

Z\  =  Z\\Z\  +  Z\2Z-2  +  B\U  +  fl(zi,Z2)-  (3-1)  _ 

z2  =  Z21Z1  +  Z2zz2  +  B2u  -f  f2(z\ » z2)-  (3-2) 

Using  a  block  diagonalizing  transformation  for  the  uncontrolled  model  of 
the  system,  we  can  rewrite  Eqs.  (3.1)-(3.2)  as 

»7  =  Autj  +  Biu  +  F(rj,£),  (3.3a) 

i  =  A22£  +  B2u  +  G(ii,0.  (3.3  b) 

We  assume  that  the  linear  transformation  is  chosen  such  that  A22  is  stable, 
while  An  is  not  stable.  (It  is  always  possible  to  achieve  this  by  suitable  choice 
of  states  77,  £  and  of  diagonalizing  transformation.)  Since  the  states  rj  and  £  in 
(3.3)  are  linearly  decoupled,  we  have  the  following  result. 
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Lemma  3.1.  If  {An,Bi}  is  a  controllable  pair  or  the  subsystem  (3.3a)  with 
£  =  0  is  linearly  stabilizable,  then  the  original  system  (3.1)-(3.2)  is  stabilizable 
by  linear  state  feedback. 

Note  that,  in  the  sequel  the  nonlinear  control  system  (3.1)-(3.2)  is  supposed 
to  have  been  transformed  into  block  diagonal  form  as  given  in  (3.3).  The  sta¬ 
bility  analysis  below  focuses  on  the  block  diagonalized  model.  The  implications 
for  stability  of  the  original  system  are  then  readily  obtained.  For  simplicity, 
we  assume  a  scalar  control  input  u.  It  is  not  difficult  to  extend  the  analysis  to 
general  multi-input  nonlinear  control  systems.  Consequently,  we  assume  that 
B{  is  a  column  vector  denoted  by  b{  for  *  —  1,2  and  we  can  rewrite  system  (3.3) 
as 


V  =  AuV  +  biu+F(r),£),  (3.4a) 

£  =  A22£  +  b2 u  +  G(tj,  £).  (3.46) 

Next,  we  apply  the  center  manifold  reduction  technique  given  in  Lemma 
2.4  to  the  design  of  stabilizing  control  laws  for  the  class  of  nonlinear  systems 
(3.4)  in  which  all  eigenvalues  of  the  matrix  An  lie  on  the  imaginary  axis. 

Let  us  first  consider  the  case  in  which  b\  =  0  and  assume  the  feedback 
control  to  be  of  the  form 

u(l,()  =  KiV  +  K,Z  +  V(1,0,  (3.5) 

where  £/(•,  •)  is  a  smooth,  purely  nonlinear  function  whose  first  derivatives  van¬ 
ish  at  the  origin.  Rewrite  the  system  dynamics  (3.4)  as 

V  =  An  rj  +  F(r],  £),  (3.6) 

£  =  b2KlV  +  (A22  +  b2K2)i  +  b2U{  77,0  +  G(i 7,0-  (3-7) 

From  Eq.  (3.7),  the  linear  decoupling  property  of  the  original  uncontrolled 
system  has  been  destroyed.  Thus,  the  center  manifold  reduction  technique  given 
in  Theorem  2.1  cannot  be  applied  directly. 
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As  introduced  in  Section  2.1,  there  is  a  constant  matrix  E  such  that,  with 
v  :=  £  —  Erj,  the  transformed  version  of  the  control  system  (3.6)-(3.7)  has  a 
block  diagonal  form  if  E  is  the  (unique)  solution  of  the  Liapunov-like  equation 

b2K\  A  (A22  4-  b2E2)E  —  EA\\  —  0.  (3-8) 

We  assume  that  A22  +  b2K2  is  stable.  Moreover,  since  all  the  eigenvalues  of 
An  be  on  the  imaginary  axis,  then  by  Theorem  2.5  we  can  guarantee  existence 
of  a  solution  E  of  Eq.  (3.8).  The  new  system  dynamics  for  states  rj  and  £  can 
then  be  obtained  from  Eq.  (3.6)-(3.7)  as 

V  =  Anri  +  F(rj,u  +  Er]),  (3.9  a) 

v  =  (A22  +  b2K2)u  A  b2U(r] ,  v  A  Er])  A  G(r ],  v  A  Erj).  (3.9 b) 

Theorem  2.1  guarantees  the  existence  of  a  C 2  locally  invariant  manifold, 
which  is  given  by  the  graph  of  a  function  v  -■  h(rj),  for  the  transformed  model 
(3.9).  The  function  h  satisfies 

Dh(v )  •  {Anrj  +  F(t7,  h(V)  +  Er])}  =  (A22  +  b2K2)h(r,) 

+  b2U(ji,  h{j])  +  Ei])  +  G(r],  h{r])  +  Erj)  (3.10) 

with  boundary  conditions  h( 0)  =  0  and  Dh( 0)  =  0. 

As  required  by  Lemma  2.4,  the  stability  of  system  (3.9)  can  be  guaranteed 
if  the  control  gains  K\ ,  K2  and  the  nonlinear'  function  U  are  chosen  such  that 
(i)  A22  +  b2K2  is  stable,  and  (ii)  the  reduced  model  (3.9a)  with  v  =  h(r /)  (the 
solution  of  Eq.  (3.10))  is  also  stable. 

Next,  we  consider  the  case  in  which  bi  is  nonzero.  In  the  simple  criti¬ 
cal  cases  where  An  has  only  one  zero  eigenvalue  or  a  pair  of  pure  imaginary 
eigenvalues,  Lemma  3.1  will  imply  the  existence  of  a  linear  stabilizing  feedback 
control  for  system  (3.4).  Consider  next  the  existence  of  a  purely  nonlinear 
smooth  feedback. 

Let  the  control  input  be  as  in  Eq.  (3.5).  Since  now  we  focus  on  purely 
nonlinear  stabilizing  controllers  (i.e.,  K\  =  0  and  K2  =  0  in  Eq.  (3.5)),  then  we 
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have  that  system  (3.4)  is  still  linearly  decoupled.  Thus,  if  A22  is  stable  and  all 
eigenvalues  of  An  lie  on  the  imaginary  axis,  then  there  exists  a  locally  invariant 
manifold  given  by  the  graph  of  a  function  £  =  h(rj).  Furthermore,  the  function 
h  satisfies 

Dh(r])-{AnV  +  h  U(r),  h(r]))  +  F(r),  h(rj))} 

=A22h(r,)  +  hUtn,  %))  +  G(r],  %))  (3.11) 

with  boundary  conditions  h(0)  =  0  and  Dh( 0)  =  0. 

Suppose  that  A22  is  stable.  Then,  a  purely  nonlinear  stabilizing  feedback 
control  law  may  be  designed  (by  using  Theorem  2.1  and  Eq.  (3.11))  from  the 
stability  conditions  for  the  reduced  model 

V  =  An T)  +  biU(r],  h(r ?))  +  F(r],  h(rj)).  (3.12) 

Note  that,  for  the  case  in  which  A22  is  not  stable,  a  linear  state  feedback 
jFT2£  is  needed  to  first  stabilize  A22  +  b2K2.  Then  the  procedure  discussed  above 
can  be  employed  to  design  stabilizing  control  laws  for  the  system. 

In  the  following  sections,  we  consider  two  special  cases  in  which  the  system 
has  only  simple  critical  modes  (i.e.,  one  zero  eigenvalue  or  a  pair  of  pure  imagi¬ 
nary  eigenvalues)  and  the  rest  of  the  eigenvalues  are  controllable  or  stabilizable. 

3.3.  One  Zero  Eigenvalue 

In  this  section,  we  consider  the  case  in  which  a  simple  zero  eigenvalue  occurs 
in  the  linearization.  As  discussed  above,  the  stability  of  the  overall  system  can 
be  studied  by  a  consideration  of  the  reduced  model  only.  Because  of  this,  we  first 
consider  stability  conditions  for  scalar  systems  with  a  zero  eigenvalue.  Then 
these  conditions  can  be  employed  to  design  stabilizing  control  laws  for  general 
higher  order  systems. 

Consider  a  scalar  nonlinear  system 

x  —  dx2  +  ex3  H - ,  (3.13) 


where  d  and  e  are  real  scalars. 
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Stability  conditions  for  system  (3.13)  are  given  in  the  next  lemma. 

Lemma  3.2.  System  (3.13)  is  asymptoticcilly  stable  if  d  =  0  and  e  <  0. 
Moreover,  system  (3.13)  is  unstable  in  case  d  ^  0. 

In  the  following,  we  apply  the  stability  criteria  of  Lemma  3.2  to  the  design 
of  stabilizing  control  laws  for  the  general  higher  order  system  (3.4).  We  now 
make  the  following  assumption,  which  applies  throughout  the  remainder  of  this 
section.  Suppose  An  =  0,  a  scalar,  and  let  (A22,  W)  be  a  controllable  (or 
stabilizable)  pair. 

Let  x  :=  T]  be  a  scalar  and  write 

/(*,0  :=•?’(*»  0 

=fxxX2  +  Xfx£  +  £'  ftii  +  fxxxX3  +  X2fxxii 

+ *  •  t'fxxi + /«*(&  e,  0  +  o(ii(®,  on4),  (3-14) 

G(x,  0  =x2Gxx  +  xGxz£  +  <?4{(0  0  +  x3Gxxx 

+  x2GII^  +  x^00  +  Ge«(000  +  o(||(x,0ll4)^  (3.15) 

The  coefficients  in  the  Taylor  series  expansion  (3.14)-(3.15)  are  either  constants 
or  symmetric  multilinear  functions  of  their  arguments.  For  instance,  /^(£,  0  0 
and  G^(0  0  denote  symmetric  trilinear  scalar  function  and  bilinear  vector 
function  of  0  respectively. 

3.3.1.  The  case  bx  —  0 

In  this  subsection,  we  consider  the  case  in  which  b\  =  0,  and  consider 
feedback  controls 

u(x,  0  =  hx  +  Kit  +  U(X,  0,  (3-16) 

with  ki  a  scalar  control  gain. 

As  observed  in  Section  3.2,  the  stability  of  control  system  (3.4)  in  this 
critical  case  coincides  with  the  stability  of  the  reduced  model 

x  =  f(x,  h(x)  +  Ex),  (3-17) 
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where  E  and  h(-)  solve  Eqs.  (3.8)  and  (3.10),  respectively,  under  the  conditions: 
An  =  0,  ( A22  +  b2I\2)  is  stable,  with  77  substituted  by  x  and  K\  substituted  by 

h- 

Referring  to  the  boundary  conditions  (i.e.,  h(0)  =  0  and  Dh{ 0)  =  0)  of  the 
solution  h  of  Eq.  (3.10),  we  can  approximate  h  as 

h(x)  =  x2hxx  +  0(\x\3).  (3.18) 

We  assume  that  A22  +  b2K2  is  stable,  and  rewrite  the  control  input  (3.16) 
as 

u(x ,  £)  =kxx  +  K2£  +  uxxx2  +  xux ^ 

+  uxxxx3  +  X2uxxit  +  x£'uxtf£  +  «#$(£,£,£)  +  U(x,£),  (3.19) 

where  u tee  is  a  symmetric  trilinear  function  of  £,  and  U  is  a  higher  order 
nonlinear  function  which  vanishes  along  with  its  partial  derivatives  up  to  third 
order  at  (x,f)  =  (0,0). 

Solving  Eqs.  (3.8)  and  (3.10),  we  have 

E  =  -(A22+b2K2)-1b2k1  (3.20) 

hxx  =0422  +  b2K2)~l{[fxx  +  ME  +  E'MEjE  -  [b2uxx  +  Gxx 

+  {b2uxi  +  GX{)E  +  (b2E'u^E  +  C?«(JS7, 15))]}.  (3.21) 

The  reduced  model  (3.17)  is  then  given  by 

i  ={fx  x  +  fx^E  +  E'  ME}x2  +  {fx(hxx  +  2  E'Mhxx 

+  fxxx  +  fxxiE  +  E'fx^E  +  Mz(E,  E,  E)}x3  +  0(|x|4).  (3.22) 

Using  Lemma  3.2,  we  have  the  following  stabilization  result  for  control 
system  (3.4). 

Lemma  3.3.  Suppose  b\  =  0  and  let  the  control  input  be  of  the  form  (3.19). 
Then  system  (3.4)  is  asymptotically  stable  if  A22  +  b2K2  is  stable  and  the 
following  conditions  are  satisfied: 


fxx  +  fx^E  +  E'ME  —  0, 

(3.23) 

fx^hxx  T  2E'MhXx  fxxx  +  fxx^E 

+  E'MtE  +  fttdE,E,E)<0, 

(3.24) 
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where  E  and  hxx  are  as  given  in  Eqs.  (3.20)  and  (3.21). 

From.  Eqs.  (3.20)-(3.21),  and  the  fact  that  A22  is  invertible,  we  have  E  =  0 
and  /i —  A22  for  the  uncontrolled  system.  The  next  stability  criterion 

for  the  uncontrolled  version  of  system  (3.4)  follows  readily  from  Lemma  3.3. 

Corollary  3.1.  System  (3.4)  (with  u  =  0)  is  asymptotically  stable  if  A22  is 
stable,  fxx  0  and  fxxx  f x^A22  G xx  11- 

In  the  rest  of  this  section,  we  assume  that  the  stability  conditions  given  in 
Corollary  3.1  do  not  hold,  and  seek  stabilizing  control  laws  for  system  (3.4). 

Linear  stabilizing  control  laws  follow  from  Lemma  3.3,  and  are  as  given 
next. 

Proposition  3.1.  Suppose  61  =0.  Then  there  is  a  purely  linear  feedback  which 
stabilizes  (3.4)  if  there  exist  feedback  gains  k\  and  if 2  for  which  (A22  +  62-^2) 
is  stable, 

fxx  -  hf^Mbi  +  klb'2M'fxMb2  =  0,  (3.25) 

and 

fxxx  —  fx$MGxx  -f-  k\{fx^MGx^  +  2  G'XXM'  ft£  —  fXx{\Mb2 

+  k\{b'2M' fxiiMb2  -  fxiMGu(Mb2,Mb2)  -  2b'2M'f^MGx^Mb2) 

+  k\{2b'2M' f^MG^(Mb2,Mb2)  -  fsa(Mb2,Mb2,Mb2)}  <  0,  (3.26) 

where  M  :=  (A22  +  b2K2)~l . 

Remark  3.1.  The  linear  stabilizing  control  rule  proposed  in  Proposition  3.1 
is  a  composite-type  controller  design.  First,  the  feedback  gain  K2  is  chosen  to 
stabilize  state  £.  Then  the  remaining  feedback  gain  k\  is  selected  to  satisfy  the 
conditions  (3.25)  and  (3.26)  based  on  the  chosen  gain  K2.  Since  the  stability 
of  state  £  will  not  be  influenced  by  the  feedback  gain  k\ ,  no  extra  constraints 
are  required  for  the  choice  of  ki ,  such  as  the  one  given  in  [2] . 

Since  ki  is  scalar,  conditions  (3.25)  and  (3.26)  do  not  necessarily  hold  for 
any  given  K2-  Thus,  a  stabilizing  linear  feedback  does  not  always  follow  from 
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Corollary  3.1.  As  observed  from  the  stability  conditions  given  in  Lemma  3.3,  the 
cubic  terms  of  both  the  function  G  and  the  control  input  u  do  not  contribute  to 
the  stability  criteria  of  system  (3.4).  A  general  linear-plus-quadratic  feedback 
control  law  can  be  abstracted  as 

=  kiX  +  4"  uxx  X 2  +  XUX (3.27) 

if  the  control  gains  satisfy  the  conditions  of  Lemma  3.3. 

Moreover,  as  observed  from  stability  conditions  (3.23)  and  (3.24)  given  in 
Lemma  3.3,  when  k\  =  0  a  possibility  for  smooth,  a  purely  nonlinear  feedback 
stabilization  of  the  origin  of  (3.4)  is  to  have  an  input  of  the  form  u  —  uxxx2. 
We  have  the  following  special  result. 

Corollary  3.2.  Suppose  A22  is  stable  and  b\  =  0.  Then  a  purely  quadratic  sta¬ 
bilizing  feedback  u  —  uxxx 2  for  (3.4)  exists  if  fxx  =  0  and  fxxx  —  fx^A^iGn  + 
h^xx)  <  0. 

3.3.2.  The  case  61  ^  0 

Next,  we  consider  the  case  in  which  b\  ^  0.  To  obtain  a  nontrivial  sta¬ 
bilization  problem  in  this  case,  we  now  restrict  the  control  law  to  be  purely 
nonlinear.  We  assume  A22  is  stable  and  the  control  input  is  given  by  Eq.  (3.19) 
with  ki  =  0  and  K2  =  0.  Then  according  to  Section  3.2,  the  stability  of  system 
(3.4)  is  determined  by  the  stability  of  the  reduced  model 

x  =  b\U{x,h(x ))  +  F(x,/j(x)),  (3.28) 

where  h  solves  Eq.  (3.11)  with  77  substituted  by  x  and  with  boundary  conditions 
h{ 0)  =  0  and  Dh(0 )  =  0. 

Similarly,  we  can  approximate  h  as  in  (3.18).  Solving  Eq.  (3.11),  we  have 
=  A 22  +  (biux(  +  fx()E  +  E'(biU((  +  f^)E]E 

-  (M„  +  Gxx  +  (b2Uxe  +  Gx()E  +  ( b2E'uKE  +  G«(E,  £))]}.  (3.29) 

Applying  Lemma  3.2  to  the  reduced  model  (3.28),  we  have 
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Lemma  3.4.  Let  A22  be  stable  and  let  bx  0.  Then  system  (3.4)  is  asymp¬ 
totically  stable  if  fxx  +  bxuxx  =  0  and  fxxx  +  bxuxxx  -  (fx(  +  bxux^)A~^{Gxx  + 
b2  ^11)  ^  0 . 

Moreover,  a  purely  cubic  stabilizing  controller  exists  when  fxx  =  0. 

Corollary  3.3.  If  fxx  =  0,  then  system  (3.4)  is  stabilizable  by  a  purely  cubic 
feedback.  A  stabilizing  cubic  control  of  the  form  u  =  uxxxx 3  exists. 

For  the  case  in  which  A22  is  not  stable,  a  linear  feedback  K2£  is  needed 
to  guarantee  the  existence  of  a  locally  invariant  manifold.  Then  the  design  of 
stabilizing  control  laws  proposed  in  Lemma  3.4  and  Corollary  3.3  can  be  applied 
directly. 

3.4.  Pair  of  Pure  Imaginary  Eigenvalues 

Next,  we  consider  the  case  in  which  Axx  has  a  pair  of  pure  imaginary 
eigenvalues.  Specifically,  we  take  Axx  to  be  of  the  form  (3.31)  below. 

First,  consider  the  stability  of  a  planar  system 

V  -  Ah?7  +  Q(r],  77)  +  C(rj,  77,  rj)  +  •  •  • ,  (3.30) 


where  77  =  (x,t/)',  and 


with  11 2  >  0.  Without  loss  of  generality,  we  may  express  the  quadratic  and 

cubic  terms  in  Eq.  (3.30)  as 


C(v,V,r]) 


/  qnX2  +  qX2xy  +  qx3y2  \ 

\q21x2  +  q22xy  +  q2zy2  )  ’ 

(  cii*3  +  cX2x2y  +  cX3xy2  +  c14y 3  \ 
\c2ix3  +  c22x2y  +  c23xy 2  +  c24y3  )  ’ 


(3.32) 

(3.33) 


respectively.  Note  that  system  (3.30)  has  the  pair  of  pure  imaginary  eigenvalues 
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Applying  a  general  stability  criterion  for  planar  systems  undergoing  Hopf 
bifurcation  (see,  e.g.,  [29]),  we  find  that  a  sufficient  condition  for  the  stability 
of  the  origin  for  (3.30)  is: 


2f22  , 

~  7^2-413423  +  3(cn  +  — 


/i  .  _  I 


Sfs,s)+st8n?21 


(3.34) 


In  the  following,  we  apply  the  stability  criterion  (3.34)  to  the  design  of 
a  stabilizing  control  law  for  the  more  general  (nonplanar)  system  (3.4).  We 
now  make  the  following  assumption,  which  holds  throughout  the  remainder  of 
this  section.  Assume  An  (given  in  Eq.  (3.4))  is  of  the  form  given  by  Eq. 
(3.31),  and  let  y  =  (x,y)'  be  a  two-dimensional  vector,  b\  :=  (fen,  612)'  and 

F(V,0  =  (f(x,y,Q,g(x,y,0)'- 

System  (3.4)  may  be  rewritten  as 

x  -  ftiy  +  bnu  +  f(x,y,()  (3.35a) 

y  —  —Sl2x  +fei2u  -by(x,y,£)  (3.35  fe) 

i  =  A22£  +  b2u  +  G(x,  y,  0-  (3.35c) 

Here  fen,  fei2  are  constant  scalars,  and  f,g,  G  are  given  by 

fxx%  "b  fxyXy  -(-  fyyy  -b  (xfx£  *b  yfy£  )f 
+  +  f XXX  xz  +  fxxyX  y  "b  fxyyXy 

"b  fyyyV  +  (*  fzx£  +  Xyfxyt  +  9^fyyt)£ 

+  £'(*/x«  +  yfyttK  +  /«*(£,  £,0  +  O(||(x,y,0H4),  (3.36) 

9(.xi  Vi  £)  =  9xxx  "b  gxyXy  +  9yy9  "b  {X9x£  “b  J/4yf)C 
~b  £  ~b  9xxxx  +  9xxyx  V  ~b  9xyyxV 
~b  9yyyV  ~b  {x  gXx£  "b  xV9xyt  ~b  y24s/yf  )£ 

+  £W«  +  yy*«)£  +  y<«(£>£,£)  -b  ^(ll(^, s/, Oil4),  (3-37) 

G(x^ y,  £)  —  x  G xx  +  xyG Xy  -b  y  Gryy  -b  ( xGx^  -b  yGy ^)£ 
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~t~  G^^,  0  "I-  x  Gxxx  4"  x  yGxxy  +  x y  Gxyy 

+  y  Gyyy  +  (x  GXX£  H"  XyG  xy£  +  \)  G  yy^)  £ 

+  *G,«(e,0  +  yGf«(e,0+G«««,e,0  +O(||(x,y,0l|4).  (3.38) 

Similarly,  the  coefficients  in  (3.36)-(3.38)  axe  either  constants  or  symmetric 
multilinear  functions  of  their  arguments. 

3.4.1.  The  case  &i  =  0 

First,  we  consider  the  case  in  which  &n  =  612  =  0.  Let  the  control  input 
be  of  the  form 

u  -knx  +  k12y  +  K2£  +  U(x,  y,  £).  (3.39) 

Assume  that  A22  +  b2K2  is  stable.  According  to  Section  3.2,  the  stability 
of  the  origin  of  system  (3.35)  agrees  with  the  stability  of  the  reduced  model 

x  =  ttiy  +  f(x,y,EiX  +  E2y  +  h(x,y ))  (3.40a) 

y  =  -0,2x  +  g(x,  y,E\x  +  E2y  +  h(x,  y)),  (3.406) 

where  E  =  (Ei,E2)  and  h(x,y)  axe  the  solutions  of  Eqs.  (3.8)  and  (3.10), 
respectively,  with  K\  =  ( fcu,&12 ). 

Similarly,  referring  to  the  boundary  conditions  of  Eq.  (3.10),  we  can  write 
h  in  the  form 

h(x,  y)  =x2hxx  +  xyhxy  +  y2hyy  +  0(||(ar,  y)||3),  (3.41) 

where  hxxihxy,hyy  are  constant  vectors. 

Now,  define  the  nonlinear  control  function  U  in  Eq.  (3.39)  as 

^(^?y>£)  UxxX  "f*  V>xy%y  “1“  ^yyV  "h  “h  V^y^C  "h  £  d"  Hxxx*£ 

-j-  1lxxyX  y  “f"  'll xyy^y  ”1“  'U'yyyV  ~t“  (•£  Hxx^ 

+  y2ux ytZ  +  £'(*«*«  +  y«s«)(  +  f ,  0  +  U (x,  f  ),  (3.42) 

where  u ^  is  a  symmetric  trilinear  function  of  £,  and  TJ  is  a  nonlinear  function 
which  vanishes  along  with  its  partial  derivatives  up  to  third  order  at  (x,  f )  = 
(0,0). 
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Since  (A22  +  b2K2)  is  stable,  by  assumption  matrices  (A22  +  62R2)2  +  Qi£l2I 
and  (A22  ~b  b2K2')2  H“  4:Q,iCl2I  are  both  invertible,  where  I  denotes  the  identity 
matrix. 

Let 

H(x,y)  :=b2U(x,y,Eix  +  E2y)  +  G(x,y,Eix  +  E2y) 

~  f(x,y,Ei.x  +  E2y)Ei  -  g{x,y,E\x  +  E2y)E2 
=x2Hxx  +  xyHxy  +  y2Hyy  +  0  ( 1 1  (x ,  y )  1 1: 3  ) ,  (3.43) 

where  U  is  as  defined  in  Eq.  (3.42).  Solving  Eqs.  (3.8)  and  (3.10),  we  have 

Ei  —  —  {(.A22  +  b2K2)2  +  CliCl2I}  1  {kn (A22  +  b2K2)  —  Q2ki2I}b2  (3.44) 
E2  =  —{(^22  +  b2K2 )2  +  fli02-^}  1  {k\2(A22  +  b2K2)  +  £liknl}b2  (3.45) 

and 

hxy  ={(-4.22  +  b2K2  )2  +  401^2-^}  1  {2O2  —  2f2i  Hxx 


—  (.4.22  +  b2K2)Hxy},  (3.46) 

bXx  —  —  (4.22  +  b2K2)  1  •  (Hxx  +  £L2hxy),  (3-47) 

hyy  =  —  (A22  +  b2K2)  1  •  (Hyy  —  £llhxy).  (3.48) 

The  reduced  model  (3.40)  is  hence  obtained  as 

x  Oiy  4"  fxxX  "b  fxyXy  4"  fyyy  "b  f xxi :X 

+  fxxyX2y  +  fxyyXy2  +  fyyyy3  +  0(\\(x,y)\\4)  (3.49a) 

y  =  -  ^2^  +  9xXx2  +  gxyxy  4-  gyyy2  4-  gXxxXZ 

+  9xxyX2y  +  gxyyxy2  +  gyyyyz  +  0(||(x,  y)||4),  (3.496) 


where  f,g  denote  the  new  versions  of  the  cubic  terms,  the  values  of  which  are 
given  in  Appendix  3. A. 

Referring  to  the  stability  criterion  (3.34)  and  the  foregoing  discussions, 
we  obtain  stability  conditions  for  the  control  system  (3.35)  summarized  in  the 
following  lemma. 
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Lemma  3.5.  Suppose  b\\  =  612  =  0  and  that  the  control  input  is  of  the  form 
(3.39)  with  nonlinear  function  U  as  in  (3.42).  Then  the  origin  of  Eq.  (3.35)  is 
asymptotically  stable  if  A22  +  &2-^2  is  stable  and 

^xy^0,2^xx  ^yy  ~  xy  * xx  fp  fyy)  Q^fxx  '  9XX 

2^2  £  „  0/  f  ^2  i  1  „  f^2  ^ 

q2~ fyy  '  9yy  ^(/xxx  +  ~ Q^Jxyy  +  ^9xxy  +  Q^9yyy)  <  0-  (3.50) 


Remark  3.2.  From  (3.50)  and  Appendix  3. A,  we  observe  that  only  quadratic 
terms  of  the  function  G,  and  the  linear  and  quadratic  terms  of  the  control  input 
u  contribute  to  the  stability  conditions.  A  linear  and/or  quadratic  feedback 
stabilizing  control  law  follows  from  Lemma  3.5. 

Although  Lemma  3.5  provides  a  means  for  the  design  of  a  linear  feedback 
stabilizing  control  law,  such  a  linear  stabilizing  control  law  need  not  exist. 
Referring  to  Eqs.  (3.43)-(3.45),  we  have  H(x,y)  —  b2U(x,y,0)  -f-  G(x,y, 0) 
when  fcn  =  ki2  =  0  and  K<i  =  0.  A  purely  quadratic  stabilizing  control  law  can 
then  be  proposed  as  follows. 


Corollary  3.4.  Assume  that  b\\  =  612  =  0,  A22  is  stable  and  the  origin 
of  system  (3.35)  is  unstable.  Then  a  purely  quadratic  stabilizing  feedback 
u  =  uxxx 2  +  uxyxy  +  uyyy2  exists  for  system  (3.35)  if  one  of  the  values  of 
f x£  >  f  5  9 x£y  9y£  ^  nonzero  and 


1  1  .  .1  ^2f  \  2 

9xy\Q^9xx  T  ~Q^9yy)  ~  Jxy^Q^Jxx  Q?Jyy)  ^i^^xx^xx 

fyv9yy  +  3{/ix  1  +  fxihxx  +  -^*(/xpy  fx&yy  +  fyi^xy) 

+  ^(fifiiy  +  gx^hXy  +  gy^hxx)  +  Q^(9yyy  +  9y£hyy)}  <  (3.51) 


where 

hXy  =  {A22  +  4Qji72-f}  1  {2Q,2(uyyb2  +  Gyy)  —  2£li(uxxb2  +  Gxx) 
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—  A22{uxyb2  4"  Gxy)}, 


(3.52) 

(3.53) 

(3.54) 


blxx  —  ^22  (^££^2  4”  Gxx  4"  ^2^xy)j 

hyy  —  —  A22  (,uyyb2  4~  Gyy  —  Q,ihxy). 

We  note  that  Aeyels’  stabilization  conditions  for  a  third-order  system  [4]  are 
special  cases  of  those  given  in  Corollary  3.4.  Corollary  3.4  can  also  be  extended 
to  the  case  in  which  A22  is  not  stable  but  the  pair  (A22,  £>2)  is  stabilizable. 
Under  this  condition,  an  additional  linear  feedback  K2£  is  needed  to  ensure  the 
existence  of  the  locally  invariant  manifold  and  the  stability  of  the  noncritical 
states  £  (obtained  by  setting  xx  =  X2  =  0  and  u  =  0  in  Eq.  (3.35c)). 

A  stability  criterion  for  the  uncontrolled  model  of  system  (3.35)  readily 
follows  from  Corollary  3.4. 

Corollary  3.5.  The  origin  of  Eq.  (3.35)  with  u  =  0  is  asymptotically  stable 
if  condition  (3.51)  holds  with  uxx  =  uxy  =  uyy  —  0. 

3.4.2.  The  case  bx  ^  0 

Next,  we  consider  the  case  in  which  either  &n  or  612  is  nonzero.  Since 
this  assumption  guarantees  the  controllability  of  the  subsystem  (3.35a)-(3.356), 
for  a  nontrivial  stabilization  problem  in  this  case  we  only  consider  a  purely 
nonlinear  control  law.  Assume  A22  is  stable  and  the  control  input  is  as  given  in 
(3.39)  with  kxx  =  k\2  =  0  and  K2  —  0.  According  to  Section  3.2,  the  stability 
of  system  (3.35)  is  then  determined  by  the  stability  of  the  reduced  model 

x  =  Q,xy  +  bnU(x,y,h(x,y))  +  f(x,  y,  h(x,  y))  (3.55a) 

y  =  -9,2x  +  b12U(x,y,h(x,y ))  +  g(x,  y,  h(x,  y)),  (3.556) 

where  h  solves  Eq.  (3.11)  with  77  substituted  by  (x,y)'  and  with  boundary 
conditions  /i(0)  =  0  and  Dh( 0)  =  0. 

As  before,  we  take  h  to  be  of  the  form  (3.41),  and  the  nonlinear  control 
function  U  to  be  a  function  of  x  and  y  only,  as  follows: 

U(x,y,£)  =iixxx  4“  uxyxy  %iyyy  uxxxx 

4~  v>xxyX  y  4“  4~  ^ yyyV  *  (3*56) 
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We  have  the  following  stability  criterion  for  the  control  system  (3.35)  in 
this  case. 


Lemma  3.6.  Suppose  A22  is  stable  and  that  bi  ^  0.  Then  the  origin  of  system 
(3.35)  is  asymptotically  stable  if 

(bl2uxy  +  9xy)  '  {^~{bl2uxx  +  <7xx)  +  j^*(&12 uyy  +  9yy)} 

1  02 

—  (b\2uxy  T  fxy )  ’  {(^^(^lluxx  +  fxx)  +  ^2(^11  Uyy  +  fyy )} 

2  2Q2 

+  ~^j~{bllUxx  +  fxx)  '  (bl2uxx  T  9xx)  ^2~{f\luyy  +  fyy)  '  {^12uyy  T  9yy) 

+  3{&n  ^XXX  T  f XXX  ~t~  /l^XI  +  (6n  uxyy  +  fxyy  +  fx^hyy  +  fythxy) 

oil  1 

1 


+  3(412  UXxy  T  9xxy  T  9x^h  xy  +  9yth  II) 
+  ~0~{f)l2uyyy  4*  9yyy  T  9y£hyy)}  ^ 


(3.57) 


where  hxx,hxy,hyy  are  as  given  in  Eqs.  (3.52)-(3.54). 

A  purely  cubic  stabilizing  control  law  is  readily  obtained  from  Lemma  3.6. 

Corollary  3.6.  Let  A22  be  stable  and  bi  0.  (We  do  not  require  (3.35)  to 
be  stable.)  Then  system  (3.35)  is  stabilizable  by  a  -purely  cubic  state  feedback 
xl  —  xlxxxx  f  uxxyx  y  T  uxyyxy  uyyyy  . 

Note  that  the  stabilizing  control  laws  obtained  in  Corollaries  3.4  and  3.6 
agree  with  those  obtained  by  Abed  and  Fu  [1],  where  an  asymptotic  expansion 
method  based  on  bifurcation  analysis  is  used  for  controller  design. 

3.5.  Concluding  Remarks 

In  this  chapter,  the  center  manifold  reduction  technique  has  been  applied 
to  study  the  smooth  feedback  stabilization  problem  for  nonlinear  systems  in  two 
critical  cases.  The  stabilizing  control  law  designs  were  composite-type  designs. 
Stability  is  ensured  first  for  the  noncritical  state  £,  and  the  remaining  control 


40 


gains  axe  then  chosen  to  stabilize  the  reduced  model,  all  of  whose  eigenvalues 
lie  on  the  imaginary  axis.  Stabilizing  control  laws  for  two  simple  critical  cases, 
where  the  system  has  one  zero  eigenvalue  or  a  pair  of  nonzero  pure  imaginary 
eigenvalues  with  the  remaining  eigenvalues  either  stable  or  linearly  controllable, 
have  been  designed  in  both  linear  and/or  nonlinear  feedback  forms.  It  was  found 
that  results  given  in  this  chapter  agree  with  those  obtained  by  Abed  and  Fu  [l], 
[2] ,  [25] ,  where  the  stabilizing  control  laws  are  obtained  by  applying  bifurcation 
stability  analysis. 

Appendix  3. A 

The  coefficients  in  the  Taylor  expansions  of  /,  g  are  given  in  terms  of  those 
of  /,  g,  by  the  following.  Here,  p  denotes  either  /  or  g,  and  i  ^  j  for  i,j  €  {x,  y} 
with  E[x]  —  Ei ,  and  E[y\  —  E2 . 

pa  -  pa  +  Pit-E[q  +  E'^p^E^ 

pij  =  pij  +  +  PjtE[q  +  2E'[i]p^E[j] 

pm  =  pm  +  pu^E[q  +  E^p^E^  +  />*«(-£[«],  £[;] ,  -Ep] ) 

+  Pi^ha  -f-  2  E'^qp^hu 

Paj  =  Pj^ha  +  pi^hij  +  2E'y^p^ha  +  2  E'^p^hij  +  puj  +  pijcE^q 
+  Pa^E[j]  +  E^pj^Etf  +  2E'[i]pitfE[j]  +  3pt£t(E[q,  E[{],  %j). 
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CHAPTER 


FOUR 

STABILIZATION  OF  NONLINEAR  SYSTEMS 
IN  COMPOUND  CRITICAL  CASES 


In  this  chapter,  we  continue  to  study  the  stabilization  of  nonlinear  systems 
in  critical  cases  by  using  the  center  manifold  reduction  technique.  Three  de¬ 
generate  cases  axe  considered  in  this  chapter,  wherein  the  linearized  model  of 
the  system  has  two  zero  eigenvalues,  one  zero  eigenvalue  and  a  pair  of  nonzero 
pure  imaginary  eigenvalues,  or  two  distinct  pairs  of  nonzero  pure  imaginary 
eigenvalues;  while  the  remaining  eigenvalues  are  stable.  Using  a  local  nonlin¬ 
ear  mapping  (normal  form  reduction)  and  Liapunov  stability  criteria,  one  can 
obtain  the  stability  conditions  for  the  degenerate  reduced  models  in  terms  of 
the  original  system  dynamics.  The  stabilizing  control  laws,  in  linear  and/or 
nonlinear  feedback  forms,  are  then  designed  for  both  linearly  controllable  and 
linearly  uncontrollable  cases.  The  normal  form  transformations  obtained  in  this 
chapter  have  been  verified  by  using  MACSYMA. 

4.1.  Introduction 

Recently,  the  center  manifold  theorem  has  been  applied  to  the  stabiliza¬ 
tion  of  nonlinear  systems.  Aeyels  [4]  obtained  a  stabilizing  control  law  for  third 
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order  systems  which  possess  a  pair  of  pure  imaginary  eigenvalues  and  one  sta¬ 
ble  eigenvalue.  This  result  has  been  extended  in  Chapter  3  to  more  general 
high  dimensional,  nonlinear  systems,  in  which  the  linearized  model  has  either  a 
pair  of  pure  imaginary  eigenvalues  or  one  zero  eigenvalue;  while  the  remaining 
eigenvalues  are  stable  or  stabilizable. 

More  degenerate  cases  have  been  considered  by  Behtash  and  Sastry  [10]. 
They  obtained  results  for  nonlinear  systems  whose  linear  part  has:  two  zero 
eigenvalues  with  geometric  multiplicity  one;  one  zero  eigenvalue  and  a  pair  of 
pure  imaginary  eigenvalues;  or  two  distinct  pairs  of  pure  imaginary  eigenvalues. 
Unfortunately,  they  consider  only  the  case  in  which  the  state  vector  dimension 
is  one  more  than  the  number  of  critical  modes.  Most  of  their  results  axe  given 
in  terms  of  the  system  dynamics  after  normal  form  reduction. 

In  this  chapter  we  extend  their  results  to  more  general  high  dimensional, 
nonlinear  systems,  where  the  noncritical  modes  are  either  stable  or  stabilizable 
and  the  number  of  these  noncritical  modes  is  not  restricted.  Moreover,  the 
stabilizing  control  laws  are  given  in  terms  of  the  original  system  dynamics  before 
normal  form  reduction. 

First,  the  normal  form  reduction  technique  discussed  briefly  in  Section  2.3 
is  applied  to  derive  stability  conditions  for  low  dimensional,  critical  nonlinear 
systems,  specifically,  where  the  linearized  model  of  the  system  has  exactly  two 
zero  eigenvalues  with  geometric  multiplicity  one;  one  zero  eigenvalue  and  a  pair 
of  pure  imaginary  eigenvalues;  or  two  pairs  of  pure  imaginary  eigenvalues.  This 
is  followed  by  a  study  of  stabilization  of  general  high  dimensional,  critical  non¬ 
linear  systems.  In  Section  4.3,  the  stability  condition  derived  in  Section  4.2.1 
for  planar  systems  with  two  zero  eigenvalues,  along  with  the  center  manifold 
reduction  technique  reviewed  in  Section  3.2,  are  employed  to  design  the  stabi¬ 
lizing  feedback  control  laws  for  high  dimensional,  nonlinear  systems.  A  linear 
and/or  nonlinear  feedback  stabilizing  control  law  is  proposed  for  linearly  un¬ 
controllable  systems,  while  a  purely  nonlinear  stabilizing  control  law  is  designed 
for  linearly  controllable  systems.  Similar  results  are  obtained  for  the  remaining 
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two  degenerate  cases,  in  which  the  uncontrolled  model  has  one  zero  eigenvalue 
and  a  pair  of  pure  imaginary  eigenvalues,  or  two  distinct  pairs  of  pure  imagi¬ 
nary  eigenvalues;  while  remaining  eigenvalues  are  stable  or  stabilizable  by  linear 
feedback.  These  are  given  in  Sections  4.4  and  4.5,  respectively. 

4.2.  Stability  Conditions  for  Critical  Reduced  Models 

In  the  following  discussion,  we  continue  to  study  the  stabilization  of  critical 
nonlinear  systems 

r)  +  biU  +  F(r),£),  (4.1a) 

£  =A22£  +  +  G(rj,  £)>  (4.16) 

where  functions  F ',  G  are  sufficiently  smooth  with  _F(0, 0)  =  0,  DF( 0, 0)  =  0, 
G(0, 0)  =  0  and  DG( 0, 0)  =  0.  Specifically,  we  consider  three  degenerate  cases 
in  which  An  has  exactly  two  zero  eigenvalues  with  geometric  multiplicity  one; 
one  zero  eigenvalue  and  a  pair  of  pure  imaginary  eigenvalues;  or  two  distinct 
pairs  of  pure  imaginary  eigenvalues.  Similar  to  Chapter  3,  the  control  input  u 
in  (4.1)  is  taken  to  be  a  scalar.  So,  61,62  are  both  vectors.  It  is  not  difficult  to 
extend  the  results  to  the  case  of  multiple  inputs.  Details  are  omitted. 

First,  the  stability  conditions  for  the  low  dimensional  critical  system  (4.1a) 
with  u  =  0,  £  =  0  are  derived  in  this  section  by  employing  the  technique  of 
normal  form  reduction  as  in  Section  2.3  and  Liapunov  stability  criteria.  These 
stability  conditions  and  the  center  manifold  reduction  technique  given  in  Section 
3.2  are  applied  to  study  the  stabilization  of  the  system  (4.1)  in  the  next  three 
sections. 

In  the  rest  of  this  section,  we  focus  on  the  derivation  of  stability  conditions 
for  the  low  dimensional  critical  system  (4.1a)  with  u  =  0  and  £  =  0  as  given  by 
fi  =Anr}  +  F(ij) 

=Anr]  +  F2(r),  77)  +  -£3(77, 77, 77)  +  OGMI4),  (4.2) 

where  F(rj)  :=  F(r],  0)  and  F2,  F3  denote  quadratic  and  cubic  terms  of  the 
Taylor  expansion  of  F,  respectively.  Here,  we  have  presumed  that  F  is  at  least 
four  times  continuously  differentiable. 
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As  mentioned  in  Section  2.3,  a  nonlinear  transformation  t]  =  £  +  P(C)  can 
be  applied  to  simplify  the  expressions  of  the  critical  nonlinear  systems,  where 
P  is  a  purely  nonlinear  vector  function 

**(0  =  iMC,  0  +  JVC,  C,  0  +  Odicil4),  (4.3) 

where  P2  and  P3  axe  the  quadratic  and  cubic  terms  in  P,  respectively. 
Applying  this  method  to  Eq.  (4.2),  we  obtain 

c = (i + DP(or' nc + p(  o) 

=  +  r2((,  0  +  ?,«,  (,  0 + o(|icn4),  (4.4) 

where  T\  =  An  and  P2,p3  are  as  given  in  Eqs.  (2.26)-(2.27). 

The  main  goal  of  this  section  is  to  obtain  the  homogeneous  functions  Pi 
for  which  the  nonlinear  terms  p,  of  the  transformed  model  (4.4)  allow  a  simple 
analysis  of  the  local  stability  of  the  origin. 

4.2.1.  Stability  of  the  Second-Order  Model 

First,  consider  the  case  in  which  rj  =  (x,  y)1  is  a  two  dimensional  vector, 
and  Eq.  (4.2)  is  a  planar  system 

X  —  y  A  fxxx  A  fxyXy  4"  fyyy  “b  fxxxX  “b  fxxyX  J/ 

A  fxyyxy2  A  fyyyy3  A  0(\\(x,y)\\4),  (4.5a) 

y  =  QxxX  “b  9xyxy  ”b  9yyy  "b  9xx xx  -b  9xxyX  y 
A  9xyyXy2  A  9yyyy3  +  0(|  |(x,  y)|  |4  ).  (4.56) 

By  using  the  technique  given  in  Section  2.3,  it  is  not  difficult  to  obtain  a 
normal  form  expression  for  (4.5).  For  instance,  a  general  form  has  been  obtained 
by  Takens  [84],  A  result  of  [84]  for  the  normal  form  of  (4.5)  up  to  sixth  order 
can  be  written  as 

x\  =x2A  0(|](ri ,  x2)||6)»  (4.6a) 

x2  =  6\x\  +  82x\x2  +  8$x\  -I-  64^1  ^2  +  8$x\  +  S6x^x2 

+  S7xl  +  88x\x2  +  0(||(:ei,  *2)||6),  (4.66) 


45 


where  21,  x2  are  the  transformed  states  after  normal  form  reduction  and  6,-  are 
constants. 

To  study  the  local  stability  of  (4.6)  by  Liapunov’s  direct  method,  we  invoke 
a  special  locally  positive  definite  function.  A  class  of  such  functions  has  been 
introduced  by  Fu  and  Abed  [26]  for  constructing  families  of  Liapunov  functions 
for  critical  nonlinear  systems  the  linear  part  of  which  has  exactly  one  zero 
eigenvalue  or  a  pair  of  nonzero  pure  imaginary  eigenvalues  with  the  remaining 
eigenvalues  stable.  This  result  is  extended  below  to  a  more  general  case,  which 
will  provide  a  means  to  obtain  the  stability  conditions  for  the  model  (4.6). 

Lemma  4.1.  The  scalar  function 

V(xi,x2)  =v\xl  +  v2xxx\  +  vAx\  +  u42*  +  v*,x\x2  +  v6x\x\ 

+  V7X!X%  +  V8xj  +  VgX®  +  Uio^i  (4.7) 

is  locally  positive  definite  near  the  origin  if  V\ ,  v4  >0. 

Lemma  4.1  follows  directly  from  ([26],  Lemma  1).  Details  are  omitted.  It 
is  obvious  to  have  the  following  result. 

Corollary  4.1.  The  scalar  function 

F(xi,x2)  =x|(^i  +  Pi(xi,x2))  +  xlxl(62  +P2(X1,X2)) 

+  S3xl  +  0(\\(x1,x2W)  (4.8) 

is  locally  negative  definite  near  the  origin  if  6;  <  0,  for  i  =  1,2,3  and  the  smooth 
scalar  functions  pi,p2  satisfy  p,(0, 0)  =  0  for  i  =  1,2. 

Next,  we  employ  Lemma  4.1  and  Corollary  4.1  to  study  the  local  stability 
of  Eq.  (4.6).  Choose  as  a  Liapunov  function  candidate  for  (4.6)  a  function  V 
as  in  (4.7)  with  v2  =  v$  =  0.  The  time  derivative  of  V  along  trajectories  of  Eq. 
(4.6)  is  given  by 

V  =2vi(8ix\x2  +  622122)  +  v7  xt  +  (2^163  +  4^4)2^22 

+  (2vi  64  +  3i>5  +  3v36i  +  p{x  i,x2))x\x\  +u56i2i 

+  (5u9  +  u562  +  2vi65)x*x2  +  U5632® 

+  (u564  +  2vi  S7  +  6uio)2i22  +  0(||(2i,  22)||7),  (4.9) 
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where  p  is  a  smooth,  scalar  function  with  p(0, 0)  =  0. 

According  to  Lemma  4.1,  V  is  locally  positive  definite  if  t>i,u4  >  0.  By 
employing  Corollary  4.1  to  check  the  local  negative  definiteness  of  V  (given  in 
(4.9))  and  applying  Liapunov  stability  criteria,  we  have 

Proposition  4.1.  Let  8\  =  82  =  0.  Then  the  origin  of  (4.6)  is  asymptotically 
stable  if  the  values  of  V{  in  (4.7)  can  be  chosen  such  that 
(i)  ui,u4  >  0,  v2  =v6  =  0, 

(ii)  v7,v563,2vi64  +  3v5  <  0, 

(iii)  5^9  +  2ui^5  =  0,  V584  +  2v\8i  +  6vio  =  0  and  2v\8$  +  4u4  =  0. 

Assume  £1  =  82  =  0  and  83,84  <  0.  With  these  assumptions  we  can  choose 
Vi  such  that  the  stability  conditions  in  Proposition  4.1  hold.  As  implied  by 
Lemma  2.6,  the  local  stability  of  the  origin  is  preserved  under  normal  form 
reduction.  Thus,  we  have 

Lemma  4.2.  The  origin  is  asymptotically  stable  for  (4.5)  if  81  =  82  —  0, 

83,84  <  0. 

By  suitable  choice  of  nonlinear  functions  P2  and  P3  (in  (4.3)),  we  obtain 
the  values  of  the  Si  as:  61  =  {jxx,  82  =  gxy  +  2 fxx  and 

83  =Qxxx  Qxxfxy  dxyfxxi  (4.10) 

^4  =9xxy  4"  3 fxxx  4"  l^{fyy9xx  4"  ( 9xy  2fxx)gyy  4-  fxy9xy}-  (4-11) 

In  the  next  corollary,  the  stability  conditions  of  Lemma  4.2  are  stated  in 
terms  of  the  functions  /  and  g. 

Corollary  4.2.  The  origin  of  (4.5)  is  asymptotically  stable  if  gxx  =  0,  gxy  + 
2/xz  =  0,  9xxx  4-  2 flx  <  0  and 

9xxy  4-  3 fxxx  fxx{fxy  4"  2gyy)  <  0.  (4-12) 

Note  that  the  stability  conditions  for  (4.5)  given  in  Corollary  4.2  agree  with 
a  result  of  Behtash  and  Sastry  ([10],  Lemma  4.1). 
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4.2.2.  Stability  of  the  Third-Order  Reduced  Model 

Next,  consider  the  case  in  which  77  =  ( x,y,z )'  and  model  (4.2)  is  the  three 
dimensional  system 


X  =fli y  -1-  f(x,y,z), 

(4.13 a) 

V  =  -  +g(x,y,z), 

(4.136) 

z  =r(x,y,z), 

(4.13c) 

where  fiifi2  >  0  and  functions  f,g,r  are  sufficiently  smooth  and  take  the 
general  form 

<p(x,  y,  z)  =<pxxx2  +  <pxyxy  +  <pxzxz  +  yyvyl  +  g>yzyz  +  <pZ2z2 

+  fxxxX3  +  yxxyx2y  +  <p  xxzx2z  +  ifxyyXy 2  +  <pxyzxyz  +  <fxzzXZ2 

+  VyyVy'i  +(Pyyzy2z  +  (pyzzyz2  +  ipzzzz3  +  0(\\(x,y,  z)\\4).  (4.14) 

As  explained  above,  it  is  not  difficult  to  derive  the  normal  form  for  system 
(4.13).  For  instance,  a  normal  form  for  the  case  of  Oi  =  =  —  u  up  to  the 

third  order  approximation  has  been  obtained  in  cylindrical  polar  coordinates 
by  Guckenheimer  and  Holmes  [29].  A  similar  result  is  also  obtained  by  Behtash 
and  Sastry  [10]  for  designing  a  purely  nonlinear  feedback  stabilizing  control  law 
for  the  case  in  which  £  in  (4.1)  is  a  scalar.  However,  in  both  results  mentioned 
above,  the  values  of  the  coefficients  in  the  normal  form  for  (4.13)  have  not 
been  expressed  in  terms  of  the  original  system  dynamics  (i.e.,  the  functions 
/,  g,  r).  In  the  following  discussions,  a  normal  form  representation  for  a  general 
system  (4.13)  up  to  third  order  will  be  given  explicitly  in  terms  of  the  original 
system  dynamics.  The  result  will  be  easy  to  apply  to  the  stability  analysis  and 
stabilization  of  higher  dimensional  systems  (4.1).  Note  that  we  do  not  assume 
fix  =  fi2  in  the  following  discussions. 

By  employing  the  technique  given  in  Section  2.3  with  P  =  P2  a  quadratic 
function  as  given  in  Appendix  4.A,  we  can  remove  parts  of  quadratic  terms  of 
the  dynamics  in  (4.13),  and  Eq.  (4.13)  becomes 

Zl  =Oi  {z2  +  ^  ^  ( gSz  +  f zz)z\  Z3 
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(4.15a) 


+  2 -  nigzz)z2z3}  +  f(z1,z2,z3) 
z2  =ft2{-Xi  +  ^  ^  Q  (,9yz  +  fzz)z2z3 

-  ^[^fi^fyz  ~  ^i9zz)ziz3}  +  g(z!,  z2,z3)  (4.156) 

^3  +  fl"(flir»,  +02^2,)  •  (^1  +  zj)  +  rzzzl  +r(zi,z2,z3).  (4.15c) 

Assume  that  the  nonlinear  vector  function  P  in  the  normal  form  transfor¬ 
mation  is  chosen  as  P{r])  =  P2(rj)  +  -63(77)  with  P2  and  P3  as  given  in  Appendix 
4.A.  The  new  transformed  version  of  (4.13)  is  then 

Xi  =fli{x2  +  ^  ( gVz  +  fxz)x  1X3 

+  ^-2(^fyz  -  igxz)x2x3  +  8\Xi{x\  +  x\) 

+  e1x2(x21  +x\)  +  xl(82xi  +  e2x2)}  -f  0(||(x,?/,z)|[4),  (4.16a) 

i2  =fi2{-Xl  +  ^  ^  ( 9yz  +  fxz)* 2*3 

-  2il1n2^2^yz  -  ^l3xz)x\X3  +  8!X2(xj  +  x\) 

-  eiXi(xj  +  x\)  +  X3(62x2  -  e2xi)}  +  0(||(x,y,z)||4),  (4.166) 

®3  (fll rxx  ^2r yy)  '  (^l  4“  *2)  d~  rzz%3 

+  83x3(xl  +x])  +  rzzzx  3  +  0(||(x,y,2r)||4),  (4.16c) 

where 

ei  =4^  ^  '  {^2/222  +  ^i£M/ii2  —  ^122)  -  312i<)iii},  (4.17) 

e2  =2Q,1Q.2^2^233  ~  ^1^133)’  (4.18) 

4l  =3«?  +  2«1s22  +  303  '  (‘!l(S/lU  +  »112)  +  {l2(3Sm  +  /m))’  (4'19) 
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(4.20) 


h  “fi,  +(j2(/"“  +9233), 

£3  =— — — — - . (Oifns  +02^223)-  (4-21) 

Sil  -+-  Ji2 

Here,  ipijk  denotes  the  coefficient  of  the  cubic  term  Z{ZjZk  of  a  function  ip  € 
{f,g,r}  and  i,j,k  =  1,2,3. 

Using  Corollary  4.1  and  Lemma  2.6,  we  obtain  the  following  stability  con¬ 
ditions  for  (4.13)  based  on  the  transformed  model  (4.16). 

Lemma  4.3.  The  origin  of  (4.13)  is  asymptotically  stable  if  rzz  =  0,  S.^1^1, 
f333  <  0,  and  either  of  the  following  conditions  hold: 

(i)  gyz  -f  fxz  =  0,  ffi rxx  +  Slifyy  =  0,  and  fii^2,^3  <  0  or  fli<52  and  83  are 
nonzero  and  of  opposite  sign, 

(ii)  tti(gyz  4-  fxz)  and  Pt\rxx  -f  0.2'i’yy  are  nonzero  and  axe  of  opposite  sign,  and 
^1^2  ?  ^3  <  0, 

where  the  values  of  Si,  i  =  1,2,3  are  given  in  (4.19)-(4.21). 

Proof:  As  discussed  above,  Eq.  (4.13)  can  be  transformed  into  (4.16)  by  normal 
form  reduction.  Choose 

V  =pi(xl  +  §^2)  +  P2Z3  (4.22) 

with  pi,p2  >  0  as  a  Liapunov  function  candidate  for  the  transformed  model 
(4.16). 

The  time  derivative  of  V  along  trajectories  of  (4.16)  is 

V  =  2^ipi^i(xi  +  x\)2  +  2(pif2i<53  +  p2S3)xl(xj  +  x\) 

2 

+  2^2^333^3  +  ^P2f'Zzx3  +  — — —pr~{ft1pi(gyz  -f  fxz) 

3*1  +  \L2 

+  +  ^‘2ryy)}xz{x\  +  X%)  +  0(||(xi ,  X2,  Z3)||5)-  (4.23) 

Since  pi,P2  >  0,  the  scalar  function  V  given  in  (4.22)  is  positive  definite. 
Suppose  rzz  =  0  and  f2i<5i,f333  <  0.  From  Corollary  4.1,  it  follows  that  V 
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(given  in  (4.23))  is  locally  negative  definite  if  either  condition  (i)  or  (ii)  holds. 
The  application  of  Liapunov  stability  criteria  to  (4.16)  indicates  that  the  origin 
is  asymptotically  stable.  As  implied  by  Lemma  2.6  the  origin  is  also  asymptot¬ 
ically  stable  for  the  model  (4.13). 


Note  that  the  stability  condition  (i)  of  Lemma  4.3  above  agrees  with  that 
obtained  by  Behtash  and  Sastry  ([10],  Theorem  4.2). 

By  expressing  the  values  £,•  in  terms  of  the  original  system  dynamics,  we 
have  the  following  result  for  the  case  (i)  of  Lemma  4.3. 

Corollary  4.3.  The  origin  is  asymptotically  stable  for  (4.13)  if  rzz  =  0, 
OirIX  -f-  ryy  —  0,  fxz  +  gyz  =  0,  £i,£2  <  0  and  £3,  £4  <  0  or  £3  and  £4  are 
nonzero  and  of  opposite  sign,  where 


£1  :=r333 


£2 


{0i02rzzz  -  02fzzryZ  +  &\gzzrxz}, 


(4.24) 


—  3^2  _|_  2J2102  +  3fi2  ^ l9yzrxy  +  3flif22<7t/j/y 

Of  2  20\ 

4"  ( 0\gxy  202  fyy^yy  4“  Qxxdiy  4"  0^gxxy  4  fxiQxi 

1£2  1£2 

O2  f xy  f yy  4"  O1O2  f xyy  0\  fxxfxy  4"  ^0^fXxx}j  (4.25) 

£3  :=fli^2 

=  ^  ^  ^{2 O2 fzzryz  2f2 i§zzrxz  4*  0\(gxy  -(■  2f xx)g  zz 

4-  0\02gy  zz  2fl2  fzzdyy  02fxyfzz  4-  Oif 22/xiz}5  (4.26) 

£4  :=h 

~fi2(^i  +  O2 )^2r!/J/z  —  J^i^fyy  4"  Oifxx)ryz  ~  Q~(OigXz  4"  ^2/s/z)ryj/ 
4“  (O^dyy  4"  0\gxx^rxz  4-  O2 gyz^xy  4"  0\02Txxz}.  (4.27) 
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Similarly,  the  case  (ii)  of  Lemma  4.3  is  addressed  in  terms  of  the  original 
dynamics  as  follows. 

Corollary  4.4.  The  origin  of  (4.13)  is  asymptotically  stable  if  (i)  rzz  =  0, 
(ii)  Sl\rxx  4-  Cl2ryy  and  fxz  +  gyz  have  nonzero  values  and  of  opposite  sign,  (iii) 
Si,  S2  <0  and  S3,  S4  <  0,  where  Si  is  given  by  (4.24)  and 

=3^  +  2fi1fl2  +3f2^  (fli  +  ft2)ft2  + 

+  (2fl2  +  3fli)flirxj;]  +  — ( gyz  4-  3  fxz)rxy  +  ZCliQ.2gyyy 

Cl?  2  Cl2 

4~  ( Cl\gxy  2Cl2fyy')gyy  4*  ~Q~gxxQxy  4“  Cl±gxxy  4  —  fxxgXx 


C^2fxyfyy  4”  CllCl2fXyy  Cllfxxfxy  4"  ZCl^fxxx}, 
1 


(4.28) 


q  _j_  q  ^{2Cl2fzzryz  2Cligzzrxz  +  fix {gxy  4~  2  f  11)92 

4*  CliQ,2gyzz  —  2Cl2f zz9yy  ~  Cl2fXyfzz  4*  CliCl2f xzz 
Cl\ 


54  = 


2  (fli  4-  ^2) 
1 


{fxz  4-  gyz )  ■  {Cl\gXz  4”  Cl2fyz)}, 


(4.29) 


CI2 

Ch 


{^2 ryyz  0  {^ifyy  4"  Clifxx)ryz 


fl2(fli  4"  fl2) 

4-  ( Cligxz  +  Cl2fyz)r xx  4-  {Cl29yy  +  ^1 9xx)^x 

CI2 


Sli  4-  CI2 


[Cligyz  4-  (02  4-  2Cli)fxz]rxy  4- 


(4.30) 


4.2.3.  Stability  of  Fourth  Order  Systems 

In  this  section,  we  derive  stability  conditions  for  (4.2)  in  which  g 


(f(v),9(r])>' 

iv), 

*(*))' 

and 

( 

0 

fii 

0 

°\ 

—CI2 

0 

0 

0 

^11  = 

0 

0 

0 

C13 

\ 

0 

0 

04 

0  / 

(4.31) 


Here,  Qj  Q2)  ^3^4  >  0  and  /,  g,  r ,  s  are  smooth,  purely  nonlinear  scalar  functions 
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with  the  form  as 

<P  =<PxxX2  +  <Pxyxy  +  VxzXZ  +  <pxwxw  +  <pyyy2  4-  <pyzyz  +  <pywyw 

4~  ^PzzZ  4~  (pzwZW  4~  (pwwIV  4"  tyxxxX  4"  ( }Pxxyy  4*  ^PxxzZ  4"  xxww')X 
4“  (< Pxyyx  4"  ‘Pyyyy  4"  <r>yyzz  4*  lPyyww)y  4"  tyxyzXyZ  -f-  ^fxywXyW  -f-  (pxzwZXW 
4-  Vyzwyzw  4-  ( <fxzzx  4-  <Pyzzy  4-  y>zzzZ  4-  <fZzww)z 2  +  ( <fxwwx  +  c pywwy 
4“  (PzwwZ  4*  4-  0(\\(x,y,z,w)\\  ).  (4.32) 

For  the  case  in  which  Oi  =  0,2  =  —1  and  =  f}4  =  —u  ^  {±|,  ±|,  ±1,  ±2, 
±3},  a  normal  form  for  the  model  (4.2)  has  been  obtained  by  using  the  tech¬ 
nique  given  in  Section  2.3;  see  for  instance,  [10],  [29].  In  the  following  analysis, 
we  do  not  assume  that  fli  =  Vl2  nor  that  O3  =  Q4. 

Assume  that  O1O2  7^  CVO3O4,  for  each  a  6  {|,j,  1,4,9}.  By  using  the 
technique  of  normal  form  reduction  as  discussed  in  Section  2.3  to  let  r]  —  (  4~ 
P(C)  with  P  defined  in  Eq.  (4.3),  we  can  write  model  (4.2)  as  Eq.  (4.4). 
First,  consider  the  case  in  which  the  nonlinear  function  P  is  a  purely  quadratic 
function  only  (i.e.,  P  =  P2)  as  given  in  Appendix  4.B,  we  can  make  T2  (given 
in  Eq.  (2.26))  zero  and  Eq.  (4.4)  then  becomes 

C  =  4C  +  F((),  (4.33) 

where  F(()  =  (/(C)>i/(C)?^(C)?£( OX-  Now,  let  P  be  a  nonlinear  function  as 

given  in  (4.3)  with  P2  having  being  as  discussed  above  such  that  T2  —  0. 
By  a  suitable  choice  of  cubic  function  P3,  sis  detailed  in  Appendix  4.B,  the 
transformed  model  (4.4)  takes  the  form 

=Qi  {x2  4-  (612:1  4-  tix2){x\  4-  2:2)  4-  (622:1  4-  e2x2)(xj  4-  2^)} 

4-  0(||(xi,X2,X3,x4)[j4),  (4.34a) 

x2  =02{-a:i  4-  (6ix2  -  eixi)(xi  4-  x%)  4-  (62x2  -  e2Xi)(xl  +  x\)} 

4- 0(||(xi,X2,x3,X4)||4),  (4.346) 

X3  =^3(2:4  4-  (63x3  +  e3x4)(xi  +  x\ )  +  (64x3  +  e4x4)(xf  +  x^)} 

4- 0(l|(xi,X2,X3,x4)||4),  (4.34c) 
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(4.34  d) 


x4  =f24{— ar3  +  (S3x4  -  €3X3){x\  +  x\)  +  (64X4  -  e4x3)(x3  +  x\)} 
+  0(||(x1,x2,x3,x4)||4), 


where 


Si  = 


e2  = 


<53  = 


£3 


€4 


^2(3<7222  +  /122)  +  ^l(ffll2  +  3/iii) 

3Qf  +  20^2  +3^2 

^1^2(/ll2  ~  ffm)  +  3^2/222  ~~  3£2fgin 

4flifi2(fli  4-  fl2) 

^3(/l33  +  ^233)  +  ^4(/l44  4-  ^244) 

(Qi  4-  02)  '  (^3  +  ^4) 

^2(^3/233  +  ^4/244)  ~  fl'l(^3<7l33  4-  ^4^144) 
2f2if22(f23  -f  fi4) 

^1(^113  +  £114)  +  ^2(^223  +  -S224 ) 

(0l  4-  1^2  )  •  (^3  4-  ^4) 

»4(»lfn4  +  ^2^224)  ~  ^3(^1^113  +  ^2^223) 

203^4(^1  4-ft2) 

04(3^444  4-  r344  )  4-  ^3(^334  +  3f333) 

30j  +  203Q4  4-  3ft| 

123fi4(f334  —  5344)  +  V444  —  3^3^333 


(4.35) 

(4.36) 

(4.37) 

(4.38) 

(4.39) 

(4.40) 

(4.41) 

(4.42) 


403f24(03  +  04) 

Here,  let  (  :=  (zi,z2, 23, 24)'  in  (4.33)  then  ipijk  denotes  the  coefficient  of  the 
cubic  term  ZiZjZk  of  a  function  <p>,  for  tp  =  f,g,r,s  and  i,j,  k  =  1,  •  •  • , 4. 

Referring  to  the  transformed  model  (4.34),  we  readily  obtain  the  following 
stability  conditions  for  the  original  model  (4.2). 

Lemma  4.4.  Let  Oift2  7^  afi3 fi4,  for  each  a  G  {|,  |,  1,4,9}.  The  origin 
is  asymptotically  stable  for  system  (4.2)  if  <  0,  03 <54  <  0  and  either 

OiS2  <0  and  0,363  <  0,  or  Qi£2  and  O3S3  are  nonzero  and  of  opposite  sign. 

Proof:  As  discussed  above,  system  (4.2)  can  be  transformed  into  Eq.  (4.34)  if 
0\02  yS  af23fi4,  for  each  a  G  {f ,  1,4,9}.  Let 

V  —7j,Pi{xi  +  ^2)  +  ~p2(x3  +  ^ix*)  (4.43) 
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be  a  Liapunov  function  candidate  for  model  (4.34)  with  p\,p2  >  0.  Taking  the 
time  derivative  of  V  along  trajectories  of  the  model  (4.34),  we  then  have 
V  =piCli8i(xl  +  x\)2  +  (pifti<52  +P2^3^3)  •  (x\  +  x\)  ■  (x\  +  ®1) 

+  P2^3^4(a:i  +  x\)2  +  0(j|(zi ,  ^2,  a;3, 0:4)1 15).  (4.44) 

Since  pi,P2  >  0  and  f2if22)^3^4  >  0,  the  scalar  function  V  given  in  (4.43) 
is  positive  definite.  First,  consider  the  case  in  which  <  0,  ^364  <  0, 

<  0  and  0363  <  0.  Since  pi,p2  >  0,  V  given  in  (4.44)  is  locally  negative 
definite.  So  the  origin  is  asymptotically  stable  for  the  transformed  model 
(4.34).  By  Lemma  2.6,  the  origin  is  also  asymptotically  stable  for  the  original 
model  (4.2). 

Next,  consider  the  case  in  which  fli#*  <  0,  ^364  <  0,  62  and  ^3^3  are 

nonzero  and  of  opposite  sign.  Similarly,  we  can  show  that  V  given  in  (4.44)  is 
locally  negative  definite  by  choosing  pi,P2  >0  such  that  P1Q182  4- £>2^363  =  0. 
The  stability  of  the  origin  for  model  (4.2)  is  hence  implied  by  the  Liapunov 
stability  criteria  and  Lemma  2.6. 


Note  that,  for  the  case  in  which  fii  =  02  =  —1  and  ^3  =  Q4  =  —u>  £ 
{±|,  db|,  ±1,  ±2,  ±3},  Lemma  4.4  agrees  with  a  result  of  Behtash  and  Sastry 
([10],  Theorem  4.3).  The  stability  conditions  of  Lemma  4.4  are  expressed  in 
terms  of  the  original  nonlinear  dynamics  before  normal  form  reduction  are  given 
in  the  next  result. 


Corollary  4.5.  Suppose  7^  for  each  a  6  {|,|,1,4, 9}.  The 

origin  of  (4.2)  is  asymptotically  stable  if  Si,  S2  <  0  and  S3,  S4  <  0  or  S3  and 
54  are  nonzero  and  of  opposite  sign,  where 


•Si  —  2^2  _|_  2Vl\Sl2  +  3fl2  [3(^2<7»j/y  +  ^ifxxx)  +  iS^lQxxy  +  ^2  fxyy)\ 


4"  9yy{^l9xy  2f}2/yi/)  f xyiS^2  f yy  f x 


3  til 
:)  +  Shg‘ 


rXdxy  4"  2  fix) 


“I"  pr~[(3fi2,Sj/j/  4"  )<7j/z  4"  (3f2iSj.z  4"  f^2^yy')fxz] 
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q  [(^1  rxx  4"  3Q2ryy)9yw  "I"  (^2 ryy  4~  3f2i T~xx)fxw] 

+  {4Q^h  -  fl3fl4)fi4  {Ql(n49xw  ~  m*9yz)  +  n2(n4 fyw  +  2fij/r,)]- 


(^li^xy  2£l\Sxx  +  2Q,2Syy)  —  _  Q^Q,  [^1(2^25ytu  +  ^3<7xz  ) 


—  02(2fii  f xw  ~  ^3  fyz)\  '  (&3Sxy  ~  ^^I'yy  +  2^1^^)}, 


(4.45) 


*-*2  —  3^2  _j_  2 Q  _|_  30^  [3(Q4.SUJU,U;  4~  ^lzrzzz^)  4"  (^3-Szzu;  4“  ^4 rzww)\ 


4"  sww(^lzs zw  2Clirww)  f zw{yi^v ww  4“  ^3 ?*zz)  4"  Szz($zw  4*  2vzz ) 

i  Z4 

4“  _  [(3^4^^^  4"  ^3 dzz^xw  4"  (3f^3 gzz  4"  £l4.Qww)Txz\ 

i£2 

q  [(^3,/zz  4"  3O4 fww^Syw  4"  (Qifww  4"  3^3 fzz'jl'yz] 

+  [msu -thnW*1*®*”  ~~  2!ilS'“') 

4"  ^4(^2^ytu  4“  2f^3rX2:)]  *  (f^2  fzw  21^3 Qzz  “I”  ^QaQww) 


(403Q4  -  Oi122)S7i  [°3(2fi4S^  + 

04(2fi3TyZ  '  (^l<7zu;  2£lifV}W  4-  203_/zz)}, 

^3  1 

53  =  (Q1+fi2)-(fi34-^4){2/^r!'Z  + 

4-  ^1  ^(/xtuii)  4“  fifj/uiu;)]  4"  fil(/xzz  4“  Qyzz) 

QzzTxz  4”  q2^~  [^3 (^4^tuu;  4"  ^3-Szz)(<7yz  4”  fix') 

2  3  4 

_  .  .  ,  _  20|0^ 

^4v^4^u»uj  +  *Z>3rzz )\9yw  “1“  fxw)\  ^  7^  9ww$xw 

II3II2 


(4.46) 


4“  ^  ^  [£2i  (1^3  4"  ^45iuiy)(flrxy  4"  2 /n) 

i£3i£2 

^2(^3jfar.zr  4”  ^4 f xy  4“  2^fyy)] 
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+ 


"  [^4(^1  r  xw  2^3ryz) 


(403^4  —  0i02)^3 

“}“  ^3(^1  $xz  4~  2O4 *5j/iy)]  *  (^1*7 zw  ^^4. fww  20 zfzz ) 

~  (40A^s^js^ln‘(fl2r»“  +  2SV“> 

4~  03(02SyZ  2^452;^)]  •  (02/ZJi,  2^3 gzz  4"  2O4 <7u)w)}> 


(4.47) 


*^4  —  (Q  _|_  {2 Vxxfxw  +  ^  \‘2‘Q‘2ryy9yw  +  ^3^2(l'yyz  +  5yy«;)] 

4~  Q2f2  "1“  ^ldxx^^xw  "f"  f'xz')  02(02,/j^  4*  ^1  f xx^(syw  4"  rj/r)] 

2^  ^ 

-q  &xxfxz  4*  ^-^-[^3(^1  Si*  4"  ®‘2Syy')(szw  4”  2rzz) 

^4(^lrn  4-  ^2Xyy X^zu)  4"  SSjyu,)]  _  „  -S yy9yz 


4- 


O1O4 

■[02(^3/52  “ZQlfxw) 


(40i  O2  —  0304)124 

4“  Oj(03<72;Z  -f-  202<j,yU,)]  ■  (0352^  202rj,y  4”  204rIZ) 

~  (40x02  -  0^04)0404  [Q2(Q*fyw  +  +  Vii^gxu, 

202flfj,z)]  •  (Q^xy  2O45U  4”  20 2"®J/J/)  4”  O3  [Vxxz  4“  ^iitc)}’ 


(4.48) 


4.3.  Double  Zero  Eigenvalue 

In  this  section,  we  consider  the  case  in  which  77  and  64  are  both  two  dimen¬ 
sional  vectors.  Thus,  rj  :=  ( x,y )'  and  64  =  ( 644,642 )',  F  :—  ( f,g )'  and 


An 


(0  0)’ 


(4.49) 


G(x,  y,  £)  —x2Gxx  4-  xyGxy  +  y2G yy  4-  (xGX£  +  yGyt)£ 

+  Gtf(£,  0  +  x3Gxxx  +  x2yGxxy  4-  xy2Gxyy 

4“  y^Gyyy  +  (^  GlX$  4“  XyG  Xy£  4“  y  Gyy^£  4“  ,  £) 

+  o  +  <?««(£,  &  0  +  0(ll(*,  y,  Oil4)-  (4.50) 
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The  scalar  functions  /,  g  are  taken  to  be  the  form 

V>(X,  V,0  =  <PxxX2  +  <fxVXy  +  (pyyV 2  +  (XCPX£  +  Wy^ 

+£V«e+  1 pxxx  x  +  lPxxyx  II  T  (pxyyxy 
"h  l, PyyyV  "h  (x  Vxx£  +  xy^Pxy£  +  y  ‘Pyyt)^ 

+  Z'(xlPztz  +  y<fytt)Z  +  <Pztt(£,£,0  +  0(||(*,y,OII4)-  (4.51) 

The  coefficients  in  the  expansions  in  (4.50)  and  (4.51)  are  either  constants  or 
symmetric  multilinear  functions  of  their  arguments.  For  instance,  ¥>£££  and 
Gtf  denote  a  symmetric  trilinear  function  and  a  symmetric  bilinear  function, 
respectively. 

4.3.1.  The  case  bi  =  0 

In  this  subsection,  we  consider  the  case  in  which  b\  —  0  and  let  the  feedback 
control  it  be  given  by 

u(x,  V >  0  =kux  +  k12y  +  K2£  +  U(x,  y,  £)»  (4.52) 

where  kn,ki2  are  scalars  and  U  is  a  smooth  function  with  17(0,0,0)  =  0  and 
7)17(0,0,0)  =  0. 

Suppose  A22  +  b2K2  is  stable.  As  discussed  in  Section  3.2,  the  stability  of 
system  (4.1)  agrees  with  the  stability  of  the  reduced  model 

x  =  y  +  f(x,  y,  Ei  x  +  E2y  +  h(x,  y))  (4.53a) 

V  =  g(x,y,Eix  +  E2y  +  h(x,y)),  (4.536) 

where  E  =  (Ei,E2)  and  h(x,  y)  solve  Eqs.  (4.54)  and  (4.55)  below,  respectively: 

b2K\  +  (A22  +  b2K2)E  —  EA\  1  =  0,  (4.54) 

Dh(rj)  •  {Any  +  F(g,  h{rj)  +  Erj )}  =  (A22  +  b2K2)h(r 7) 

+  b2U(r),  %)  +  Eg)  +  G(g,  %)  +  Eg),  (4.55) 

with  boundary  conditions  6(0, 0)  =  0  and  Dh{ 0, 0)  =  0. 
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The  boundary  conditions  above  dictate  that  h  be  of  the  form 

h(x,y)  =x2hxx+xyhxy+y2hyy  +  0(||(x,  y)||3),  (4.56) 

where  hxx,hxy,hyy  are  constant  vectors. 

Let  the  nonlinear  control  function  U  have  the  form  (4.51)  and 

H(x,y)  :=b2XJ{x,y,Eix  +  E2y)  +  G{x,y,Exx  +  E2y) 

-  /(x,  y,  Ei  x  +  E2y)Ei  -  y(x,  y,  Exx  +  E2y)E2 


—x2Hxx  +xyHxy  +y2Hyy  +  0(||(x,  y)|j3).  (4.57) 

By  solving  Eqs.  (4.54)-(4.55),  we  then  have 

E\  =  —kn(A22  b2K2)  (4.58) 

E2  =  —{(^22  +  b2K2  )2}  1  •  {k\2{A22  +  b2K2)  4-  kul}b2  (4.59) 

and 

hxx  =  —  (A22  +  b2K2)~1Hxx,  (4.60) 

hxy  =  -  2 {{A22  +  b2K2)2}~lHxx  -  (A22  +  b2K2)~xHxy ,  (4.61) 

hyy  =  —  (A22  4-  b2K2)~x(Hyy  —  hxy).  (4.62) 

The  reduced  model  (4.53)  is  hence  obtained  as 

X  =y  T  fxxX  4"  fxyXy  +  fyyy  4"  fxx Xx 

+  fXXyX  y  +  fXyyxy  +  fyyyy  +0(||(x,y)||  )  (4.63a) 

y  =§xx x  4"  §xyxy  4"  gyyy  4*  gxxxX 

+  gxxyX2y  +  gxyyXy2  4- y^y3  4- 0( | |(x,  y)| |4 ),  (4.63 b) 


where  tpij  and  fijk  denote  the  coefficients  of  quadratic  terms  ij  and  cubic  terms 
ijk  of  function  <p,  for  ip  =  f,g  and  i,j,  k  £  {x,y},  respectively,  and  are  given  in 
Appendix  4.C. 

Now,  referring  to  the  stability  criterion  given  in  Corollary  4.2  and  the 
foregoing  discussions,  we  have 
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Proposition  4.2.  Assume  that  &n  =  b\ 2  ==  0,  the  control  input  is  given  by 
(4.52)  and  the  nonlinear  function  U  has  the  form  as  the  one  given  in  (4.51). 
Then  the  origin  of  (4.1)  is  asymptotically  stable  if  (i)  A22  +  b2K2  is  stable,  (ii) 
§xx  —  0?  9xy  T  2 fxx  —  0,  (iii)  gXxx  2 fxx  ^  0  and  (iv)  gxx y  4-  3 fxxx  fxx(fxy  T 
2 9yy )  <  0. 

It  can  be  seen  from  Proposition  4.2  and  Appendix  4.C  that  only  the 
quadratic  terms  of  the  function  G,  and  the  linear  and  quadratic  terms  of  control 
input  u  contribute  to  the  stability  conditions.  Thus,  a  linear  and/or  quadratic 
feedback  stabilizing  control  law  is  implied  by  Proposition  4.2.  Although  a  purely 
linear  feedback  stabilizing  control  law  might  conceivably  be  obtained  by  using 
Proposition  4.2,  in  general  construction  of  such  a  control  law  is  not  feasible. 

Consider  a  special  case  of  system  (4.1)  in  which  f  is  a  scalar.  So,  b2  is  a 
scalar.  Referring  to  Eqs.  (4.57)-(4.62),  we  can  determine  the  values  of  E\ ,  E2, 
hxx ,  hxy  and  hyy  from  the  linear  and  quadratic  gains  of  the  control  input.  A 
linear-plus-quadratic  stabilizing  control  law  can  hence  be  obtained  as  follows. 

Lemma  4.5.  Assume  that  £  is  a  scalar,  b\\  —  b12  =  0  and  system  (4.1)  may 
or  may  not  be  stable.  If  A22  +  b2K2  is  stable  and  gx£  ^  0,  then  a  linear-plus- 
quadratic  feedback  can  be  designed  to  guarantee  the  stability  of  the  origin  of 
(4.1).  The  proposed  feedback  control  has  the  form  as  u  =  knx  -f  Aq2y  +  K2£  + 
uxxx 2  +  uxyxy  +  uyyy2. 

Note  that  a  purely  quadratic  feedback  stabilizing  control  law,  under  the 
assumptions:  gxx  —  0,  gxy  +  2fxx  =  0  and  gx£  ^  0,  given  by  Behtash  and  Sastry 
([10],  Corollary  4.1)  for  a  three  dimensional  version  of  (4.1)  is  a  special  case  of 
Lemma  4.5. 

Suppose  the  control  input  u  is  a  purely  nonlinear  function.  Then  a  purely 
quadratic  stabilizing  control  law  follows  readily  from  Proposition  4.2. 

Lemma  4.6.  Assume  that  =  612  =  0,  A22  is  stable  and  system  (4.1) 
may  not  be  stable.  Then  there  exists  a  purely  quadratic  stabilizing  feedback 
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u  —  uxxx 2  +  uxyxy  +  uyyy2  for  the  origin  of  (4.1)  if  the  following  conditions 
hold: 

(i)  9xx  =  0,  <7x  y  d~  Qfxx  ~  0, 

(h)  9x  XX  “I"  Qxfj^xx  +  2 fix  <  0, 

(hi)  9xxy  d-  9x$hxy  +  gyih  xx  d-  3 (/hi  d-  f x^h'xx')  f xx(,f xy  “H  2 9yy)  ^  0, 

where 

hxx  =  ^22  (,uxxb2  d-  Gji),  (4.64) 

hXy  —  2(^22)  (^xx^2  d"  GXx)  ■'^■22  i^xyb 2  d~  Gxy )•  (4.65) 

A  stability  criterion  for  the  uncontrolled  version  of  (4.1)  is  obtained  as 
follows. 

Corollary  4.6.  Assume  that  u  =  0.  The  origin  of  (4.1)  is  asymptotically  stable 
if  (i)  A.22  is  stable,  (ii)  9xx  =  0)  9xy  d~  2fxx  —  (iii)  9xxx  d~  9x(b,xx  d~  2 fxx  <  0, 
(iv)  9xxy  d-  9x^hxy  -(- gy£hxx  d-  3 (/m  d*  fx^b.xx)  fxxi^fxy  d-  2 Qyy)  <  0,  where  hxx 

and  hxy  axe  given  in  (4.64)-(4.65)  by  letting  uir  =  uxy  —  0. 

4.3.2.  The  case  6x  ^  0 

Next,  we  consider  the  case  in  which  either  &n  or  6x2  is  nonzero.  It  is  known  • 
that  b\2  7^  0  implies  the  controllability  of  the  subsystem  (4.1a).  For  simplicity, 
the  control  law  is  restricted  to  be  purely  nonlinear  such  that  the  control  input 
u  has  the  form  as  given  in  (4.51). 

Let  A22  be  stable.  As  discussed  in  Section  3.2,  the  stability  of  system  (4.1) 
agrees  with  that  of  the  reduced  model 

x  =  y  +  bnu(x,  y,  h(x,  y))  +  f{x,  y,  h(x,  y))  (4.66a) 

V  =  bi2u(x,  y,  h(x,  y))  -f  y(®,  9,  h(xi  i0)>  (4.666) 

where  h  is  the  solution  of 

Dh(Tj)-{AUT]  +  6iu(/7,  h(rj))  +  F(tj,  h(y))} 

=A22h(r])  +  b2u(rj,  h{\ 7))  d-  G(i 7,  6(77))  (4.67) 
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with  boundary  conditions  h( 0)  =  0  and  Dh(0)  =  0. 

Similarly,  the  function  h  is  assumed  to  be  given  by  Eq.  (4.56).  Choose  the 
control  input  to  be  a  function  of  only  x  and  y  as  follows 

U^X )  y,  £)  =UxxX  d"  uxyxy  dh  Hyyy  "4"  'UxxxX 

“1“  UXXyX  y  “f“  U xyyXy  ”1“  tlyyyy  .  (4.68) 

A  stability  criterion  for  control  system  (4.1)  is  obtained  as  follows 

Proposition  4.3.  Assume  that  bi  ^  0  and  A22  is  stable.  Then  the  origin  is 
asymptotically  stable  for  (4.1)  if 

(i)  ffxx  d~  bi2Uxx  ~  0)  9xy  d~  bi2UXy  d~  2 (fxx  dh  &11  uI:r)  —  0, 

(ii)  Qxxx  d-  bi2'Uxxx  d-  9x^hXx  d-  2 i^fxx  d-  ^n^n)  ^  0, 

(hi)  Qxxy  d*  bi2UXxy  d~  Qx^xy  d”  9yC^xx  4”  3 (/m  d-  d” 

(/ii  d“  &11 1LXx)  ‘  {fxy  d"  b\\UXy  d“  2 {^9yy  d“  j/y ) }  ^  0> 

where  hxx  and  hxy  are  given  in  Eqs.  (4.64)-(4.65). 

According  to  Proposition  4.3  above,  612  plays  a  key  role  in  all  stability 
conditions  (i)-(iii).  So  we  have  the  following  result. 

Lemma  4.7.  Let  A22  be  stable,  but  the  full  system  need  not  be  stable.  If 
&12  7^  0)  then  the  stability  of  the  origin  of  (4.1)  can  be  guaranteed  by  a  purely 
quadratic-plus- cubic  state  feedback  of  the  form  (4.68). 

4.4.  One  Zero  and  a  Pair  of  Pure  Imaginary  Eigenvalues 

In  this  section,  we  apply  Corollaries  4.3  and  4.4  to  design  stabilizing  control 
laws  for  control  system  (4.1),  where  77  :=  ( x,y,z )'  and  61  =  (611,  &12,  hs)1  are 
both  three  dimensional  vectors,  F  :=  (f,g,  r)'  and 

/  0  0\ 

An  =  -fi2  0  0  .  (4.69) 

\  0  0  0  J 

Also,  in  the  following  analysis,  ipij  and  ipijk  denote  the  coefficients  of  the 
quadratic  terms  ij  and  the  cubic  terms  ijk  of  function  <p,  respectively,  for  all 
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i,j,  k  £  {r,y,  2,  £}  and  ip  £  { f,g,r,G }.  As  usual,  these  coefficients  are  either 
constants  or  symmetric  multilinear  functions  of  their  arguments. 

4.4.1.  The  case  bi  =  0 

Let  the  control  input  u  be  of  the  form 

u(*»y»*>0  =hix  +  k12y  +  h3z  +  K2(i  +  U(x,y,z,£),  (4.70) 

where  ku,  i  =  1, 2, 3  are  scalars  and  function  U  is  smooth  enough  with  17(0, 0, 0, 
0)  =0  and  DZ7(0, 0,0,0)  =0. 

Let  A22  +  b2  K2  be  stable.  As  discussed  in  Section  3.2,  the  stability  of  (4.1) 
agrees  with  the  stability  of  the  reduced  mo'del 

x  =  Q,iy  +  f(x,  y,  z,  Ey  -f  h(x,  y,  z ))  (4.71a) 

V  =  -02a;  +  g(x,  y,  2,  Ei ?  +  h(x,  y,  2)),  (4.716) 

2  =  r(x,  y,  2,  Ey  +  h{x ,  y,  2)),  (4.71c) 

where  E  —  {E\ ,  E2 ,  E3 )  and  h(x,  y,  2)  solve  Eqs.  (4.54)  and  (4.55),  respectively, 
with  r]  :=  (r,  y,  2)'  and  boundary  conditions  h( 0, 0, 0)  =  0  and  Dh( 0, 0, 0)  =  0. 
Referring  to  the  boundary  conditions  above,  we  can  write  h  as 
h(x ,  y,  2)  — x  hXx  “I-  xyhxy  d-  xzhxz  d~  y  kyy  d-  yzb,yZ 

+  z2hzz  +  0(\\(x,y,z)\\3),  (4.72) 

where  hij,  i,j  £  {r,  y,  2}  are  constant  vectors. 

Let 

H(x,y,z)  :=b2U(x,y,z,Er])  +  G{x,y,z,Erj)  -  f{x,y,z,Er])Ei 
-  g(x,  y,  2,  Erj)E2  -  r(r,  y,  2,  Etj)E3 
— r  Hxx  d-  xy H Xy  d~  xzH xz  d~  y  kiyy  d~  y%HyZ 
d-  z2Hzz  d-  0(|  j(z,  y,  2) 1 13  ).  (4.73) 

Solving  Eqs.  (4.54)-(4.55),  we  have 

Ei  =  — {(A22  d-  b2K2)2  +  Q,i£l2I}  1{kn(A22  d-  b2K2)  —  fi2^i27}62,(4.74) 
E2  =  —  {{A22  d"  b2K2)2  {ki2(A22  d-  b2K2)  ^i&n}62,  (4.75) 

E3  =  —ki3(A22  +  b2K2)  1 62 ,  (4.76) 
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and 


hxy  =  -  {( A22  +  b2K2)2  +  4Q1Q2I}~]  {-2Q2Hyy 

+  2CliHxx  +  (A22  +  b2K2)Hxy},  (4.77) 

hxx  =  —  (A22  +  b2K2 )  1(HXX  +  n2hxy),  (4-78) 

hyy  =  —  (A22  +  b2K2)  1(Hyy  ~  Sllhxy),  (4-79) 

hxz  =  —  {(A22  +  b2K2)2  +  ftifta/}  1  {(A22  +  b2K2)Hxz  —  Q,2Hyz}  (4.80) 
hyz  =  —  {(A22  +  b2K2 )2  +  fiiQ27)  1{(j422  +  b2K2)Hyz  +  fliHxz}  (4.81) 
hzz  =  —  (^22  +  b2K2)  1  Hzz.  (4.82) 

Let  <p(x,y,z)  :=  ip[x,y,  z,  Eg  +  h(x,y,  z)),  for  <p  —  f,g,r ,  where  the  ele¬ 
ments  of  E  axe  given  in  (4.74)-(4.76)  and  function  h  is  defined  in  (4.72)  with 
hij  given  in  (4.77)-(4.82).  The  coefficients  of  the  quadratic  terms  and  the  cubic 
terms  of  functions  /,  g,r  expressed  in  terms  of  Ei  and  hjk  are  also  given  in 
Appendix  4.C. 

The  reduced  model  (4.71)  can  hence  be  rewritten  as 


X  =ftiy  +  f(x,y,z), 

(4.83  a) 

y  =  -  +  g(x,  y,  z), 

(4.83  b) 

z  =r(x,y,  z). 

(4.83c) 

As  discussed  above,  the  stability  of  the  overall  system  (4.1)  agrees  with  that 
of  the  reduced  model  (4.83)  if  A22  +  b2K2  is  stable.  In  the  following  design,  we 
will  focus  on  the  stabilization  of  (4.83)  by  assuming  A22  +  b2K2  is  stable. 

The  next  result  follows  readily  from  Corollaries  4.3  and  4.4  and  the  fore¬ 
going  discussions. 

Proposition  4.4.  Let  &n  =  612  =  0  and  the  control  input  be  given  by  (4.70). 
Then  the  origin  of  (4.1)  is  asymptotically  stable  if  A224-b2K2  is  stable,  fzx  =  0, 
and  either  of  the  following  conditions  holds: 
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(i)  fti rxx  +  ^2 ryy  =  0,  fxz  +  gyz  =  0,  Si,S2  <  0  and  <  0  or  £>3  and  54 

axe  nonzero  and  of  opposite  sign,  where  Si,  i  =  1,  •  •  •  ,4  are  given  in  (4.24)- 
(4.27)  with  coefficients  replaced  by  <ptJ  and  <fijk,  respectively,  for 

a11  tp  =  /,£,»*. 

(ii)  ftifxx  +  Q,2ryy  and  fxz  -j-  gyz  have  nonzero  values  and  of  opposite  sign, 
Si ,S2  <0  and  S3,  S4  <  0,  where  Si  is  given  in  (4.24)  and  5*,  i  —  2,3,4  are 
given  in  (4.28)-(4.30)  with  coefficients  <pij,<pijk  replaced  by  and  ifijk, 
respectively,  for  all  ip  =  f,g,r. 

Here,  <p{x,y,z )  :=  (f{x,y,z,Er)  +  h(x,y,z ))  for  <p  =  f,g,r,  as  defined  above. 


It  is  obvious  from  Proposition  4.4  and  Appendix  4.C  that  only  up  to  the 
quadratic  terms  of  function  G  and  the  control  input  u  contribute  to  the  stabil¬ 
ity  conditions  of  Proposition  4.4  in  the  case  =  0.  A  linear  and/or  quadratic 
feedback  stabilizing  control  law  can  hence  be  obtained  from  Proposition  4.4. 
Similar  to  the  results  given  in  Proposition  4.2,  a  purely  linear  feedback  sta¬ 
bilizing  control  law  might  conceivably  be  obtained  by  using  Proposition  4.4, 
however,  in  general  construction  of  such  a  control  law  is  not  feasible.  A  sta¬ 
bility  criterion  for  the  uncontrolled  version  of  (4.1)  can  also  be  obtained  from 
Proposition  4.4  by  letting  u  =  0. 

Consider  a  special  case  of  system  (4.1)  in  which  £  is  a  scalar.  So,  b2  is  a 
scalar.  Suppose  the  nonlinear  control  function  U  in  (4.70)  is  a  function  of  x,  y 
and  z  only  and  has  the  form  given  in  (4.14).  According  to  Eqs.  (4.74)-(4.82), 
the  values  of  E{,  and  h{j  can  be  determined  by  the  linear  and  quadratic  gains 
of  control  input.  A  linear-plus-quadratic  stabilizing  control  law  can  hence  be 
obtained  from  Proposition  4.4  as  follows. 

Lemma  4.8.  Let  £  be  a  scalar,  bu  =  0,  i  =  1,2,3  and  system  (4.1)  need  not 
be  stable.  Then  a  linear-plus-quadratic  feedback  can  be  designed  to  guarantee 
the  stability  of  the  origin  for  (4.1),  if  (i)  A2 2  +  b2K2  is  stable,  (ii)  r ^  —  0, 
(iii)  rz$  ±  0  (iv)  rx^gz^  -  JVyf/ze  ±  and  (v)  fli gxi  +  ^2 /»$  ±  0,  or 


65 


9yt  +  afz£  7^  0  f°r  oc  =  1  and  a  =  |.  This  feedback  control  has  the  form 
u(x,  y,  z,  £)  =kux  +  kX2y  +  kX3z  +  K2f  +  uxxx 2 

+  uxyxy  +  uxzxz  +  uyyy 2  +  uyzyz  +  uzzz2.  (4.84) 

Proof:  In  the  following,  we  check  the  stability  conditions  of  Proposition  4.4 
under  the  assumptions  of  Lemma  4.8.  Suppose  £  is  a  scalar,  blt  =  0,  for 
i  =  1,2,3,  and  conditions  (i)-(iii)  hold.  Then  the  values  of  rzz  and  Sx  (given  in 
(4.24))  can  be  made  to  be  real  numbers  through  rZ£  by  the  choice  of  E3  and  hzz. 
Moreover,  since  condition  (iv)  holds,  the  values  of  Clifxx  +  Sl2ryy  and  fxz  +  gyz 
can  be  assigned  arbitrarily  by  a  proper  choice  of  E\  and  E2,  while  the  values  of 
S3  and  S4  (given  in  (4.26)-(4.27))  or  S3  and  S4  in  (given  in  (4.29)-(4.30))  can 
be  assigned  by  proper  choice  of  hxz  and  hyz. 

Finally,  condition  (v)  provides  the  opportunity  for  assigning  the  values 
of  S2  (gievn  in  (4.25))  and  S2  (given  in  (4.28))  by  proper  choice  of  hxx  or 
hyy.  According  to  Appendix  4.C  and  Eqs.  (4.73)-(4.82),  <fij  and  ifijk  can  be 
determined  by  the  linear  and  quadratic  control  gains  through  the  linear  matrix 
E  and  the  vector  function  h.  The  conclusions  of  the  lemma  follow. 

■ 

A  purely  quadratic  feedback  stabilizing  control  law  can  also  be  obtained  as 
given  below.  The  proof  is  similar  to  that  of  Lemma  4.8.  Details  are  omitted. 

Lemma  4.9.  Let  A22  be  stable,  £  be  a  scalar,  bu  =  0,  i  =  1,2,3  and  system 
(4.1)  need  not  be  stable.  Then  a  purely  quadratic  feedback 

u(x,  y,  z)  =uxxx 2  +  uxyxy  +  uxzxz  +  uyyy2  +  uyzyz  +  uzzz2  (4.85) 

can  be  designed  to  guarantee  the  stability  of  the  origin  of  (4.1),  if  the  following 
conditions  hold: 

(i)  Pl\rxx  +9,2ryy  —  0  and  fxz+gyz  =  0,  or  Sl\rxx +  Q.2ryy  and  fxz+gyz  have 

nonzero  values  and  of  opposite  sign, 

(ii)  rzz  =  0  and  rz$  ^  0,  and 

(iii)  Qigxt  +  ^2  fyt  ±  0,  and  gzi  ^  0  or  fzi  ±  0. 
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4.4.2.  The  case  6X  7^  0 


Next,  we  consider  the  case  in  which  one  of  bu,  i  =  1,2,3  is  nonzero.  It 
is  known  that  &13  7^  0,  and  bn  ^  0  or  612  7^  0  implies  the  controllability  of 
subsystem  (4.1a).  For  simplicity,  the  control  law  is  restricted  here  to  be  a 
purely  nonlinear  function  of  x,y  and  z  only  and  to  have  the  form  (4.14). 

Let  A22  be  stable.  As  discussed  in  Section  3.2,  the  stability  of  system  (4.1) 
agrees  with  that  of  the  reduced  model  (4.83).  Here, 

f(x,  y,  z)  =  bnu(x,  y,  z)  +  f(x,  y ,  2,  h(x,  y,  z)),  (4.86a) 

g(x,  y,  z )  =  bi2u(x,  y,  z)  +  g(x,  y,  z,  h(x,  y,  z )),  (4.866) 

r(x,  y,  z)  =  b13u(x,  y,  z)  +  r(x,  y,  z,  h(x ,  y,  z)),  (4.86c) 

and  h  is  the  solution  for  (4.67)  with  boundary  conditions  /i(0)  =  0  and  Dh( 0)  = 
0.  Similarly,  function  h  is  assumed  to  be  given  by  Eq.  (4.72). 

By  letting 

H 0,  y,  z)  :=b2u(x,  y,  z)  +  G(x,  y ,  z,  0) 

Z'  Hxx  ^cy^xy  xzHxz  y  Hyy  “f"  yzHyz 

+  *2if„+0(||(x,!,,z)||3),  (4.87) 

we  can  obtain  hij  as  given  in  (4.77)-(4.82)  with  K2  =  0  and  Hij  given  in  (4.87). 

A  stability  criterion  for  control  system  (4.1)  in  the  case  of  b\  7^  0  is  obtained 
as  follows. 

Proposition  4.5.  Let  61  7^  0  and  A22  be  stable.  Then  the  origin  of  (4.1)  is 
asymptotically  stable  if  rzz  =  0,  and  either  of  conditions  (i)  and  (ii)  given  in 
Proposition  4.4  hold.  Here,  <fij  and  ipijk  denote  the  coefficients  of  quadratic 
terms  and  cubic  terms  of  function  ip  (=  /,  g,  r  given  in  (4.86)),  respectively. 

It  is  obvious  from  Proposition  4.5  above  that  the  vector  61  plays  a  key 
role  in  all  stability  conditions  (i)-(iii).  The  next  two  results  follow  readily  from 
Proposition  4.5. 
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Lemma  4.10.  Let  A22  be  stable,  but  the  whole  system  may  not  be  stable.  If 
£13  0  and  one  of  £n  and  612  is  not  zero,  then  the  stability  of  the  origin  of  (4.1) 

can  be  guaranteed  by  a  'purely  quadratic-plus- cubic  state  feedback  as  follows 

u(x,  y,  z)  =uxxx 2  +  uxyxy  +  uxzxz  +  uyyy2  +  uyzyz  +  uzzz2 

f  WjijI  d~  tlxxy'E  IJ  ”1”  HxxZ'E  %  d“  U XyyXy  "t  U xy zxy Z  d"  l^xzz^^ 
d-  a yyyV  d”  Uyyzy  %  d*  Uyzzyz  d~  UzzzZ  • 

Lemma  4.11.  Let  A22  be  stable,  but  the  full  system  need  not  be  stable.  Then 
the  stability  of  the  origin  for  (4.1)  can  be  guaranteed  by  a  purely  cubic  state 
feedback 

^(*^5  2/i^)  — UxxxX  d"  WjjjI  y  d*  UxxzX  Z  d”  Hxyy^y  d”  U’xzz'I'Z 

d"  Uyyyy  d“  ^yyz2/  Z  d-  UyzzVZ  d"  U  ZZZ%  5  (4.88) 


if  rzz  =  0  and  following  conditions  hold: 

(i)  £13  7^  0  and  one  of  £n  and  £12  is  not  zero,  and 

(ii)  Q\rxx  -f  O2 ryy  =  0  and  fxz  -f  gyz  —  0,  or  the  expressions  +  fl2rsj,  and 

fxz  +  gyz  have  nonzero  values  and  of  opposite  sign, 

4.5.  Two  Distinct  Pairs  of  Pure  Imaginary  Eigenvalues 


In  this  section,  we  continue  our  study  of  the  stability  and  stabilization  of 
control  system  (4.1)  in  which  77  :=  (x,y,z, w)'  and  b\  =  (£ll,£l2,£l3,£l4),  are 
both  four  dimensional  vectors,  F  :=  (/,  y,r,  s)'  and 


(0  Oi 

-n2  0 

0  0 

0  0 


0  0  \ 

0  0  | 

0  q3  I 
-o4  0  / 


(4.89) 


As  in  the  previous  two  sections,  in  the  following  analysis,  and  ipijk 
denote  the  coefficients  of  the  quadratic  terms  ij  and  the  cubic  terms  ijk  of 
function  p> ,  respectively,  for  all  i,j,k  G  {x,  y,  z,  w,  £}  and  <p  6  {/,  g,r,  s,  G).  As 
usual,  these  coefficients  axe  either  constants  or  symmetric  multilinear  functions 
of  their  arguments. 


68 


4.5.1.  The  case  61  =  0 


First,  we  consider  the  case  in  which  bi  =  0,  and 
u(x,  y,  z,  w ,  £)  =kux  +  k12y  +  k13z  +  k14w  +  K2£  +  U(x,  y,  z,  w ,  £),(4.90) 

where  ku,  i  =  1,  •  •  • ,  4  are  scalars  and  U  is  sufficiently  smooth  with  17(0, 0, 0, 0, 0) 
=  0  and  £>17(0,0,0,0,0)  =  0. 

Let  A22  +  b2I\2  be  stable.  Similarly,  the  stability  of  (4.1)  is  known  to  agree 


with  the  stability  of  the  reduced  model 

x  =  Q,iy  +  f(x,  y,  z,  w,  Eg  +  h(x,  y,  z,  w )),  (4.91a) 

y  =  -Q2x  +  g(x,  y,  z,  w,  Eg  +  h(x,  y,  z,  w )),  (4.916) 

z  =  f l3w  +  r(x,  y,  z,  w,  Eg  +  h(x,  y,  z,  w)),  (4.91c) 

w  =  — Q4z  +  s(x,  y,  z,  w,  Eg  +  h(x,  y,  z,  ie)),  (4.91d) 


where  E  =  (Ei,E2,E3,E4)  and  h(x,y,z,w)  solve  Eqs.  (4.54)  and  (4.55),  re¬ 
spectively,  with  g  :=  ( x,y,z,w )'  and  boundary  conditions  h( 0,0,  0, 0)  =  0  and 
Dh(0, 0,0,0)  =  0. 

The  boundary  conditions  above  require  h  to  have  the  form 

h(x,  y,  z,  w )  =  x1  hxx  +  xyhxy  +  xzhxx  +  xwhxw  +  y2  hyy  +  yzhyz 

T  yivhym  T  z  hzz  “b  zxa/i^^  -{-  w  fiyju ,  T  0(||(x,y,z,ie)|j  ),  (4.92) 

where  hij,  i,j  G  {x,y,z,w}  are  constant  vectors. 

Similarly,  let 

H(x,y,z,w)  :=  b2U(x,y,  z,w,  Eg )  +  G(x,  y,z,w,Eg)  -  f(x,y,z,w,Eg)Ei 
-  g(x,  y,  z,  w ,  Eg)E2  -  r(x,  y,  z,  w,  Eg)E3  -  s(x,  y,  z,  w ,  Eg)E4 
=  x2Hxx  +  xyHxy  +  xzHxz  +  xwHxw  +  y2Hyy  +  yzHyz 
+  ywHyw  +  z2Hzz  +  zwHzw  +  w2Hww  +  0(||(x,y,z,tw)||3),  (4.93) 

By  solving  Eqs.  (4.54)-(4.55),  we  have 

Ex  =  -{Ml  +  fli02I}"1{fciiM1  -  n2ki2l}b2,  (4.94) 
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E2  =  —  {M±  +  H1H2/}  1{ki2M\  +^ifcn}&2»  (4.95) 

E3  =  —  {A/j2  +  Q3II4/}  1{^i3-^i  —  Q,4kul}b2i  (4.96) 

E4  —  —{Adf  +  1)3(14/}  1  {kuMi  +  1)3^13  }  (4.97) 

hzw  —  —  {Adi  "/  4D3D4/)  1(— 2^liHww  +  2D3 Hzz  +  M\ Hzw),  (4.98) 

hzz  =  —M1  1{HZZ  +  £l4hzw),  (4.99) 

hww  =  -  1)3 hzw),  (4.100) 

( t ) = (£;)  -  o.  (£)>.  mod 

(v)  =  (J“)  +M2  )},  (4.102) 

where  the  expressions  of  hxx,hxy,hy y  are  given  in  Eqs.  (4.77)-(4.79)  with  i/,j 
defined  in  (4.93),  Mi  :=  A22  +  b2K2  and 

mO'  (4103) 

The  reduced  model  (4.91)  can  hence  be  obtained  as 

x  =fixy  +  f(x,  y,  z,  w ),  (4.104a) 

y  =  -  tt2x  +  g(x,y,z,w),  (4.1046) 

i  =Q.3W  +  r(x,  y,  z,  w),  (4.104c) 

w  —  —  1)4^  -+-  s(x,y,  z,w).  (4.104d) 


Here,  <p(x,  y ,  z,  w )  :=  y{x,  y,  z,  w,  Er)  +  h(x,  y,  z,  w)),  for  <p  =  f,g,r,s  with 
E{  given  in  (4.94)-(4.97)  and  h  defined  in  (4.92).  The  values  of  hij  are  given 
in  (4.77)-(4.79)  and  (4.98)-(4.102),  and  the  coefficients  of  the  quadratic  terms 
and  cubic  terms  of  the  functions  f,g,r,s  expressed  in  terms  of  E,  and  hjk  are 
given  in  Appendix  4.C. 

A  linear  and/or  quadratic  feedback  stabilizing  control  law  readily  follows 
from  Corollary  4.5  and  the  foregoing  discussions. 

Proposition  4.6.  Let  H1O2  ^  01)31)4,  for  each  a  6  {f,  j,  1,4,9}  and  &i;  =  0 
for  i  —  1,  •  •  •  ,4.  The  origin  is  asymptotically  stable  for  control  system  (4.1)  if 
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Si,  S2  <0  and  S3,  S4  <  0  or  S3  and  S4  are  nonzero  and  of  opposite  sign,  where 
Si  are  given  in  (4.45)-(4.48)  with  coefficients  (pij,y>ijk  replaced  by  <fij,<pijk, 
respectively,  for  all  <p  —  f,g,r,s.  Here,  f,g,r,s  are  defined  above  and  the 
control  input  is  given  by  (4.90). 

Note  that  a  stability  criterion  for  the  uncontrolled  model  of  (4.1)  can  also 
be  obtained  from  Proposition  4.6  by  letting  u  =  0. 

Next,  consider  a  special  case  in  which  £  is  a  scalar.  Referring  to  Eqs.  (4.93), 
(4.77)-(4.79)  and  (4.98)-(4.102),  we  can  determine  h{j  from  the  quadratic  gains 
of  the  control  input.  A  purely  quadratic  stabilizing  control  law  is  hence  obtained 
as  follows. 

Lemma  4.12.  Let  £  be  a  scalar,  Oifl2  7^  afl3f24,  for  each  a  €  {|,  j,l,4, 9}, 
bu  =  0  for  i  =  1,  •  •  •  ,4  and  system  (4.1)  may  not  be  stable.  A  purely  quadratic 
feedback 

u(x,  y ,  z,  w )  = uxxx 2  +  x(uxyy  +  uxzz  +  uxww )  +  uyyy 2 

+  y(uyzz  +  uyww)  +  uzzz2  +  uzwzw  +  uwww 2  (4.105) 

exists  guaranteeing  the  asymptotic  stability  of  the  origin  for  (4.1),  if  fx€+9y(  7^ 
0,  rZ£  +  sw£  ^  0  and  either  of  the  following  two  conditions  hold: 

(i)  fx$  7^  9vt  rzt  7^  swZi 
(ii)  Qi9z£  4“  fy£  0  and  1^3 4-  0. 

Proof:  In  the  following,  we  check  the  stability  conditions  of  Proposition  4.6 
under  the  hypotheses  of  Lemma  4.12.  Suppose  £  is  a  scalar,  bn  =  0,  i  =  1,  •  •  • ,  4, 
fx£  +  9 y£  7^  0  and  rz£  +  sW£  ^  0.  Then  the  values  of  S3  and  S4  (given  in 
(4.47)-(4.48))  can  be  made  equal  to  any  real  numbers  by  a  proper  choice  of 
fl\b*xx  ”b  hyy  and  ^3 b.zz  4" 

If  condition  (i)  holds,  then  the  value  of  Si  (given  in  (4.45))  will  be  deter¬ 
mined  b y  h xx  and  hyy,  independent  of  the  value  of  S4.  Similarly,  the  value  of 
Sj  is  determined  by  hzz  and  hww,  irrespective  of  the  value  of  S3.  The  values  of 
Si  and  S2  can  also  be  adjusted  by  the  choice  of  hxy  and  hzw  when  condition 
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(ii)  holds. 


According  to  Eqs.  (4.77)-(4.79),  (4.93)  and  (4.98)-(4.102),  the  values  of  hij 
can  be  directly  determined  by  the  quadratic  feedback  gains  when  £  is  scalar. 
The  conclusion  is  hence  implied. 

■ 

A  similar  stabilizing  control  law  can  also  be  designed  as  follows. 

Lemma  4.13.  Suppose  £  is  a  scalar,  Q,i  0.2  ^  aCt3^4,  for  each  a  6  {|,|,1,4,9}, 
bu  =  0  for  i  =  1,  •  •  •  ,4  and  system  (4.1)  may  not  be  stable.  A  purely  quadratic 
feedback  as  given  in  (4.105)  can  be  designed  to  guarantee  the  stability  of  the 
origin  for  (4.1)  if  fx£  ^  &gy(  and  rZ£  ^  asW£  for  a  —  —3  and  a  =  —  |  and  either 
of  the  following  conditions  holds: 

(l)  Ql9w£Sx£  7^  0  OF  7^  0, 

(ii)  Q4fw£rx£  ^3 fz£sx£  ^  0  or  fw£ry£  z£sx(  7^  0,  Or 

(iii)  9w£rx(  ^12^13 f z(sy^  ^  0  Or  ^l49w(ry(  £l39ztsy£  7^  0. 

Proof:  The  proof  is  very  similar  to  that  of  Lemma  4.12.  Suppose  fx{  ^  a9yi 
and  rz{  ^  asw£  for  a  =  —3  and  a  —  — The  values  of  Si  and  S2  (given  in 
(4.45)-(4.46))  can  then  be  adjusted  by  hxx  (or  hyy )  and  hzz  (or  hww).  Moreover, 
the  values  of  S3  and  64  (given  in  (4.47)-(4.48))  can  be  any  real  numbers  by  a 
proper  choice  of  hxw,  hyw,  hxz  or  hyz,  when  either  of  conditions  (i)  to  (iii) 
holds.  Since  the  values  of  hij  can  be  directly  determined  from  the  quadratic 
control  gains  when  £  is  a  scalar,  the  conclusion  is  hence  implied. 


4.5.2.  The  case  61  ^  0 

In  this  subsection,  we  consider  the  case  in  which  one  of  bn,  i  =  1,  •  •  •  ,4  is 
nonzero.  It  is  known  that  &u  ^  0  or  &12  ^  0,  and  613  7^  0  or  &14  ^  0  imply  the 
controllability  of  subsystem  (4.1o).  Similar  to  Section  4.4.2,  the  control  law, 
here,  is  also  restricted  to  be  a  purely  nonlinear  function  of  x,  y,  z,  w  and  has  the 
form  as  given  in  (4.32). 
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Let  Ail  be  stable.  Then  according  to  the  discussions  in  Section  3.2,  the 
stability  of  (4.1)  is  determined  from  the  reduced  model  (4.104),  where 

f(x,  y,  z)  =  bnu(x,  y,  z)  +  f(x,  y,  z,  h(x,  y,  z)),  (4.106a) 

g(x,y,z)  =  bi2u(x,y,z)+g(x,y,z,h(x,y,z)),  (4.106 6) 

r(x,  y,  z)  =  b13u(x,  y,  z )  +  r(x,  y,  z,  h(x,  y,  z)),  (4.106c) 

s(x,  y,  z)  =  b14u(x,  y,  z)  +  s(x,  y,  z,  h(x,  y,  z)),  (4.106J) 

and  h  is  the  solution  for  (4.67)  with  boundary  conditions  h(0 )  =  0  and  Dh( 0)  = 
0. 

Suppose  h  is  given  by  Eq.  (4.92)  and  let 

H(x,y,  z ,  w)  :=  b2u(x ,  y,  z,  tc)  +  G(x,  y,  z,  w,  0) 

—  x  Hxx  +  xyHxy  T  xzHxz  4”  xwHxw  4~  y  Hyy  4~  yxHyx 
4-  ywHyW  +  z2Hzz  +  zwHzw  +  w2Hww  +  0(||(x,y,  z,  iy)||3).  (4.107) 

hij  are  hence  obtained  as  given  in  (4.77)-(4.79)  and  (4.98)-(4.102)  with  K2  —  0 
and  Hij  given  in  (4.107).  A  stability  criterion  for  control  system  (4.1)  in  the 
case  b\  ^  0  readily  follows  from  Corollary  4.5. 

Proposition  4.6.  Suppose  Oif22  7^  ocQ, 3^4,  for  each  a  £  {|,  j,l,4,9}  and 
bu  =  0  for  i  =  1,  •  •  • ,  4.  The  origin  is  asymptotically  stable  for  control  system 
(4.1)  if  Si,S2  <  0  and  SX,S4  <  0  or  53  and  S4  are  nonzero  and  of  opposite 
sign,  where  Si  axe  given  in  (4.45)-(4.48)  with  coefficients  y>ij,y>ijk  replaced  by 
fiijiVijk,  respectively,  for  all  9?  =  f,g,r,s.  Here,  /, y,  f ,  s  are  defined  in  (4.106) 
and  the  control  input  u  is  a  purely  nonlinear  function  and  has  the  form  as  given 
in  (4.32). 

A  purely  cubic  stabilizing  control  law  is  obtained  as  follows. 

Lemma  4.14.  Let  A22  be  stable,  but  the  full  system  need  not  be  stable.  If 
611  ^  0  or  b\2  7^  0,  and  613  ^  0  or  614  ^  0,  then  the  stability  of  the  origin  of 
(4.1)  can  be  guaranteed  by  a  purely  cubic  state  feedback 

u(x,  y,  Z,  tc)  =  V*xxxX  4"  (Uxxy^/  4”  ^xxzZ  T  ^ xxw^X^)X  4“  (a xyyX  4”  ^yyyV 
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"1“  UyyZZ  -j-  UyyufW^y  -J-  ( Uxzz^  "4"  Wj )zzV  H"  M Zzz Z  “I"  M zzwW)z 

+  ij-L xww^  “f"  W ywwV  “I”  ^  zwwZ  “H  'U'WWW  w)w2.  (4.108) 

4.6.  Concluding  Remarks 

The  center  manifold  reduction  technique  discussed  in  Section  3.2,  along 
with  the  normal  form  reduction  recalled  in  Section  2.3,  are  applied  in  this 
chapter  to  study  the  stability  and  stabilization  of  smooth,  nonlinear  auitono- 
mus  systems  in  doubly  critical  cases.  Specifically,  the  linearized  model  of  the 
system  has  two  zero  eigenvalues  with  geometric  multiplicity  one;  one  zero  eigen¬ 
value  and  a  pair  of  nonzero  pure  imaginary  eigenvlaues;  or  two  distinct  pairs  of 
nonzero  pure  imaginary  eigenvalues.  The  feedback  stabilizing  control  laws  are 
proposed  for  both  linearly  controllable  and  linearly  uncontrollable  cases,  while 
a  purely  nonlinear  feedback  design  is  considered  in  the  former  case  and  linear 
and/or  nonlinear  control  designs  are  obtained  for  the  latter  case. 

Some  of  the  results  given  in  this  chapter  agree  with  those  obtained  by  Be- 
htash  and  Sastry  [10].  However,  the  results  obtained  in  this  chapter  cover  more 
detailed  design  for  general  high  dimensional  systems.  For  instance,  the  stability 
criteria  and  stabilizing  control  laws  are  given  in  terms  of  the  original  system  dy¬ 
namics  before  normal  form  reduction.  Moreover,  there  is  no  restriction  on  the 
number  of  the  noncritical  modes  and  the  stabilizing  control  algorithms  proposed 
in  this  chapter  can  be  coded  easily. 

Appendix  4. A 

The  polynomial  functions  P2  and  P3  for  deriving  the  normal  form  for  the 
case  in  which  An  has  exactly  one  zero  eigenvalue  and  a  pair  of  nonzero,  pure 
imaginary  eigenvalues  are  given  below. 

Let  P2(x,y,z )  =  (P21,  P22,  P23)',  where  P2(x,  y,  z)  has  the  form  as 

^  =yxxx2  +  ipxyxy  +  (pX2xz  +  <fyi ,y2  +  yyzyz  +  Vzz*1, 
for  all  (p  =  P2,  i  =  1,  •  •  • ,  3. 
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The  coefficients  of  polynomial  functions  P2‘  are 


p i 
r 2,xy 


p 1 

r2,xz 


P1 

ri,yy 


_ i^Qyy  ■(“  fxy')&‘2  ~h  ffxx^l 

3l2il22 

_  _  (ffl  y  +  2/x3;)0  1  —  2fyyQ,2 
312 1  122 

_ /Fn2  + 

412i122 

( fxy  9yy')^,2  2  Qxx^l 


p 1 

riz,yz 


fxz& 2  9yz^  1 

2(122  — |—  1  i"i2 ) 


P1 

r2,zz 


p 2 
*2,  ii 


2fyy&2  +  (/zi  — 

3«? 


pz 

J  2,12/  ' 

_  yy  •  j  u.y  ;--x, 

3f2if22 

p2 

/zz^2  9yz^l 

1  2,xz 

2(122  -|-12i122) 

p 2 

_  fyy^2  +  (^12/  "I" 

■*,2/2/  ‘ 

312i122 

P2 

fyz^2  "H  fl'zzfl'l 

Z  2,yz 

412 1  122 

p2 

=  _£ i 

r2,zz  * 

12i 

p3 

rxy 

° 2,ix 

'412! 

P3 

r2,xy 


ryy  rxx 

122  4"  1^1 


pi 

r2,xz 


pi 

2,2/2/ 
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p3  —  _  " xz 

2’yz 


pL,  =o 


as 


Next,  let  Pz(zi,z2,zz)  =  (P31 ,  P32,  P3  )',  where  P3t(z1 ,  z2, 23)  has  the  form 

9?  =<PlllZl  +  (v?112-?2  +  Vll3Zz)zl  +  (V122ZI  +  W222Z-i)zl 

+  (f223Z2Z3  +  <fl23ZlZ2Z3  +  (^133-Zl  +  <£>233^2  +  <^333-23)23, 


for  all  (p  —  P3,  *  =  1,  •  •  • , 3. 

The  coefficients  are  given  as  follows. 


P1  — 

■*3,111  — 


(—3/222  +  2/112)^2  ~h  (ff  122  —  2ffm  -f-  /ll2)f^l^2  +  glll^l 

40^2  T 

A1, 112  =  ~  {(—3^222  +  3^112  —  /122  +  9/111)^2  +  (  —  9^222  +  <7ll2 
—  3/122  +  3/m)fii}/ {602  +  4fiifi2  +  6f2^} 
t-,1  (2<7223  + /l23)^2  +  5113^1 


3,113 


A1, 122  —9 


30!02 


pi  _ 
-*3,123  — 


2/223^2  +  (  —  <7123  “  2/n3)Qi 


P3, 133  —9 


P1  —  — 

*3,222  — 


3f^i  fi2 


/l22^2  +  (~2g222  +  <7112  +  3/ni)Oif22  ~  3g222^i 

30|  +  +  3f2?02 


t->i  (<7223  —  f  123)^2  +  2irn3f2i 

■*  3,223  — 


P1 

-*3,233 


3f^ 

/l33^2  ~  <7233^1 

tit  +fil02 


pl  _  i/333 
■*3,333  -  ^ 

A2, 111  ={(  — ^ 3^222  +  3^112  —  /l22  +  3/m)f22  +  (  3^222  +  5112 
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/l22  ~  /lll)fil^2  +  2^112^2}/ {6O1O2  +  4n^2 


n2  _(  — 3/222  +  fiu)^2  +  (ffl22  —  3,gm)0i 

-^3,112  ~ 


p2 

■*3 ,113  — 


P2  — f) 

-*3,122  — u 


20x02  +  202 

2/223^2  +  (/l!3  ~  ff!23)^l 

302 


r,2  (2^223  +  /l23  )^2  ~  2(7n  3  Ox 

3,123  — 


3O1O2 


p 2  — n 

-*3,133  — u 


d2  1222^2  +  (—  5122  —  4/222  +  /ll2)^1^2  ~  3 <7111^1 

-*  3,222  _ 


p2  _  _ 

-*  3,223  — 


40x02+40202 

/223^2  +  (<7123  +  2/113)^1 


312x02 

32  _  /233O2  <7133^2 1 

3,233  —  ~~ 


p2 

-*3,333 


20x02 

/333 

Ox 


d3  _202T222  +  Oxrii2 
3,111  — 


302 


p3  _ 

3,112  “  02 


P3  _ 1 2  3 

3,113  ~20x 

P3  ?222 

23,122  “  Ox 


33  _'>'223  ~  7*113 

3,123  “  02  +  Ox 


^233 


3,133  -  Qi 


P 3  — 

-*  3,222  — 


O2  i~122  +  20lflll 

302 


4-  6O3} 
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p3  — f) 

•*  3,223  — u 

o3  _  ^133 

■*  3,233  -  -  7^ 

-^33,333  —0 


Appendix  4.B 


The  polynomial  functions  P2  and  P3  for  deriving  the  normal  form  for  the 
case  in  which  An  has  exactly  two  distinct  pairs  of  nonzero,  pure  imaginary 
eigenvalues  are  given  below. 

Let  P2(x,y,z,w)  —  (P2  ,P22,P23,P2 )f>  where  P2(:r,  y,  z,  w)  has  the  form  as 

<P  -<PxxX2  +  VxyXy  +  <PxzXZ  +  (pxwXW  +  <fyyy2 

+  VyzVZ  +  (pywVW  +  <pzzZ2  +  ipzwZW  +  ipwwW2 , 


for  all  y>  =  P2*,  i  =  1,  •  •  • ,  4.  The  coefficients  are  given  as  follows 


pi  _ 

* 2, XX 


P1 

r2,xy 


(2  gyy  +  fxy)ti  2  +  QxxQ  1 

30if22 

(^xy  d"  2 fxx')^‘l  ^‘fyy^‘2 

3f2i02 


pi  _ fxwQ 3^4  d~  ^l((  2ffyu,  2fxw)Q.2  Qxz^z)  fyzQ 2^3 

2>IZ  “  fi2Q4  -  40x^03 


P1  —  — 

•*  2, xui  — 


pi  =  _ 

2,yj/ 


^l(ffiu)^4  d”  (  2(jfyX  2Az)^2)  T  fxz^ 3^4  d-  fyw^2^4 
^3^4  —  4i7if22^4 

(.fxy  9yy^^2  2(jfxxf2i 

3ft2 


jl  _ ^3(/yu;^4  d"  (/xz  <7yz)ftl)  2,fyw^il^2  d-  2<7xtiJft4 


2,y* 


pi 

r2,yw 


1^3  —  4f2iS72^3 

((/xu)  <7yu))ftl  ~  /yz03)^4  +  2/yxft1ft2  ~  2gxxft2 

ftsft?  — 4ftift2ft4 


jl  ^9ww^4  d~  (2g2Xft3  d”  f zw^ 2)^4  flrzz^l^2 


2,zz 


4ft2ftsft4  —  ftift2 


jl  _ 2/u,u,fl4  2Az^3  S'zu'^l 


2,zu) 


4ftsft4  —  ftift2 
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)1  _ 4"  2gzzCl^  fz\vQ 2^3  9wu)^1^2 


2  ,ww 


4O2O3O4  —  OxOq 


2, xx 


2fyyth  4"  (/l!C  gxy)$t\ 

30f 


j2  _ (2g yy  4~  f xy)0‘2  2gxx£li 


2,xy 


30x02 


2  O3 (<7xuj04  4“  ( fxz  9yz) O2)  4-  2fyWQ,2  2^XiuOx02 

2’X2  ”  0^04  -40x0203 

p2  _  (QxzQ’a  4"  (gyw  ./xto)0 2)^4  4"  2fyzQ,2  2flr„0102 

2)I“’ _  0302  -4010204 


2  /yy  ^2  4"  (<7xy  4"  2/II)0i 


p^  _  _ 

■*2,yy  - 


30x02 


)2  _ <7yu>^304  4-  Ox  (gXz^3  4“  (  2gyw  2/xU,)02)  4~  /yz O2O3 


2,0* 


0o04  —  4010203 


p2 

r2,yw 


p2 

J  2,zz 


0x((  2 ffyZ  2/rz)02  ffm>04)  4“  gyz^3^4:  fyw^2^4 

O3O4  —  4O1O2O4 

2/ww0|  4-  (2/zz03  —  gzur0i)04  —  /z*0i O2 
4O1O3O4  —  OJO2 


p2  _ 2gwwQi  2g,zz03  4~  f zw^2 

*2,zw  — 


p2  —  _ 

12,ww  ~ 


p3  — 
. 2, xi 


4O3O4  —  O1O2 

2fwwQ,3$l4  4-  2fzzSl\  4-  Oi(g  zw  O3  fww^2^ 
4O1O3O4  —  0f02 

2Q.2Syy  O3O41SXX  4-  20i026'xz  4"  ^2^4^’xy 

O3O?  —  4O1O2O4 


p3  ^3^xy  4“  202^ yy  20irxj 

■ 2,iy  — 


O3O4  —  4O1O2 

rj3  04(2035yu,  4“  Ox^xuj)  4”  Ox 0s5x*  4”  (2O3O4  0x02)?'yx 

2)12  =  4O1O3O4  -0^02 


r-j3  20, l&yz  4“  0x03^5xty  ^x*)  4“  (2O3O4  0x02)^yu; 

2,xw 


4O1O3O4  —  0f02 


j~i3  O3O4 syy  20x02^^y  2Q.lsxx  -j-  Ox 047* Xy 

■*2  ,yy  — 


O3O?  — 4O1O2O4 
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p3 

^2,yz 


P3 

r2  ,zz 


P3 

1  2  ,zw 


P3 

Jr  2,ww 


p4 

1  2,ii 


P4 

r2,xy 


P4 

r2,ir 


P4 

Jr2,xw 


P4 

^2,yj, 


P4 


P4 

r2,yw 


03^02SyZ  2^4 7*xz)  “1“  0204 T'yw  4~  ^1^2^*xz 

402^3^4  —  ^1^2 

0,20j3^yw  2l^2^zz  4“  4~  203^42*xiy  ^1^2^'z 

402^3^4  —  0x^2 

2045iyiy  4”  ^3^zz  4“  ^A^zw 
30,30,4. 

O3  $zw  2fi,4rww  “f"  2fl3rzz 

3ft3ft4 

f^4  Syjyj  20352TZ  “I”  Q,£V'zW 

=  3fil 

f23 ( — £l2$xy  ^4^*xx)  *4"  21^2 *4“  2r2i^2^*xx 

^3^4  —  4f2ifi2^3 

2^2  Syy  QO^SxX  4“  04VXy 
O3O4  —  4f2xf^2 

^l(^2*Syz  O4SXW  4"  ^4 ^iz)  2^3^4 Syz  4“  ^,0J^'TyW 
40x^3  ^4  —  0^02 

^4^203^yu>  J” xw)  0\02Sytv  0i03Sxz  “f"  2i"23^4^*yx 

40x03^4  — 0“^02 

0,\03SXy  4”  (Q3O4  t2iO\Oi2')'l'yy  ^O^Vxx 
—  4f2if22^3 

^24^2035^2;  02Syw')  0i02Sxz  4”  ^2^4^yz  ^O^Vxyj 

402^3^4  — 

^3(^2 ^yz  4”  2O4 &xw  4“  2^4 ^rz)  ^2i^2,®xty  4“  ^2^4 ^*yw 
A02030a  —  O1O2 

— 03s  zw  4~  2i~2-4 t' xvw  4”  03V zz 


P4 

1  2,zw 


P4 

1  2,ww 


2fi45  ww  2^3 4"  04VZW 
3O3O4 

O3 SZyu  4”  O4T wxv  4”  f^,03Tzz 
30304 
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Let  C  :=  (21,22,  *3,  Z4)1  and  Ps(zi ,  z2, z3,  z4)  =  (P£  ,P$  ,P$  ,P£)' ,  where 
P3J  (21 ,  z2 , 23 , 24  )  has  the  form  as 

¥>  =¥>11121  +  (¥*11222  +  ¥>11323  +  ¥*11424)21 

+  (¥>12221  +  ¥*22222  +  ¥22323  +  ¥22424)2^  +  ¥l232lZ223  +  ¥1242122*4 
+  ¥l34232lZ4  +  ¥234222324  +  (¥13321  +  ¥23322  +  ¥33323  +  ¥33424)2 
+  (¥14421  +  ¥24422  +  ¥34423  +  ¥44424)24, 

for  all  ¥  =  P3 ,  i  =  1,  •  •  • ,  4.  The  coefficients  of  P3'  are  given  as  follows. 

nl  _  /222^2  +  (</l22  +  /ll2)Oi02  +  <7111^1 

n-m  “  4Qfn~2 

■^3,112  =  {2/122^2  +  (—§222  —  9112  +  fl22  —  3/lll)f2ifi2 

+  (3^222  —  <7112  +  3/122  —  3/m)fli }/ {GOiflj  +  40^02  4-  603} 

7*3,113  =  {/114O3O4  +  (02((~ 2<7i24  —  7/n4)Oi  —  /123O3)  —  ^113^1^3 
—  2/224^2)^4  +  (6^223  +  3/123)^1^2  +  3^113^1^2} 

/{njftj  -  100i020304  +  9O1O2} 

■7*3, 114  =  —  {(/113O3  4-  /124O2O3  +  fihi40i03)04  4-  02(0i(— 25123O3 


-  7/113O3)  —  30n4O?)  +  0^((— 6<7224  —  3/l24)Oi 

—  2/22303)}/ {O^O^  —  10O1O2O3O4  +  90^02} 


p1  — 

-*3,122  — 


/222O2  +  (<7122  +  4/222  ~  /ll2)0i  O2  4"  3^m0i 


40i02  +40202 

-^3,123  ~  {/124O3O4  +  (0i(2/n303  —  5123O3)  +  02((— 4^224 
~  5/i24)Oi  —  2/223O3)  +  4£u403)04  +  6/223O1O2 
+  (  —  3^123  ~  6/ii3)0i02}/ {O3O4  —  IOO1O2O3O4  +  9O1O2} 

P3, 124  =  —  {(/123O3  +  2/224O2O3  +  (<7124  —  2/114)0103)04 

+  02(0i(— 4^22303  —  5/123O3)  +  (3^124  +  6/ii4)Oi) 

4-  4^130^03  —  6/224O1O2}/ {O3O4  —  IOO1O2O3O4  -J-  9O1O2} 


P1 

■*3,133 


(/244O2  4~  gl440l)04  +  (/233O2  +  gl330l)03  +  (<7234  +  /l34)0l02: 

40i0203 
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W  K3 


-^3,134  —  {(2/i44^2  ~  2^244^l)^4  +  (((2/i44  —  2/133)^2 
+  (2^244  —  2^233  +  4/i44  —  4/i33)Qi)fi!3 
~  /234O2  +  (  —  <7134  —  /234)Oi02  —  <7l340i)f24 
+  (2^233^1  —  2/13302)03  +  (  —  /m^2  +  (  —  <7134 

—  /234)Oi02  —  ^1340^)03  +  (  —  2^244  +  2(7233 

—  2/144  +  2/133  )OiOj  +  (  —  2^244  +  2^233 

—  2/144  +  2/133  )0202}/{(402  +  40i)0s04  +  ((4O2  +  40i)0g 

—  4O1O2  -  40?02)04  +  (— 4O1O2  -  40^02)03} 

-^3,144  =  {(/244^2  +  5144^1  )^3^4  +  (/233^2  +  5133^1  )0| 

+  (<7234  ~  /l34)0i0203  —  2/244O1O2  —  2^i440j02} 

/  {4O1O2O3O4  —  4O3O2} 

£*3,222  =  0 

£*3,223  =  {/224O3O4  +  (Oi  (/123O3  —  5223O3)  —  7/224O1O2 

+  (2<7i24  —  2/ii4)0j)04  +  (3g  223  —  3/i23)0?02 
+  6(711303}/ {O3O4  —  IOO1O2O3O4  4- 9O3O2} 

■^3,224  =  — {(/223^3  +  (<7224  _  /l24)^l03)04  +  02((3/i24 

—  3^224)03  —  7/223O1O3)  4"  03(2^12303  —  2/113O3) 

—  60n4Oj}/{O§O2  -  IOO1O2O3O4  4-  OOiOj} 

£*3,233  =  {(2/234(02  4-  0i)0,  —  2/144O1O2  4-  2^24403)04  4-  (2/234(02  4-  0i)0 
+  ((2^244  —  2^233)0i02  4"  (2/133  —  2/144)03)03 

—  /234O1O2  4-  (5134  -  f23i)^i^2  +513403)04 

+  (2/133O1O2  —  2523303)03  4-  (~ /m^lOj  +  (5134 
~  /234)^i02  +  513403)03}/ {(4O2  +  40i)0^02  4-  ((4O2  +  403)03 
+  ( — 4010^  —  40^02)03)04  +  ( — 4010^  —  40^02)03} 

^*3,234  ~  {(/244^2  +  5144^1  )^4  +  (((3/244  ~  3/233)02 


82 
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—  <7144^1  +  <7l33^l)^3  +  (/l34  ~  5234)^1^2)^4 
+  (— /233^2  —  5133^1  )f^3  +  (/l34  —  5234)^1^2^3 

+  (2/233  ~  2/244)^1^2  +  (25144^1  —  25433^1)^2} 

/ {4O2O3O4  4“  (402  O3  —  40i0^)04  —  4O1O2O3} 

p1  —  n 

1  3,244  —  u 

£*3,333  ~  {6/444^4  +  (3/334O3  —  2<7344f2i)l)4  +  (  —  75333O1D3 

~  /334^1^2)^4  +  5333^1  O2 // —  IOO1O2O3O4  +  OjO^} 

£*3,334  =  ~  {^5444^1^4  +  (9/333^3  +  ^1(3^334^3  +  2/34402))^ 

—  333^1  O2O3  —  5334^1^2}/ {9O3O4  —  IOO1O2O3O4  +  O1O2} 

£*3,344  =  {9/444^3^4  +  (— 353440if2s  —  —  65333O1O3 

+  ft2(2/3340i03  +  5344O1)}/ {9O3O4  —  IOO1O2O3O4  +  OiO|} 

£*3,444  =  ~  {(3/344O3  +  7^444  0i03)04  +  6/333O3  +  01(2^33403 

/344O2O3)  —  54440i02}/{90304  —  IOO1O2O3O4  -f-  OjO^} 
£*3,111  ~  ~ {2/122O2  +  ((—5222  ~  5112  +  /l22 
+  3/m)0i)02  +  (—3^222  —  5112  +  /l22 
+  /ni)0?02  —  2<7n20i}/ {6O1O2  +  4OJO2  +  60*} 

-^3,112  =  {/222O2  +  (5122  -  2/222  +  /ll2 )Oi O2 
+  (25122  —  3^m)Oi}/ (40i02  +  40i} 

“^3,113  ==  {51I4O3O4  +  (O2  (  5123O3  +  /113O3  —  75114O1) 

+  (2/124  —  25224)02)04  —  6/22302  +  (35123 

—  3/h3)Oi O2 } / {O3O4  —  lOOi O2O3O4  -f-  90^0^ } 

£*3,114  —  {((/ll4  —  5124)0203  —  5ll30g)04  +  02(2^22303 

—  2/123O3  +  (3<7i24  —  3/h4)Oi)  +  75113O1O2O3 

—  6  /224O2  J/lOgO^  -  ioox  02  O3  O4  +  mini] 
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p2  _  /l22^2  +  (  ^<7222  +  5112  +  3/iii)0i02  —  3^222^1 

3,122  “  30^  +20?02  +  30? 

-^3,123  =  {5124O3O4  +  (02(— 2<722303  +  /123O3  +  (—5^124 

—  4/h4)Oi)  +  2^n30i03  +  4/2240^)04  +  (6<7223 

+  3/i23)OiO^  -  65n30?02}/{0^  -  100i020304  +  90^0^} 

■^3,124  =  —  (G/mOg  +  (2^224  —  /l24)0203  —  25ii40i03)04 

+  02(0i  (  5^i23  03  —  4/113O3)  +  65114O1)  +  02(4/22303 
+  (  —  6^224  ~  3/l24)Ol)}/ {O3O4  —  100i020304  +  9O4O2} 

1*3,133  —  ~  {(2/144O2  —  2^244  0l)04  +  (2/l33  02  —  2<7233Oi)03 

+  f 234^2  +  (I234  —  ^134)Oi02  —  ^1340^}/ {(40i02  +  40j)03} 

-P32,134  =  {(/244O2  +  ^1440i)0^  +  (((/233  —  /244)02 

+  3^1440!  —  30i33Oi)O3  +  (/i34  —  5234)Oi  02)04 
+  (— /233O2  —  ^13301)03  -f  (/l34  —  5234)Oi  0203 

+  (2/244  —  2/233  )0i  0.2  +  (25i330^  —  2^1440^)02} 

/ {4010304  (4010;3  —  40j02)04  —  40J0203} 

-^*3,144  =  ~  {(2/144O2  —  2gT2440i)0304  +  +  (((2/l44  +  2/i33)02 
+  (—25244  —  25233)0i)03  +  (/234O2  +  (5134 
+  /234)Oi02  +  5l340i)03  —  4/144O1O2  +  452440^02)04 
+  (2/133O2  —  25233Oi)03  +  (/234O2  +  (5134 
+  /234)Oi02  +  5134O1  )0g  +  ((25244  —  25233 

—  2/144  —  2/133  )0i0g  +  (25244  +  25233 

—  2/144  +  2/133)0^02)03}/ {(40i02  +  40j)0304  +  ((40i02  +  40j  )03 

—  40j0j  -  40^02)04  +  (-40j0^  -  40j02)03} 

-F+222  =  0 

■^3,223  =  {5224O3O4  +  (02(/223  03  +  (  —  75224  ~  2/i24)Oi) 
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+  5123^1^3  2^1140^)^24  —  3/223^1^2  ( — 3^123 

-  6fiiS)^2M/{^l  -  IOO1O2O3O4  +  90*0*} 

-^3,224  ==  {(— 5223^3  + /224^2^3  +  5124^1^3)^4  +  02(0i  (7^223^3 
+  2/123O3)  +  (  —  3^124  —  6/114)0^)  +  2^h30j03 

-  3/224O1O2}/ {O3O4  -  10O1O2O3O4  +  90^} 

-^3,233  =  {(2^23403  —  f 244^2  “  <7144^1  )^4  +  (/233^2 

+  <7l33^l)^3  +  (  <7234  “  /l34)Oi02}/ {4O3O4  —  4O1O2O3} 

-f*3,234  “  —  {(2/l44^2  “  2^244^l)^4  +  (((“45244  +  4^233 
“  2/144  +  2/133)02  +  (2<7233  “  25244)^1)^3 
“  f 234^2  +  (“5134  “  f 234)^1^2  ~  5l34^i)^4 
+  (252330i  —  2/i33  02)03  +  (— /234  ^2  +  (“5134 
“  ^234  )0i  O2  —  5134O4  )03  +  (25244  “  25233 
+  2/144  “  2/133  )0i0j  +  (25244  “  25233 
+  2/144  —  2/133)0402}/ {(4O2  +  40i)0304  +  ((4O2  +  40i)0g 

-  4O1O2  -  40?02)04  +  (— 4O1O2  -  40?02)03} 

1*3,244  ~  0 

^*3,333  =  {65444O4  +  (35334O3  +  2/34402)04  +  (7/333O2O3 

“  5334^1^2)^4  “  /}33  O1O2  }  /  {9O3O4  —  IOO1O2O3O4  +  OjO^} 
-P/334  =  {6/444^2^4  +  (^2(3/}34^3  “  25344O1)  —  9533303)04 

+  35333O1O2O3  —  /334O1O2}/ {9O3O4  —  IOO1O2O3O4  +  O1O2} 

+*3344  =  {95444^3^4  +  (3/344O2O3  —  35444  Oi  02)04  +  6/333O2O3 

-f-  0i(25334  0  2  03  —  f 344^2^}  /  3^4  —  IOO1O2O3O4  +  O4O2} 

P2,444  ~  {(7/444^2^3  “  35344^3)^4  “  65333^3  +  ^2(2/334^3 

-I-  5344O1O3)  —  /^OxO^/^O^  —  IOO1O2O3O4  +  ojo^} 

-P3111  =  {0l(30ifii2  —  2O3I122)  +  (O3O4  —  70i0203)siii 
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+  617^f222  -  fi2ft3ft4rn2}/{ft^  _  iof2if22Q3S74  +  917*17^} 

-^3,112  ==  {^3  (^2  ( —  317i5n2  —  2^4^22)  —  61725222) 

4*  1731745112  +  (317i173174  —  917^172)fm} 

/{Q|l7l  -  1017a172173174  4-  917f  17|} 

•^3,113  =  - {173(172S223  +  174(— 5124  -  ^123  )  —  17i5h3) 

4-  172174^224  4-  217il72ri23  —  17il74fii4}/ -[417i  O3 174  ~~  417|172} 
■^*3,114  =  —  {173(  —  2172  5224  —  217i5n4)  +  173 O4 (^123  ~  ^124) 

+  173^123  +  2172174f223  —  174^124  4*  217i  174^113  } 

/{417il7^  4-  417il73174} 

■^3,122  =  — {1^4 (  1735i22  4-  3172173f222  —  217il73rn2)  4"  317il721735i22 
+  617?1735in  -  9171172f222}/{172l72  -  1017i172173174  +  90^17|} 

^3, 123  =  {1^4(173(25224  ~  25n4)  4"  173(172(5i23  4-  ^124) 

+  17i(5i23  4-  fi24)))  4-  174(173(25224  —  2a114) 

4-  172ri24  4-  17iri24)  4-  173(21725224  4-  17il72(25n4 

—  25224)  —  21735114)  -f  173(1725l23  4-  17l5i23) 

4-  (217317l  +  (2171  -  2^!  ~  217il72)174  -  4171172123)f223 
4*  ( — 2173174  4*  ( — 217g  +  217il72  4*  2173)174  4~  417il72173)rn3} 
/{(4172  4-  417i)17317^  +  ((4172  +  417x)17l  -  417jl7^  -  417?172)174 
4"  ( — 417x17a  —  417il72)173} 

P3, 124  =  {1^3(172(17i(5223  ~  ^113)  4"  174(si24  “  n23)) 

—  1725223  +  17ll74(5l24  —  n23)  +  17i5n3) 

4"  173(21745113  —  21745223)  4"  (2173174  —  172174  —  317il72174)r224 
+  (— 217317|  4"  317il72174  4"  17il74)rn4}/ {173(4172174 
4"  417i172)  —  417il72!74  —  417^  172 174  } 

A3, 133  —  {172l74(173(  — 25234  ~  7f233)  ~  17iri34)  4*  174(61735i44 
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2027244  4"  3037i34)  4"  (3O3O4  ~  ^1^2^3)'Sl33  4"  ^1^2^233} 
/{9O3O4  —  IOO1O2O3O4  4"  O^O^} 

-P3,134  =  —{04(0203(4S244  +  5f234)  +  3O3S134  +  20i027i44) 

—  4O2O3J233  +  O1O2O33134  —  Oi  0^234  —  6O3O47144 
4-  (6O3O4  —  20i0203)fi33}/ {9O3O4  —  IOO1O2O3O4  4"  OjO|} 

-^3,144  =  {^2(03(2^234  —  2r233)  —  O1O3J144  4-  Oifl3fi34) 

4-  04(303^144  —  70203r244  —  303^134)  4-  6O3S133 
4"  O1O27244}/ {9O3O4  —  100i020304  4-  0^0^} 

-^3,222  =  — {03(70i02s222  4-  20^1112  —  0i047i22)  —  O3O4S222 

4“  30j027i22  4”  60jrm }/ {O3O4  —  IOO1O2O3O4  4*  90]02} 

-^3,223  =  0 

^3,224  =  — {04(0g(0i(— 2^224  _  25u4)  —  40  25224)  ~  030i(0i  4“  02)(5i23! 

+  7i24))  +  03(0^02(25224  4-  25114)  4-  2O1O25224 
4-  20^5114)  4-  0^(0103(25114  —  25224)  —  0i02ri24 
—  Oj 7^124)  —  0^(02  4-  0i)0i5i23  4-  ((402  4-  20i)0304 
4"  (2O1O3  —  2O1O2  —  20^02)04)7223  4"  (2O1O3O4 
4-  ( — 2O1O3  —  20j02  —  202)04)7113)/ {(402  4-  40i)0304 
4-  ((402  4-  40i)0|  -  4O1O2  -  40*02)0*  4-  (-40i0|  -  40j02)08n4} 
■^3,233  =  {^4(^3(65244  +  37234)  +  20i7144)  4-  04(3035233 

4-  20i035i34  —  0i  02  7234)  —  O1O2O35233  +  (7O1O3O4  —  0?02)7i3S} 
/{9O3O4  -  IOO1O2O3O4  4-  0?0^} 

■^*3,234  =  —  {02(03(0i5234  ~  20i  7233)  +  Oi7i34)  4-  04(0|(35234 
4~  67233 )  —  4O1O35144  4-  20i027244  —  50i037i34) 

4"  4O1O35133  —  6O3O47244}/ {9O3O4  —  IOO1O2O3O4  4"  O^O^} 

^*3,244  =  {^4(03(35244  —  37234  )  4-  70i037i44)  4-  0i0203(7234 
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~  ^244)  +  6113^233  —  2H1H36134  —  0202T144 

+  2Hi  12^133}/ {9H3Q4  —  IOO1H2H3H4  "I* Hi122} 

P 3,333  =  —  {^3114(26333  —  6344)  —  H36333  +  312^444 
4~  (— 2124  —  123124)7*334}/ {412312^  +  4H3H4} 
l5!, 334  —  {113(9^444  —  S334)  +  114(36444  —  36334) 

+  (H4  +  3123)f344  4~  (  — 9O4  —  3H3)r333  }  j {6H4  +  4H3fi4  +  6H3} 

-£*3,344  =  0 

3  _  — 3H36444  +  H4(H3(^334  ~  26444)  +  124^344  +  3123ll4f333 

3’444  “  ~  3O4  +  2O3III  4-  3Q204 

-£*3,111  =  ~ {— 6H36222  +  H2(  — 30i6ii2  —  21^4  Tj  22)  +  H2H3H451I2 

4-  (H3H4  —  7HiH2 H4)rm {/{Hsll3  —  1012i I22H3H4  4-  9H3Q2} 

-£*3,112  ~  {1^4(112 (312i 7X112  —  2Q35122)  +  6122r222)  +  (3H1H3H4  —  912|122)6m 

—  123124^*112} / {H3H4  ~  1012iQ2ll3ll4  4*  9123122} 

-£*3,113  ==  {H4(H3(2Hi6ii4  —  2H26224)  4-  (H3  —  212i  122  )(12i  + 122)^123) 

+  124(12i122  (26114  —  26224)  +  H3(Hl  +  H2)(^123  —  ^124)) 

4-  123 (H2 ( — 2H1-S123)  ~  2l2il226i23 )  +  (2I22H4  4-  212il22123l24)r223 
4~ 123(  122^*124  —  Hi  7*124)  4-  (— 2H1H4  —  2HiH2123l24)fii3} 

/ {(412il22  4-  4l2f  )12312|  +  ((412i122  -f-  412^  )12g 

—  412i122  —  412f  122)124  -+■  ( — 412iH2  —  412i122)123} 

-£*3,114  =  —  {H3(1226223  +  124(— 6124  ~  ^123)  +  H15113) 

+  122124r224  -)-  12il24rn4}/ {4I21H3I24} 

-£*^,122  =  {H3  (  3122 124  6222  +  212il245ii2  —  124fi22)  4"  912il22^222 

-J-  312i  O2H4 7*122  4"  612 1 SI4 f^i  1 1 } / { 12g  12^  —  IOI21I22H3I24  -(-  912 4 122 } 
•£*3,123  =  —  {03(H2(Hl  (3^223  —  36113)  +  124(^123  —  5124)) 

4-  1120223  4-  Hi^4(fi23  —  O124)  _  Hl^m) 
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+  «1(204 hiz  ~  2 045223)  +  (2030*  +  0^04  -  ^i0204)f224 
+  (— 2O3O4  +  0x0204  —  f2^Q4)fn4}/{fi3(402fi4 
+  40i  04 )  +  ( — 40i  O2  —  4S^  Jf22  )03  }• 

-^3,124  =  {^4(^3(25224  —  2£n4)  +  fiifi2(4Jn4  —  45224) 

+  03(02  (  ^123  —  ^124)  +  ^l(  — ^123  —  ^124))) 

+  ^4(^3(25224  —  2s114)  —  ^2^124  —  ^1^124) 

+  03(— 202^224  +  f2in2(2Sn4  —  21224)  -j-  2f2j5n4) 

+  Oj^— 1225i23  —  ftism)  +  (20,30,1  +  (2O3  +  20l  —  204  ^2)04)f223 
+  (( — 2O3  -f-  20402  —  20^)04  —  2030|)rxi3}/ 

{(402  +  40x)0304  +  ((402  4-  40x)0g 

-  40i022  -  40?02)04  +  (-40x0*  _  40*02)03} 

-^3,133  =  {^4(^2(25244  —  2r234)  —  3f235i34)  4-  n4(702n35233 

+  0i025l34)  —  ^1^2^233  +  6^4^144  +  (3O3O4 

-  01n2fi4)ri33}/{9^0|  -  100i020304  +  0*0^} 

-^3,134  =  —  {^2^4(^3(55234  +  4f233  )  4-  2fii5i44  —  Ox  7434) 

—  Ox  0^5234  +  fi4(~ 6fi35i44  —  402r244  —  3fi3ri34) 

+  (60^04  -  2ft1ft2ft3)5i33}/{9ft3ft4  -  100x020304  +  0?0*} 
-7>3,144  =  —  {^4(^2^3(75244  4-  2f234)  +  3O3S134  —  0x027144) 

—  O1O2.S244  +  20203S233  —  0i02035i34  4-  3030|ri44 
4"  60304rx33}/{90304  —  100i020304  4" O^O^} 

■P3j222  =  —  {04(  —  0i035i22  —  70i02r222  —  20xrn2)  +  30x  025i22 
4-  6O4S111  +  0304^222}/ {O3O4  —  IOO1O2O3O4  4-  9OJO2} 

^3,223  —  0 

-^3,224  =  — {2O3O45223  +  03(  — 0i025223  +  Oi04(fi23  ~  5x24) 

—  Ox5xx3)  4'  (2O3O4  —  0i0204)f224  ~  0^04rn4} 
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-^3,233  =  {^4(^3(3^234  —  3r233)  +  2O1S144  —  20ifi34) 

+  ^2^4(^1^233  —  ^1^234)  +  (70i0304  —  0l02)s133 

—  6^r244}/{9^^  -  10^2^4  +  OfO^} 

-^3,234  =  {^4(^3(6^244  +  3f234)  —  4Qifi44)  +  04(0i02(f234 

—  25244)  —  6O3S233  +  5O1O3S134)  +  20i0203,S233 

—  fijfi2^134  +  40i0304fi33}/ {9^3^4 
—  IOO1O2O3O4  4*  O^O^} 

-^3,244  =  {02(0i03S234  —  ^1-3144)  +  ^4(^3(  — 3s234  —  6f233) 


+  7ni035l44  +  Oi02r244  +  2Qi03f134)  +  2O1OI.S133 

-  3fi3Q|f244}/{9ftl^  -  +  0?0l} 

^3,333  =  {^4(^3(3^444  —  6334))  -f-  ^4(3^444  —  35334) 

—  2^35334  +  (O^  +  ^3^4)^344  +  (O3O4  ~  30l)f333} 

/  {6030l  +  4Q3O4  +  6f23} 

^3(35333  —  5344)  +  304f444  —  04X334 


p4  _ 
^3, 334  — 


^34,344  “  0 


20304  +  201 


p4 

■*3,444 


O4O3S344  +  301^333  +  (O4  +  40304)f444  —  0304f334 
________ 


Appendix  4.C 

The  coefficients  of  the  quadratic  terms  and  cubic  terms  of  functions  /,  <7,  f ,  s 
axe  as  follows: 


$H  =<Pii  +  <PitE[{]  +  E[ 
fcj  =(PiJ  +  +  VjtEfl  +  2 

V’iii  =lPiii  +  Vii$E[i)  +  +  ^^(^[i]  >  E[i\l  "^[i]  ) 

+  ‘fi^ha  +  2E^(p^hu 
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0iij  —Pjthu  +  ip^hij  +  2E[fl(ptfhii  +  2Efa<ptfhij  +  cpuj  +  ip^E^ 

+  <PH(E[j]  +  E[i]^j^E[i]  +  2E^qtp^Eyi  +  3(ptzt(E[q,E[q,E[fl) 

&ijk  —yijk  +  Vizhjk  +  <Pj(hik  +  (pk^hij 

+  2  Efatptfhjk  +  2Eyi<ptfhik  +  2E[k](ptfhik. 

Here,  i,j,k  are  distinct,  <p  e  {f,g,r,s}t  and  i,j,  k  £  {x,y,z,w}  with  E[x]  =  Eu 
E[y]  =  E2,  E[z]  =  E3,  E[w]  =  E±. 
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CHAPTER 

FIVE 

LIAPUNOV  FUNCTIONS  FOR  NONLINEAR 
SYSTEMS  VIA  CENTER  MANIFOLD 

REDUCTION 


In  this  chapter,  we  construct  families  of  “composite”  Liapunov  function 
candidates  for  general  nonlinear  critical  systems  using  center  manifold  reduc¬ 
tion  technique.  One  part  of  the  composite  Liapunov  function  is  based  on  the 
reduced  subsystem  on  the  center  manifold.  The  other  part  is  based  on  the  Ja¬ 
cobian  matrix  of  the  noncritical  subsystem.  Detailed  constructions  of  Liapunov 
functions  are  given  for  the  simple  critical  cases  and  the  compound  critical  cases 
discussed  in  Chapters  3  and  4.  The  stability  conditions  for  these  critical  cases 
obtained  in  the  previous  two  chapters  are  also  reconstructed  in  this  chapter  by 
using  the  Liapunov  function  approach. 

5.1.  Introduction 

Behtash  and  Sastry  [10]  employed  Liapunov  functions  for  reduced  order 
models  of  nonlinear  critical  systems  in  normal  form  to  obtain  stability  criteria. 
However,  Liapunov  functions  have  not  been  constructed  directly  for  the  orig¬ 
inal  system  without  the  need  for  the  reduction.  Motivated  by  Fu  and  Abed’s 
results  [26]  on  the  construction  of  Liapunov  functions  for  nonlinear  systems  in 
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simple  critical  cases  (i.e,  cases  in  which  the  linearized  system  has  either  one 
zero  eigenvalue  or  a  pair  of  pure  imaginary  eigenvalues),  we  construct  families 
of  Liapunov  functions  for  the  nonlinear  systems  within  the  framework  of  center 
manifold  reduction.  The  result  relies  on  the  stability  of  the  linearization  of  the 
noncritical  subsystem  and  the  identification  of  Liapunov  functions  for  the  re¬ 
duced  model  on  the  center  manifold.  In  the  following,  composite-type  Liapunov 
functions  are  constructed,  in  a  sense  to  be  explicated  below. 

Two  categories  of  critical  systems  are  considered  in  this  chapter,  which 
include  the  simple  critical  case  and  the  compound  critical  case.  The  simple 
critical  case  considered  here  is  that  of  the  linearized  model  of  the  system  has 
one  zero  eigenvalue  or  a  pair  of  pure  imaginary  eigenvalues  with  remaining 
eigenvalues  stable;  while  the  compound  critical  case  is  that  when  the  linearized 
model  possesses  two  zero  eigenvalues  with  geometric  multiplicity  one,  one  zero 
eigenvalue  and  a  pair  of  pure  imaginary  eigenvalues  or  two  distinct  pairs  of 
pure  imaginary  eigenvalues  with  remaining  eigenvalues  stable.  The  main  differ¬ 
ence  between  this  result  and  Fu  and  Abed’s  results  [26]  is  that  the  technique 
of  center  manifold  reduction  is  used  in  this  chapter  instead  of  the  approach 
using  eigenvector  decomposition  of  the  vector  space  in  [26].  In  addition,  [26] 
is  concerned  only  with  the  simple  critical  cases,  whereas  the  compound  critical 
cases  are  also  considered  here. 

The  results  in  this  chapter  are  obtained  as  follows.  First,  results  on  locally 
positive  definite  function  are  obtained.  It  is  followed  by  the  construction  of 
Liapunov  function  candidates  for  general  critical  nonlinear  systems  using  center 
manifold  reduction.  The  detailed  designs  of  families  of  Liapunov  functions  for 
the  simple  critical  cases  and  the  compound  critical  cases  are  given  in  Section 
5.3  and  5.4  to  demonstrate  the  main  results. 

5.2.  Locally  Definite  Functions 

The  technique  of  Taylor  series  expansion  is  a  very  important  tool  to  con¬ 
struct  Liapunov  functions  for  nonlinear  systems,  which  can  be  conveniently 
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represented  as  multilinear  function.  By  using  the  notations  of  multilinear  func¬ 
tions  given  in  Section  2.2,  some  locally  positive  definite  functions  are  introduced 
in  this  section,  which  will  be  employed  in  the  next  three  sections  for  the  con¬ 
struction  of  Liapunov  function  candidates. 

First,  recall  the  next  two  definitions. 

Definition  5.1.  (e.g.,  [86])  A  continuous  function  ip  :  IR  — »  IR  is  said  to  be  of 
class  K  if  (i)  ip(-)  is  strictly  increasing,  and  (ii)  ip( 0)  =  0. 

Definition  5.2.  (e.g.,  [86])  A  continuous  function  ip  :  lRn  — >  IR  is  an  l.p.d.f. 
if  and  only  if  ^>(0)  =  0,  and  ip(x)  >  0  for  all  x  ^  0  and  ||z||  <  8  for  some 
8  >  0.  ip  is  a  p.d.f.  if  and  only  if  ^(O)  =  0,  ip(x)  >  0  and  ip{x)  — ►  oo  as 
||x||  — ►  oo  uniformly  in  x.  Moreover,  a  continuous  function  ip  is  said  to  be 
(locally)  negative  definite  if  —ip  is  an  (l.p.d.f.)  p.d.f. 

Now,  we  introduce  some  results  on  the  existence  of  locally  positive  definite 
functions. 

Consider  a  scalar  function  as  given  by 

v(r) ,  0  =  i'Vi  +  t'PnM  +  pvv(r])  +  p„«(*7,  0  +  PttdO,  (5-1) 

where  77  G  ffin,  £  G  JR771 ,  pv^(r])  is  a  vector  polynomial  function  of  77  of  which 
each  component  has  order  in  77  no  less  than  j  1;  pvv(v)  Is  a  scalar  2j 2 -linear 
function;  pv^(rj,Q  is  a  scalar  polynomial  function  of  which  each  component 
has  order  in  (77,  £)  no  less  than  one  and  two,  respectively;  and  Ptf$(0  is  a  scalar 
polynomial  function  of  £  of  which  each  component  has  order  in  £  no  less  than 
three.  Here,  j\  and  j'2  denote  positive  integers  with  j  1  >  j2- 
We  have  the  following  result. 

Lemma  5.1.  (Locally  Positive  Definite  Function  for  Two  Sets  of  Variables) 
Suppose  there  exist  ai,a2  >0  and  /?i  >  0  such  that  >  ai||£||2,  p^ij})  > 
a2[M|2i2  and  ||e'p^(77)ll  <  Allfil  •  II^IK*-  If  4aio2  >  jS?,  then  v(t7,0  given  by 
(5.1)  is  an  l.p.d.f. 
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7 


(5.2) 


Proof:  It  is  known  that  there  exists  ,  ft  >  0  such  that 

IIPikO/.O  +  />«{(()ll  <  ftflfoll  +  Hfll)  ■  ||(||2 

for  all  ||ij||,||(||  <  ft. 

Suppose  the  assumptions  of  Lemma  5.1  hold,  i.e.,  there  exist  01,02  >  0 
and  ft  >  0  such  that  >  oii|£||2,  pVr,(v)  >  <*2|M|2j"2  and  ||^^(r/)||  < 

aiiahmi*. 

Then  we  have 

»(■),()>  A- IKH* -A||(|Mh||i*+a1||,||1* 

=  A  ■  (11(11  -  •  Ml*)2  +  ^(4*2A  -  ft2)  ■  ||,||,*>  (5.3) 

where  A  :=  01  -  /?2(||r?||  +  ||f||). 

The  conclusion  of  Lemma  5.1  is  hence  implied  when  4oio2  >  /3j. 

U 

It  is  known  (e.g.,  [86])  that  there  exist  oi,o2  >  0  such  that  >  oi||^||2 
and  pvv(l 7)  >  02 1 [<f  I |2j2  when  matrix  V  is  positive  definite  and  function  pvn( r]) 
is  a  p.d.f.  Moreover,  when  j\  >  j2,  where  ji  are  defined  above,  we  will  have 
ll£Vu*(»7)ll  —  A(IMI)  '  ||£||  '  IMP'*,  where  /3i  is  a  function  of  class  K  instead  of 
a  positive  constant.  Thus,  we  have  the  following  result  from  Lemma  5.1. 

Corollary  5.1.  If  matrix  V  is  positive  definite  and  the  scalar  function  PnrtW) 
is  a  p.d.f.,  and  the  integer  j\  >  j2,  then  v(rj,£)  given  by  (5.1)  is  an  l.p.d.f. 

The  next  result  follows  readily  from  Corollary  5.1. 

Corollary  5.2.  The  scalar  function  v(r],  £)  given  in  (5.1)  is  locally  negative  def¬ 
inite  when  matrix  V  is  negative  definite  matrix  and  function  pvrt(rj)  is  negative 
definite,  with  j\  >  j2. 

A  special  extension  of  the  locally  definite  function  given  in  (5.1)  is  intro¬ 
duced  as  follows. 

Consider  a  scalar  function 

»((,  ri,  0  =  f  Pi(  +  rfp,n  +  C((,  i>,  ()  +  V(V,  C)  +  £((.  l)+HC,  0,  (5.4) 
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where  r)  £  IRn ,C  £  IRm ,  and  (  £  IRr .  Here,  C  is  a  scalar  polynomial  function  of 
(Ci  ViC)  which  each  component  has  order  in  each  argument  no  less  than  one; 
T>  is  a  smooth  function;  E  is  a  scalar  polynomial  functions  of  (£,  r/)  of  which 
each  component  has  order  in  (C,v)  no  less  than  (ji, j'2),  respectively;  and  T  is 
a  scalar  polynomial  functions  of  (£,  ()  of  which  each  component  has  order  in 
(C,C)  no  less  than  (is, y4),  respectively.  Here,  ji  denote  positive  integers,  for 
i  =  1,  •  •  •  ,4  with  ji,j3  >  2,  ji  +  j2  >  3,  and  j3  +  j4  >  3. 

According  to  the  proofs  of  Lemma  5.1,  it  is  not  difficult  to  prove  the  fol¬ 
lowing  result. 

Lemma  5.2.  (Locally  Positive  Definite  Function  for  Three  Sets  of  Variables) 

If  'Pi,  P2  are  positive  definite  matrices  and  T>(tj,  ()  is  an  l.p.d.f.,  then  the  scalar 
function  v(£,r),Q  given  in  (5.4)  is  an  l.p.d.f. 

The  next  result  follows  readily  from  Lemma  5.2. 

Corollary  5.3.  If  Pi,  P2  are  negative  definite  and  T>{r\,  £)  is  locally  negative 
definite,  then  the  scalar  function  v(£,  rj,C)  given  in  (5.4)  is  locally  negative 
definite. 

5.3.  Liapunov  Function  Candidates  for  Critical  Systems 

In  the  following,  we  construct  families  of  Liapunov  functions  for  nonlinear 
critical  systems.  First,  a  general  set-up  of  candidates  is  proposed  for  critical 
systems.  It  is  observed  that  such  construction  can  be  simplified  by  invoking 
a  result  on  the  solution  of  a  class  of  scalar  multilinear  equations.  Using  the 
solvability  of  scalar  multilinear  equations,  along  with  center  manifold  reduction 
(discussed  in  Section  3.2),  we  propose  a  class  of  “composite”  Liapunov  function 
candidates  for  general  critical  systems.  Detailed  construction  of  families  of 
Liapunov  function  for  the  simple  critical  cases  and  the  compound  critical  cases 

a rp  given  111  Sections  5.4  <md  5.5,  respectively,  to  demonstrate  the  mam  results. 
In  this  section,  we  construct  Liapunov  function  candidates  for  a  class  of 
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nonlinear  autonomous  system  as  given  by 

V  =  An  7?  +  F(rj,£)  (5.5) 

£  =  A22(  +  <?(»?,  0»  (5.6) 

where  77  G  IRn,  £  G  JRm.  Here,  An  and  A22  are  constant  matrices,  and  the 
functions  F,  G  are  sufficiently  smooth,  with  their  values  and  first  derivatives 
vanishing  at  the  origin. 

Taylor  series  expansion  of  system  (5.5)-(5.6)  at  the  origin  gives 
77  =Anr)  +  Fnn(ri,  77)  +  F^(  77,  £)  +  f )  +  F^rj,  77, 77) 

+  -FWfa,  V ,  0  +  Fvx(ri,(,  £)  +  Ftftfa  (,  f)  +  . . .  (5.7a) 

£  =A22^  +  Gnv(r),  77)  +  Gvt(r],  f )  +  G«(£,  £)  +  (v,v,v) 

+  GVV((v,  Vi  0  +  GrtttiVi  £,  0  +  <?£«(£>  £>  0  +  •  •  •  (5.76) 

where  components  of  the  approximation  of  functions  F  and  G  on  the  right  side 
of  Eq.  (5.7)  are  multilinear  (but  not  necessarily  symmetric)  functions  of  their 
arguments. 

Without  loss  of  generality,  we  choose 

v  =  t'Vit  +  v'V2V  +  Vrmniv,  V,  v)  +  *W(t?,  v,  0  +  V,«(? 7,  £,  £) 

+  %*(£>  £>  0  +  V„„(t7,  77, 77, 77)  +  V,„€(i7, 77, 77,  £) 

+  VnnuiVt  V,  £,  0  +  V,«€(i7,  &  £,  0  +  %«(£,  &  0  +  •  •  •  (5-8) 

as  a  Liapunov  function  candidate  for  (5.7),  where  the  dots  denote  the  high  order 
terms  and  V\ ,  V2  are  two  symmetric  square  matrices  with  the  remaining  terms 
on  the  right  side  of  Eq.  (5.8)  being  multilinear  functions. 

Differentiating  V  along  trajectories  of  (5.7)  gives 

V  =  V(2)  +  V(3)  +  V(4)  +  . . .  +  V(i)  +  . . . ,  (5.9) 

where 

V(2)  =  C(PiAa  +  A'22  Vt)(  +  j(ViAu  +  A‘nV2)<i,  (5.10) 

V(3)  =  </,>!)  +  vS(l,».e  +  vJgfo.f.O  +  V$(f,£>£),  (5.11) 

V<4)  =  Vj4)„(o.  >).»,’?)  +  i),D,  {)  +  vj4)ss(i),  i),  £.0 

+  V&O),  f ,  £,  0  +  V<g{(£,  £,£,£),  (5-12) 
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and  })W  are  the  quadratic,  cubic,  quartic,  i-th  order  terms,  respectively,  of  V. 
In  the  above  (using  Proposition  2.1), 

Vlini’hV,’!)  =  +  (5.13) 

=  2«'Pi  G„(r,,r,)  +  F^((n,()V2n) 

+  V,  O^n7?  +  DsVwdv,  Vi  0A22^  (5-14) 

'H  ir]irl')  ~  •>  7i  rl)'^2r1  T  Tj,  T 7)) 

+  DtVwt(.V>  V,  0Gvv(V,  V)  +  4Vvvvv(rh 77,  r],  4nij),  (5.15) 
0  ~  2(£  Pi  Gijritj(f]i  Vi1])  +  tyP^vi) 

+  3 V77 »7 »7 ( ^7 5  *?>  Friti1!,  0)  "b  DfiVnnt Oh  V*  0-^V  «?(*/>  V) 

+  D^wd7!,  rii  OG^dvi  0  +  DeVvzdrh  £>  0Gw  (1h r?) 

+  DrtVvvvd,h  *7»  »?>  0AllV  +  DtVr,r,r,dV,  V,  Vi  0A22^  (5-16) 

The  remaining  terms  are  obviously  implied  and  axe  omitted.  Note  that  the 
components  of  V(-)  on  the  right  side  of  Eqs.  (5.11)-(5.12)  are  multilinear  func¬ 
tions. 

Now,  we  can  check  the  suitability  of  V  given  in  (5.8)  as  a  Liapunov  function 
for  (5.7).  In  the  trivial  case  in  which  both  An  and  A2 2  are  stable,  it  is  known 
(e.g.,  [17],  [86])  that  there  exist  positive  definite  matrices  V\  and  Vi  such  that 
both  V\A2i  +  A^V  1  and  V2A.11  +  A\ \ V2  are  negative  definite,  which  provide 
the  local  negative  definiteness  of  V.  Thus,  in  this  case,  we  can  choose 

V  =  £'7>i  t  +  v'Viri  (5.17) 

as  a  Liapunov  function  to  prove  the  asymptotic  stability  of  the  origin  for  (5.7). 

Throughout  the  rest  of  this  section,  we  consider  the  nontrivial  case  in  which 
An  is  stable  but  all  eigenvalues  of  An  lie  on  the  imaginary  axis.  Motivated  by 
the  results  on  the  existence  of  locally  positive  definite  function  given  in  Section 
5.2,  the  possibility  of  V  in  (5.8)  being  an  l.p.d.f.  is  considered  as  follows. 

Let  V\  denote  the  scalar  function  containing  all  the  components,  which  are 
functions  of  77  only,  of  V  (given  in  (5.8)).  That  is, 

Vi(v)  ■=  v'P2V  +  Vvr}n(v,  v)  +  V,  V,  v)  +  •  •  • ,  (5-18) 
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where  the  dots  denote  high  order  terms. 

The  next  result  readily  follows  from  Corollary  5.1  and  Lemma  5.2. 

Lemma  5.3.  The  scalar  function  V  given  by  (5.8)  is  an  l.p.d.f.,  if  either  of  the 
following  two  conditions  hold: 

(i)  both  V\  and  V2  are  positive  definite, 

(ii)  V\  is  positive  definite,  Vi(t?)  defined  in  (5.18)  above  is  an  l.p.d.f.,  where 
either  V2\  =  0  and  Vn  is  positive  definite  with  all  ^-linear  function 
—  ,77,  0  =  Vv...T,t(rh'-- ,  7?,C2,0.  or  ^22  =  0  and  Vn  is  positive  definite 
with  all  ^-linear  function  (??,  •••,??,  0  =  V,...,^(?7,  -  -  • ,  77,  C 1  >  £)•  Here, 
we  assume  that  ri'V2r]  —  (1^21(1  +  C2V22C2  and  rj  :=  (Ci>C2)/- 
Next,  we  consider  the  possibility  of  V  given  in  (5.9)  being  a  locally  neg¬ 
ative  definite  function.  Since  A22  is  stable,  as  discussed  above,  there  exists 
a  symmetric  positive  definite  matrix  V\  such  that  ViA22  +  A22Vi  is  negative 
definite.  Motivated  by  the  results  of  Corollaries  5.2  and  5.3,  we  observe  that 
the  local  negative  definiteness  of  V  (given  in  (5.9))  can  be  easily  proven  if  the 

components  ^  of  V  can  be  set  to  zero,  for  all  A:  =  3,4,.... 

It  is  observed  that  the  expressions  of  ^-linear  function  for  instance, 

Eqs.  (5.13)  and  (5.15),  have  a  general  form  as  given  in  (5.19)  below.  To  simplify 
the  expressions  of  V,  we  might  need  to  obtain  the  solutions  of  fc-linear  function 
Vv...v^  for  the  scalar  multilinear  equation  V^fc  ^  =  0,  for  each  k  =  3,4, — 
The  solvability  of  such  equations  is  first  discussed  in  Section  5.3.1  below,  where 
a  general  result  is  obtained  by  employing  the  result  on  linear  matrix  equation 
given  in  Theorem  2.5.  Then  this  result  is  applied  to  construct  Liapunov  function 
candidates  for  system  (5.7)  in  Section  5.3.2. 

5.3.1.  Solvability  of  a  Class  of  Scalar  Multilinear  Equations 

Let  T,  M  :  ( IRn)k  x  IRm  — >  IR  denote  ( k  +  l)-linear  functions,  for  k  >2 
an  integer  and  consider  a  class  of  scalar  multilinear  equations 

DvT(r],  •  •  • ,  V,  i)An  +  DtT( 77,  •  •  • ,  TJ,  t)B£  -M(r, 7,  •  •  • ,  17, 0  =  0,  (5.19) 
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for  all  77  e  172”,  £  €  IRm,  where  A  G  IRnXn  and  B  G  IRmXm  axe  two  constant 
matrices. 

From  Definition  2.2,  we  have  two  ^-linear  vector  functions  T*  and  M* 
such  that  T(rj,  •  ■  ■ ,  77,  £)  =  £'T*(rj ,  •  •  •  ,77)  and  A4(rj,  -  •  •  ,r],£)  =  •  •  •  ,77). 

Rewriting  Eq.  (5.19),  we  have 

•  •  • ,  V)Arj  +  B'T*(V,  •  •  • ,  77)  -  ■  ■  - ,  77)}  =  0  (5.20) 

for  all  77  e  IRn,  £  G  -Km.  The  existence  of  a  solution  T  for  the  partial  differential 
equation  (5.19)  can  then  be  provided  by  the  existence  of  a  solution  T*  for  the 
matrix  equation  (5.21)  below: 

DT*(rj,  •  •  • ,  77)^77  +  B'T*(r),  •  •  • ,  77)  ~  •  •  •,*?)  =  0  (5.21) 

for  all  77  G  IRn  ■ 

By  using  the  principle  of  induction,  we  can  have  the  following  result. 

Lemma  5.4.  Let  A  G  IRnxn  and  B  G  IRmXm .  Then  for  given  positive  integer  k 
and  fc-linear  function  •  •  • ,  77),  there  exists  a  fc-linear  function  T  (77,  •  •  • ,  77) 

such  that  Eq.  (5.21)  holds  for  all  77  G  IRn  if  £,*=1  a^A)  +  o(B)  ±  0.  Here, 
cri(A)  and  <r(B)  denote  eigenvalues  of  matrices  A  and  B,  respectively. 

Proof:  The  principle  of  induction  is  employed  here  to  prove  the  existence  of 
each  ^-linear  solution  T*  for  Eq.  (5.21)  under  the  assumptions  of  Lemma  5.4. 
Details  are  given  as  follows. 

First,  consider  the  case  of  k  =  1,  and  let  T*(r])  :=  P*f]  and  :=  M.  rj. 

Eq.  (5.21)  can  hence  be  written  as 

(T*A  +  B'T*  -  M*)r}  =0.  (5.22) 

It  is  implied  by  Theorem  2.5  that  there  exists  a  unique  solution  T*  for  Eq. 
(5.22)  if  a(A)  +  a(B')  ±  0  (i.e.,  <t(A)  +  <7(B)  ±  0).  So,  the  conclusion  of  Lemma 
5.4  holds  for  the  case  of  k  —  1. 

Next,  we  suppose  there  exists  a  ^-linear  function  P*  such  that  Eq.  (5.21) 
holds  for  given  fc-linear  function  M*  and  A:  is  some  positive  integer.  Here,  we 
do  not  have  any  restriction  on  the  dimensions  of  the  row  of  T*. 
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Now,  consider  the  case  in  which  X*  is  a  (k  +  l)-linear  vector  function 
in  77.  According  to  Definition  2.2,  we  can  let  X*  =  *7.X(»7,  •  •  •  ,77)  and 

M*  =  X^=i  77*'/^«(7h  •  ‘  ‘  5  ri)i  where  77  :=  •"  ,»?«)'  and  each  X  and  Mi 

are  ^-linear  functions  in  77. 

Rewriting  Eq.  (5.21),  we  have 

n 

{PI  (*?>  •••  »*/)»••• .  ^n(x  ••  •»*/)]  +  n*DTi(i 7,  •  •  • , 

1=1 

n  n 

+  B1  ViTiiv,  ViMiin,  •••,*?) 

i=l  i=l 

n  n 

«— 1  j— 1 

+  *••,??)-  M(*7,  ••*,»?)}  =  0,  (5.23) 

where  A  [a,y].  From  Eq.  (5.23),  we  can  say  that  Eq.  (5.21)  holds  for  all 
r i  e  172"  if  for  all  rj  £  172"  the  following  relationship  holds: 

DT (77,  •  •  • ,  tj)At]  +  {A!  ©  B')f(rj,  •  •  • ,  77)  -  M(rj,  •  •  • ,  17)  =  0.  (5.24) 

Here,  ®  denotes  the  Kronecker  sum  and  two  ^-linear  vector  functions  X  and  M 
are  defined  as:  ^(77,  •  -  - ,  *7)  :=  (^(77,  •  •  •  ,77),  •  •  •  ,Xn(77,  •  •  •  ,77))'  and  ^(77,  •••,77) 
:=  (A4 1(77,  •  •  • ,  77),  •  •  • ,  «M„(?7,  •  •  • ,  77))'. 

Now,  we  can  iteratively  solve  for  the  existing  conditions  for  the  solution 
T*  for  Eq.  (5.21)  for  each  positive  integer  k  >  1.  For  instance,  for  the  case  of 
k  —  2.  It  is  not  difficult  to  find  out  that  there  exists  a  solution  T*  for  Eq.  (5.21) 
if  cr(A)  4-  cr{A'  ©  B ')  ^  0  by  comparing  Eq.  (5.24)  with  Eq.  (5.22).  Iteratively, 
we  have  a  solution,  the  trilinear  function  T*,  for  Eq.  (5.21)  for  the  case  of  k  =  3, 
if  <j(A)  +  o(A'  ©  (A'  ©  B ')')  0.  It  is  known  (e.g.,  [36])  that  any  eigenvalue  of 

matrix  A 1  ©  B'  is  the  sum  of  one  eigenvalue  of  A'  and  one  eigenvalue  of  B' .  So, 
from  the  foregoing  discussion  the  existence  conditions  for  the  solution  T*  for 
Eq.  (5.21)  will  be  ai(A)  +  a2(A)A<T(B)  ^  0  and  X)i=i  o’j(A)  +  &{B)  ^  0  for  the 
case  of  k  =  2  and  k  —  3,  respectively.  Here,  a ,(A)  denotes  one  of  eigenvalues 
of  A. 
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By  the  principle  of  induction,  we  then  have  a  solution  T*  for  Eq.  (5.21) 
for  each  positive  integer  k  if  ai(A)  +  a{B)  ^  0. 

■ 

The  next  result  follows  readily  from  Lemma  5.4  and  the  foregoing  discus¬ 
sion. 

Corollary  5.4.  Let  A  £  IRnXn  and  B  £  1 RmXm .  If  Re{a(A)}  =  0  and 
i?e{<r(J5)}  <  0,  then  for  any  given  positive  integer  k  and  given  (k  -f  l)-linear 
function  A4(?7,  •  •  • ,  tj,  £)  there  exists  a  (fc  +  l)-linear  function  T(r/,  •  •  • ,  rj,  £)  such 
that  Eq.  (5.19)  holds  for  all  rj  £  IRn  and  £  £  IRrn. 

5.3.2.  Construction  of  the  Liapunov  Function  Candidates 

Now,  we  can  apply  Corollary  5.4  to  simplify  the  expressions  of  V  given 
in  (5.9)  such  that  we  can  construct  Liapunov  function  candidates  for  system 
(5.7)  easily.  Since  A22  is  stable  and  all  eigenvalues  of  yin  he  on  the  imaginary 
axis,  then  according  to  Corollary  5.4  the  solution  (lb-linear  function)  will 

always  exist  for  the  scalar  multilinear  equation  ^  =  0  for  all  rj  £  IRn  and 

£  £  mm. 

From  Corollaries  5.2  and  5.3,  Lemma  5.3  and  the  foregoing  discussions,  we 
then  have  the  following  two  criteria  for  constructing  Liapunov  function  candi¬ 
dates  for  nonlinear  critical  system  (5.7). 

Lemma  5.5.  Suppose  Vi,  V2  are  two  symmetric  positive  definite  matrices 
with  V1A22  +  being  negative  definite  and  V2A11  A'llT>2  =  0.  Then  the 

function  V  given  in  (5.8)  is  a  Liapunov  function  for  ascertaining  the  asymptotic 
stability  of  the  origin  of  (5.7)  if  there  exists  a  positive  integer  j*  such  that 

(i)  the  (2y*)-linear  function  Vv...v(r],  •  •  •  ,77)  is  negative  definite, 

(ii)  V£?.,„07,  —  ,  77, 77)  =  0,  for  each  i  =  3, . . . ,  2j*  -  1, 

(iii)  0  =  0  for  each  *  =  3,  •  •  • ,  j*  +  1. 
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Lemma  5.6.  Suppose  condition  (ii)  of  Lemma  5.3  holds  with  V1A22  +  4,2^1 
being  negative  definite  and  V2A11  A  A'X1V2  =  0.  Then  function  V  given  in  (5.8) 
is  a  Liapunov  function  for  ascertaining  asymptotic  stability  of  the  origin  of  (5.7) 
if  there  exists  a  positive  integer  j*  such  that  conditions  (i)-(iii)  of  Lemma  5.5 
hold. 

As  implied  by  Corollary  5.4,  for  each  k  >  3,  there  exists  a  fc-linear  function 
Vv...vz(ri,  •  •  •  ,??,£)  of  V  (given  in  (5.8)),  which  is  ( k  —  l)-linear  in  77  and  linear 
in  £,  such  that  condition  (iii)  of  Lemma  5.3  holds.  For  instance,  there  exist 

VW(7,  V,  0  and  77, 77,  £)  to  make  ^(77, 77,  £)  and  V^(t7,  V,  V,  0  given 

in  Eqs.  (5.14)  and  (5.16)  equal  to  zero  for  all  77  6  IRn,£  £  IRm.  To  prove 
that  the  scalar  function  V  (given  in  (5.8))  is  a  Liapunov  function  for  (5.7)  by 
employing  Lemma  5.5,  we  need  to  have  a  scalar  function  Vi(?7)  given  in  (5.18) 
such  that  conditions  (i)  and  (ii)  of  Lemma  5.5  hold.  Moreover,  in  the  application 
of  Lemma  5.6,  there  is  one  more  restriction  on  the  fc-linear  function  Vn.. as 
defined  in  Lemma  5.3. 

The  problem  stated  above  for  finding  Vi  such  that  conditions  (i)  and  (ii) 
of  Lemma  5.5  hold  is  in  general  hard  to  solve.  In  the  rest  of  this  section,  we 
employ  the  technique  of  center  manifold  reduction  to  delete  the  contributed 
terms  in  each  ^-linear  function  V^k).v(r],  •  •  • ,  77)  from  the  nonlinear  function  G  so 
that  the  problem  can  be  simplified.  According  to  Theorem  2.1,  in  the  case  of 
which  A22  is  stable  and  all  eigenvalues  of  An  lie  on  the  imaginary  axis,  system 
(5.7)  has  a  locally  invariant  manifold  given  by  the  graph  of  a  function  £  =  h{rj). 
Moreover,  this  h  satisfies  the  partial  differential  equation  (2.2)  with  boundary 
conditions  h{ 0)  =  0  and  Dh( 0)  =  0. 

Let  4>{rj)  be  an  approximate  polynomial  function  of  h  such  that 

K»)-«Ku)  =  0(|Mr+1),  (5.25) 

and  let  u  =  £  —  ^(77). 

Then  we  can  rewrite  (5.7)  as 
77  =Anr)  +  F(r],v  +  <f>(r})) 
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(5.26a) 


=AuV  +  Fr,r,(v,  v)  +  *')  +  •..  +  0(11(1/,  i/)ir+2), 

v=i-  D<f>(v)  ■  V 

=A22v  +  [G(ij,  v  +  <f>(r]))  -  G(ji,  (f)(ri))] 

~  D<f>{rj)  •  [F(tj,  v  +  <f>(ri))  -  F(r),  (j>(r)))]  +  0(||(77,  i/)|r+2) 

A22^  0^j>( 77, 77)  0j/j/(i7, 17)  -J-  G^vir),  77, 17) 

+  G rfuvij) i  V,  v)  +  0^(17, 1/,  77)  +  ...  4-  0(11(77, 17)||7+2),  (5.266) 

where  is  the  new  version  of  bilinear  function  FnTI  and  the  remaining  terms 
on  the  right  side  of  Eqs.  (5.26a)  and  (5.266)  are  obviously  implied  by  the 
approximations  of  functions  F  and  G,  which  are  supposed  to  be  represented  in 
multilinear  forms. 

It  is  observed  from  Eq.  (5.266)  that  there  are  no  terms  in  the  Taylor  series 
expansion  of  the  dynamics  z>,  which  are  function  of  77  only.  Thus,  we  have  the 
following  result  by  modifying  the  conditions  of  Lemma  5.5  and  referring  to  the 
discussion  above. 


Theorem  5.1.  Suppose  A22  is  stable.  If  there  is  a  scalar  function  Vi  given 
in  (5.18)  with  V2  being  symmetric  positive  definite  to  show  the  asymptotic 
stability  of  the  origin  for  the  reduced  model  (5.26a)  with  v  =  0,  then  the  origin 
is  asymptotically  stable  for  the  whole  system  (5.26). 


Next,  we  implement  the  result  of  Lemma  5.6.  Suppose  there  exists  no 
square  matrix  V2  such  that  conditions  of  Theorem  5.1  hold.  However,  there 
exists  a  square  matrix 


V2  = 


(5.27) 


such  that  Vi  (given  in  (5.18))  is  an  l.p.d.f.,  with  V2\  —  0  and  V22  being  positive 
definite,  or  V22  =  0  and  V21  being  positive  definite.  Let  77  :=  (Ci^X  such  that 
=  C1P21C1  +  (2^22(2- 

Consider  the  case  in  which  V2i  =  0  and  the  scalar  function  V  (given  in 
(5.8))  is  applied  to  the  new  model  (5.26),  i.e.,  £  is  replaced  by  17  +  <t>(rj).  It 
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is  observed  that  the  fc-linear  function  V^.^, 1/(17,  •  •  •  ,77,1/),  for  instance,  see  Eqs. 
(5.14)  and  (5.16),  has  the  form  as  given  by 

•  /  jL\ 

Vi7  -»? i/(*?>  •  •  • ,  >7,  i^)  — DrjVrj...rji/(j),  v)Anrj  -(-  D„ V^. ..,7^(77,  •  •  • ,  77,  i/)y4.22I/ 

+  •••,??,  C2,  ^),  (5.28) 

where  fc-linear  function  Mn—nCivijI,  •  •  • ,  77,  C2>  ^)  is  linear  in  7/,  (fc  —  l)-linear 
in  ^2  and  ( k  —  2)-linear  in  £1 .  Under  this  condition,  we  only  need  to  solve 
the  ^-linear  functions  from  the  scalar  multilinear  equation  =  0, 

for  each  k  =  3,4, . . .,  in  which  the  existence  of  such  solution  is  guaranteed  by 
Corollary  5.4.  That  is,  the  Ai-linear  functions  of  V  in  (5.8)  only  need  to 

contain  the  components 

For  the  case  in  which  V22  =  0  and  V21  is  positive  definite,  similarly,  we 
can  show  that  the  fc-linear  functions  of  V  in  (5.8)  only  need  to  contain 

the  components 

From  the  discussion  above  and  Lemma  5.6,  we  then  have  the  following 
stability  criterion  for  (5.26). 

Theorem  5.2.  Suppose  A22  is  stable.  If  there  is  a  scalar  function  Vi  given 
in  (5.18)  to  show  the  asymptotic  stability  of  the  origin  for  the  reduced  model 
(5.26a)  with  v  =  0,  then  the  origin  is  asymptotically  stable  for  the  whole 
system  (5.26).  Here,  the  square  matrix  P2  is  defined  in  (5.27)  with  V21  =  0  and 
V22  being  positive  definite,  or  V22  —  0  and  V21  being  positive  definite. 

Remark  5.1.  The  result  given  in  Theorems  5.1  and  5.2  provide  special  versions 
of  the  stability  conditions  given  in  Theorem  2.1. 

To  conclude  the  discussion  above,  we  have  the  following  algorithm  for  con¬ 
structing  families  of  Liapunov  functions  for  (5.26)  in  the  case  when  all  the 
eigenvalues  of  An  lie  on  the  imaginary  axis  and  A22  is  stable.  We  denote 

V,P»(»7,»?)  := 


105 


Algorithm  5.1.  (Algorithm  for  Constructing  Liapunov  Function) 

Step  1.  Choose  V\  to  be  a  symmetric  and  positive  definite  matrix  with  V\  A22  + 
A'22Vi  negative  definite. 

Step  2.  Apply  Theorem  5.1  (or  Theorem  5.2)  to  find  a  scalar  function  V\  as 
given  in  (5.18)  such  that  conditions  (i)  and  (ii)  of  Lemma  5.5  hold  for 
(5.26a)  with  v  =  0  (i.e.,  to  construct  a  Liapunov  function  for  the  reduced 
model  (5.26a)  with  v  —  0). 

Step  3.  For  each  integer  k  >  3,  solve  for  ^-linear  function  •  •  • ,  rj,  £)  (or 

Vri---ri(it(Th  •  —  ,  77,  (i,  £))  such  that  condition  (iii)  of  Lemma  5.5  holds,  the 
solution  for  which  is  guaranteed  by  Corollary  5.4. 

In  the  next  two  sections,  we  construct  families  of  Liapunov  function  for  two 
categories  of  critical  systems  (SC)  and  (CC)  defined  below  to  demonstrate  the 
main  results  of  this  chapter.  For  simplicity,  we  only  focus  on  the  construction 
of  Liapunov  function  for  the  reduced  model  (5.26a)  with  v  =  0.  It  is  easy  to 
construct  families  of  Liapunov  function  for  the  whole  system  (5.26)  by  employ¬ 
ing  Algorithm  5.1.  Details  are  omitted.  The  two  critical  cases  (SC)  and  (CC) 
considered  next  are  defined  as  follows: 

(SC)  The  matrix  A22  is  stable  and  An  has  exactly  one  zero  eigenvalue  or  a  pair 
of  pure  imaginary  eigenvalues. 

(CC)  The  matrix  A22  is  stable  and  An  has  exactly  two  zero  eigenvalues  with 
geometric  multiplicity  one;  one  zero  eigenvalue  and  a  pair  of  nonzero  pure 
imaginary  eigenvalues  or  two  distinct  pairs  of  nonzero  pure  imaginary 
eigenvalues. 

Rewrite  the  reduced  model  (5.26a)  as  (by  setting  v  —  0) 

T)  =  AnT]  +  Fr,v(T 7,  T])  +  FVr,n(v,  V,  v)  +  ■  ■  •  >  (-5.29) 

where  Fvn  and  Fvrjr)  denote  the  quadratic  terms  and  cubic  terms  of  the  approx¬ 
imation  of  dynamics  F  after  substituting  £  with  the  approximate  solution  0(r/) 
for  h(rj),  respectively. 
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According  to  Theorem  2.1,  a  function  describing  the  locally  invariant  man¬ 
ifold,  h(-),  should  satisfy  the  partial  differential  equation  as  given  in  (2.2)  with 
boundary  conditions:  h(0)  =  0  and  Dh( 0)  =  0.  This  leads  us  to  take  the  linear 
term  of  the  approximate  solution  <f>(r])  to  be  zero  and 

<t>(v)  =  hviv,  v)  +  hwiv,  */,*/)  +  •••,  (5.30) 

where  and  <^„^(-)  denote  the  quadratic  terms  and  cubic  terms  of  <f> , 

respectively. 

Thus,  we  have  -F^7?,7?)  =  Fvt)(Tj,T])  and 

Fr,vv(v,  V,  v)  =  Friwiv,  V,  v)  +  Fvt(v,  <t>(n,  V ))•  (5.31) 

5.4.  Liapunov  Functions  for  Simple  Critical  Cases 

First,  we  consider  the  critical  case  (SC).  For  simplicity,  we  have  the  follow¬ 
ing  hypotheses,  stated  in  terms  of  matrices  An  and  A22  are  defined  in  (5.7)  (or 
(5.26)). 

Case  (S):  The  matrix  A22  is  stable  and  An  =  0a  scalar. 

Case  (H):  The  matrix  A22  is  stable  and  An  is  a  2  x  2  matrix  possessing  a  pair 
of  nonzero,  pure  imaginary  eigenvalues. 

5.4.1.  Case  (S) 

Consider  the  critical  case  (S).  Let  x  :=  77,  which  is  a  scalar  and 
/(x,£)  :=F{x,£) 

=/ziZ2  +  xfxti  +  £'/«£  +  fxxxX3  -I-  x2fxx 

+  x  •  £'/x«£  +  /*«(£, 0 0  +  0(||(*, OH4),  (5-32) 

G(x,  £)  =x2Gxx  +  xGxt£  +  C7^(£,  £)  +  x3GXXI 

+  x2Gxx^  +  xGx«(£,0  +  0  +  O(||(x,0H4).  (5.33) 

Here,  the  coefficients  of  the  approximation  in  Taylor  series  expansion  (5.32)- 
(5.33)  are  either  constants  or  symmetric  multilinear  functions  of  their  arguments 
as  usual. 
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Choose  the  approximate  solution  ^>(77)  =  <f>( x)  =  hXIx2,  where  hxx  = 
-A22  Gxx  as  obtained  in  Section  3.3.  The  reduced  model  given  in  (5.29)  can 
then  be  rewritten  as 

x  =fxxx 2  +  (fxxx  -  fxtA^Gx^x*  +  0(|x|4).  (5.34) 

Choose 

Vr  =pxxX 2  +  Vr,xxxX3 ,  (5.35) 

as  a  Liapunov  function  candidate  for  the  reduced  model  (5.34)  with  pxx  >  0. 
Taking  the  derivative  of  Vr  along  the  trajectory  of  (5.34),  we  have 
Vr  —2 pxx f xxX  4"  {2pxz(/ xxx  /z£-^22  G xx) 

+  3Vr>Xxxfxx}x4  +  0(\x\5).  (5.36) 

Since  pxx  >  0,  the  scalar  function  Vr  (given  in  (5.35))  is  locally  positive 
definite.  By  checking  the  locally  negative  definiteness  of  Vr  given  in  (5.36)  and 
employing  Liapunov  stability  criteria,  we  have  the  following  obvious  result. 

Theorem  5.3.  Under  hypothesis  (S),  the  origin  of  (5.34)  is  asymptotically 
stable  if  fxx  —  0  and  fxxx  -  fx^A^Gxx  <  0. 

Remark  5.2.  The  result  of  Theorem  5.3  coincides  with  the  one  given  in  Corol¬ 
lary  3.1.  Moreover,  families  of  Liapunov  function  (5.35)  for  the  reduced  model 
(5.34)  have  only  one  restriction,  i.e.,  pxx  >  0,  There  is  no  restriction  on  the 
value  of  Vr,xxx-  In  this  case,  families  of  Liapunov  functions  for  the  full  model 
(5.26)  can  be  constructed  by  using  Theorem  5.3  and  Algorithm  5.1. 

5.4.2.  Case  (H) 

Next,  we  consider  the  critical  case  (H)  in  which  An  has  eigenvalues  uc  = 
±i\/rH 1O2,  with  O1O2  >  0  and  i  =  y/—l.  By  letting  p  =  (x,t/)'  be  a  two 
dimensional  vector  and  F(rj,  f )  =  (/(x,  y,  £),  g(x,  y ,  £))' ,  we  can  describe  system 
(5.7)  as 


X  =  Slxy  +  /(x,y,0 

(5.37a) 

y  =  — fi2ar  4-  g(*,y,  0 

(5.37  b) 

i  =  A22C  +  G(x,y,£), 

(5.37c) 
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with 


0  —  /n^  4"  fxyXy  4"  fyyV  4"  0./x£  4"  yfy^t  4"  £  4""  fxxxX 

+  fxxyX  y  4"  fxyyXy  4"  fyyy9  4"  (x  fxx£  4"  Xyfxy£  4”  y  fyyt)£ 

+  £'(xfxtt  +  yfytt)£  +  fuett>£iO  4-°(ll(a:»y>OII4).  (5.38) 

g(x,  9,0  =  9xXx2  4-  gxyxy  4-  gyyy2  4-  (xgX£  4-  ygy£ )£  4-  £'y«£  4-  gXxXx 3 
4-  gxxyx  y  4*  gxyyxy  4~  gyyyy  4"  ( x  gXX£  4-  xygxy£  +  y  gyyz)£ 

+  ('(xgxx  +  ygy&)t  +  gKttt,£,t)  4-  0(||(x,y,£)||4),  (5.39) 

G(x,y,0  ~  x  G xx  4~  xyG xy  4“  y  Gyy  4~  ( xGX{  4-  yGy 
4~  G^dO  0  4"  x  G xxx  4-  x  yGXxy  4"  xy  Gxyy 
4"  V  Gyyy  4“  ( x  GXx£  4*  xyGxy£  4*  y  Gyy 

4-  xGxttti, 0  +  yGytdt,  0  4-  <?««(£  £,  0  4-  0(||(*,  y,  Oil4 ).  (5.40) 

The  coefficients  of  the  approximations  (5.38)-(5.40)  are  either  constants  or  sym¬ 
metric  multilinear  functions  of  their  arguments  as  usual.  Similarly,  we  choose 


the  approximate  solution  of  h  as 

<P(rj)  =<£(x,  y)  —  x2 hxx  +  xyhxy  4-  y2hyy,  (5.41) 

where  hxx,  hxy,  hyy  have  been  obtained  in  Section  3.4  as 

hxy  =(A22  4- 40x02-0  \2n2Gyy  —  20 iGxx  —  A22Gxy )  (5.42) 

hxx  =  A22  {Cx xx  4~  02^-xy)  (5.43) 

hyy  =  —  A22  ( Gyy  ~  Oj/l^y).  (5.44) 

The  reduced  model  (5.26a)  can  hence  be  obtained  as 
x  =0xy  4-  fix  x  4"  fxyXy  4"  fyyy  4*  {fxxx  4"  f x£hxx}x 


4”  {fy^hxx  4“  fx^hxy  4*  fxxy)x  V  4”  {fx^hyy  +  fy$hXy  4“  fxyy)xy 
4”  ( fyyy  4"  fy^yy)y3  4"  0()|(x, y)||4),  (5.45a) 

y  —  £l2x  4-  gxxx  4~  9xyxy  4“  gyyy  4”  (jm  4”  g X^hx0x 

4-  (9y£hxx  +  gx^hxy  +  gxxy)x  y  -\-  {gx^hyy  +  gy^hxy  -f-  gxyy)xy 

4"  idyyy  +  9ythyy)y3  4-  0(j|(x, y)||4).  (5.456) 
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Now,  choose 

Vr  —  Pxxx  “l"  PyyH  4~  Vr,xxxX  4"  V r,xxy x  V  "4"  Vr,xj/j/Xt/  “I"  V r,yyyU 

"I"  Vr,xxxxx  +  v  r}xxxy%  V  +  v  r,  xxyyx  V  4"  Vr,xyyyxV  +  Vr^yyyyP  (5.46) 

as  a  Liapunov  function  candidate  for  the  reduced  model  (5.45)  with  pXx,Pyy  >  0. 
The  derivative  of  Vr  along  the  trajectory  of  (5.45)  is 

Vr  =2(Qi pxx  -  Q,2pyy)xy  +  Vixy 2  +  v2 x2y  +  v3y 3  +  u4x3  +  v5xy 3 


+  v6x3y  +  v7x2y2  +u8i 4  +  v9y4  +  0(||(x,  y)||5),  (5.47) 

where 

U1  ~^9xyPyy  T  2 fyyPxx  3Cl2Vrtyyy  4"  2f2lVr)xi y,  (5.48) 

V2  =2gxxpyy  4“  2 fxyPxX  2£l2V rtxyy  4"  3f2iVr,xa:X5  (5.49) 

V3  ~~2y yyPyy  4~  Q lVr,xyy ,  (5.50) 

U4  —2fxxPxx  f^2^r,xxj/)  (5.51) 

V$  —  —  4O2  Vr,yyyy  4*  2f24  VrtXxyy  4*  2(gxyy  +  9x^hyy  +  9y^xy)Pyy  4~  2fyyVr,xxy 
4-  2(fyyy  4”  fy^yy^PlX  4~  3gxyVrjyyy  4"  ( 2<7yy  4~  /ly  )  Vr> xyy  ,  (5.52) 

^6  —  2fi2^r,uj/y  4-4ftiV  TyXXXX  4"  2 {fxxy  4"  fx^hiy  4"  fy^^lxx')P  XX  4"  3/xyVr,XXX 
4-  2 (<7xxx  4"  9x^hxx^pyy  4"  2gxxVr^xyy  4"  (<7xy  4"  2fxx)VrtXxyi  (5.53) 

V-j  —  31^2  Vj-.xyyy-  4"  30i  Vr  ,xxxy  4*  2{gxxy  4"  9x^hxy  4"  9y^xx  )Pyy 

4-  2{fxyy  4-  /l£  ^yy  4-  fy^hxy)pxx  4-  3gxxVr,yyy  4-  2gxyVr,xy y 
4"  fxxVr,xyy  4"  (<7yy  4"  2 f xy)V r,xxy  4”  3 fyyVr,xxxi  (5.54) 

V8  —  L^V^xxxy  4"  2 (/in  4“  fx^h  xx^Pxx  +  9  xxVr,xxy  +  3/xxV  r,m?  (5.55) 

t?9  =f2i VrtXyyy  4"  2(gyyy  4"  9y^yy)Pyv  4*  3gyyVr,yyy  4"  fyyVr,xyy  (5.56) 


Since  PxxiPyy  >  0,  the  scalar  function  Vr  given  in  (5.46)  is  hence  an  l.p.d.f. 
Similarly,  by  checking  the  locally  negative  definiteness  of  Vr  (given  in  (5.47)) 
and  employing  Liapunov  stability  criteria,  we  have 

Proposition  5.1.  Under  hypothesis  (H),  the  origin  is  asymptotically  stable 
for  (5.45)  if  there  exists  a  function  as  given  in  (5.46)  with  pXxiPyy  >  0  such 


110 


that  CliPxx  —  &2Pyy  =  0  and  v,  =  0,  i  =  1, . . .  ,6,  t>7  <  0  and  ug,  vg  <  0,  where 
the  values  of  V{  are  defined  in  (5.48)-(5.56)  above. 

From  Proposition  5.1,  there  exist  solutions  pXx,Py y  >  0  and  for 

fli pxx  =  &2Pyy  and  Vi  =0,  i  =  1, . . . ,  6,  where  V{  axe  given  in  (5.48)-(5.53). 
The  stability  conditions  given  in  Proposition  5.1  for  the  reduced  model  (5.45) 
can  be  obtained  from  the  solutions  of  v-j  <  0  and  vg,v§  <  0.  Consider  a  special 
case,  by  letting  Vg  =  vg  and  solve  for  solutions  to  Vj  <  0  and  vg  <  0.  A  stability 
criterion  for  the  reduced  model  (5.45)  is  obtained  as  follows. 


Theorem  5.4.  Under  hypothesis  (H),  the  origin  is  asymptotically  stable  for 
(5.45)  if 


30i O2 +  9y^yy)  b  (^l^xy  —  ^^2fyy)9yy  "b  Q^9xx9xy 
2  2D* 

+  ^i(9xxy  +  gxihXy  +  gy^h  n)  4“  fxxQxx  ^2  fxyfyy  ^1  fxxfxy 

\L2 

+  ^1^2 xyy  4“  fx^hyy  -\-  fy£ ^Ixy)  4“  ^l(/xn  4“  fx(^xx  )  <  0.  (5.57) 


Remark  5.3.  The  result  of  Theorem  5.4  agrees  with  the  one  given  in  Corollary 

3.5.  Moreover,  families  of  Liapunov  function  for  the  whole  system  (5.7)  can  be 
obtained  by  using  Proposition  5.1,  Theorem  5.4  and  Algorithm  5.1.  Details  are 
omitted. 

5.5.  Liapunov  Functions  for  Compound  Critical  Cases 

Next,  we  consider  constructing  families  of  Liapunov  functions  for  the  com¬ 
pound  critical  cases  (CC)  of  a  nonlinear  system  (5.7).  To  simplify  the  notations, 
we  define 

Case  (SS):  The  matrix  A22  is  stable,  and  An  is  a  2  x  2  matrix  possessing  two 
zero  eigenvalues  with  geometric  multiplicity  one  and  has  the  form  as 
given  in  (4.49). 
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Case  (HS):  The  matrix  A22  is  stable  and  An  is  a  3  x  3  matrix  possessing  one 
zero  eigenvalue  and  a  pair  of  nonzero,  pure  imaginary  eigenvalues  with 
the  form  as  given  in  (4.69). 

Case  (HH):  The  matrix  A 22  is  stable  and  An  is  a  4  x  4  matrix  possessing  two 
distinct  pairs  of  nonzero,  pure  imaginary  eigenvalues  with  the  form  as 
given  in  (4.89). 

where  matrices  An  and  A22  are  defined  in  (5.7)  (or  (5.26)). 

5.5.1.  Case  (SS) 


In  this  subsection,  we  consider  the  critical  case  (SS)  in  which  y  :=  ( x,y )' 
and  the  nonlinear  system  (5.7)  is  assumed  given  in  the  form 


i  =  y  +  f(*,y,0 

(5.58  a) 

y  =  y(*,y,0 

(5.586) 

i  =  A22(  +  G(x,y,0, 

(5.58c) 

where  functions  f,g,G  have  the  forms  as  given  in  (5.38)-(5.40). 

Similarly,  we 

choose  the  approximate  solution  4>{rf)  of  the  manifold  h  as  the 

one  given  in 

(5.41),  where  hxx,  hxy  and  hyy  have  been  obtained  in  Section  4.3.1  and  are 

given  as 

hxx  ~~  *^22  ^ xx 

(5.59) 

hxy  =-  -^“22  xy  H“  2^4*22  G’xx) 

(5.60) 

hyy  ~  •^■22  i^yy  ”  hxy). 

(5.61) 

Let  <p(x,  y)  =  ip(x ,  y,  h(x,  3/)),  for  ip  =  f,g,  which  implies  that  c pij  =  <pij  for 
<p  =  f,g  and  i,j  6  {x,y}.  The  reduced  model  (5.26a)  can  then  be  written  as 

x  =f2i  y  +  f(x,  y),  (5.62a) 

y  =  -  0,2x  +g(x,y).  (5.626) 

Motivated  by  the  scalar  function  (5.1)  and  Lemma  5.1,  we  choose 
Vr  — PyyV 2  +  Vr,xi/j/^2y  +  Vr,xxyx2y  +  Vr,yyyy3 

+  Vr4(z,  y)  +  Vr5(x,  y)  +  vr6(x,  y)  (5.63) 
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as  a  Liapunov  function  candidate  for  the  reduced  model  (5.62)  above.  Here, 
Vr4,Vr5  and  Vr6  denote  the  fourth  order,  fifth  order  and  sixth  order  homoge¬ 
neous  polynomial  functions  of  x  and  y,  respectively. 

By  assuming  pyy,  Vr4,Xxxx  >  0  and  4pyyVri,xxxx  >  V?lXxyi  the  locally  posi¬ 
tive  definiteness  of  Vr  (given  in  (5.63))  is  implied  by  Lemma  5.1.  Moreover,  the 
derivative  of  Vr  along  the  trajectory  of  the  reduced  model  (5.62)  is  obtained  as 
Vr  =  2pyygxxX  V  4~  2{VrtXXy  +  Pyy9xy)xV  4~  (%Pyy9yy  4"  Vr,xyy)ll 

+  (Vr  ,xxy9xx)x4  +  v1x3y  +  v2x2y 2  +  v3xy3  +  v4y 4  +  v5x 5 
-\-v&xAy  +  v7x6  +  %i{x,y)  +  0(||(x,y)||7),  (5.64) 

where  7 Zi(x,y)  denotes  the  remaining  terms  of  fifth  order  and  sixth  order  ho¬ 
mogeneous  functions  of  Vr-  The  expressions  of  7Zi  are  very  lengthy  and  it  can 
be  made  to  zero  for  all  x,y  £  JR,  by  a  suitable  choice  of  the  functions  Vrs  and 
Vr6,  which  are  independent  of  the  nonlinear  dynamics  f,g  and  the  values  of  vt. 
The  expressions  of  TZi(x,  y)  are  omitted. 

It  is  observed  from  (5.64)  that  to  provide  the  locally  negative  definiteness 
of  Vr,  following  conditions  must  hold:  gxx  =  0,  Vr,iyj,  =  —2pyygyy  and  Vr,xxy  = 


—pyy9xy  Suppose  gxx  —  0,  the  expressions  of  v,  are  obtained  as 

Vl  ~^Pyy9xxX  4"  4Vr4,XXXX  T  Vr,ixj/(2/xx  T  9xy),  (5.65) 

v2  =2 Pyy9xxy  4"  3Vr4,rxxj/  4“  ^r,xyy(,fxx  4"  2 gxy)  4"  Vr,xxy(2fxy  4"  ) ^-5.66) 

V3  —2pyygxyy  4*  2Vr4  }xxyy  4-Vr  ,xyy(fxy  4"  2gyy) 

4-  2Vr,XXyfyy  4"  3V r,yyy9xy,  (5.67) 

V4  —2pyy§yyy  4"  Vr4  >xyyy  +  Vr  ,xyyfyy  4*  3Vr,yyy9yyi  (5.68) 

V5  =4Vr4 ,xxxxfxx  4"  Vr,xxy9xxx ,  (5.69) 

vq  =2pyygxxxx  4“  4Vr4  ,xxxxfxy  4"  3Vr4,xxx  yfxx  4"  Vr4,xzxyflrxy 

4- Vr  ,xxy  (2 fxxx  4~  Qxxy  )  4"  2 Vr,xyy9x  XX  +  5VrS  tXXXXXy  (5.70) 


V7  —  4Vr4,xxxx/x  XX  +  Vr4,  xxxy9xxx  4-5VrS  fXXXXX  fix  4"  Vr  ,xxy9  xxxx-  (5.71) 

By  using  Corollary  5.2  to  check  the  locally  negative  definiteness  of  Vr  and 
employing  Liapunov  stability  criteria,  we  then  have  the  next  result. 
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Proposition  5.2.  Under  hypothesis  (SS),  the  origin  is  asymptotically  stable 
for  (5.62)  if  there  exists  a  function  given  in  (5.63)  such  that  (i)  pyy ,  Vr4>XXXx  >  0, 

(ii)  ^PyyVrAfXXZx  >  ^r,z xyi  0*0  9xx  =  0;  0V)  Vr,xyy  —  ~^Pyy9yyi  (v)  Vr,xzy  = 
~Pyy9xy,  (vi)  Hi(x,y)  =  0  for  all  x,y  G  IR,  (vii)  vx  =  v3  =  v5  —  v6  =  0,  (viii) 
t>2  <  0  and  (ix)  ^4,^7  <  0,  where  V{  are  defined  in  (5.65)-(5.71)  above. 

Next,  we  implement  the  stability  conditions  of  Proposition  5.2  in  terms  of 
dynamics  /  and  g  for  the  reduced  model  (5.62).  From  the  foregoing  discussion,  it 
is  not  difficult  to  have  function  the  Vr  such  that  conditions  (i)-(vi)  of  Proposition 
5.2  hold.  Thus,  in  the  following  discussion,  we  assume  conditions  (i)-(vi)  hold. 
Then  the  rest  of  job  of  implementing  Proposition  5.2  is  to  check  for  conditions 
(vii)-(ix)  of  Proposition  5.2. 

Solving  for  iq  =  =  0  from  Eqs.  (5.65)  and  (5.69),  we  have 

Pyyi^fxx  4"  9xy )  *  {Jjxxx  Qxyfxx)  —  (5.72) 

Vr4,xxxx  =  '  Pyy9xxx  f°r  fxx  7^  0, 

*xjxx 

=  -  \pvy(?gxxx  -  gly)  for  fxx  =  0.  (5.73) 

By  checking  the  conditions  (i)-(ii)  and  (v)  of  Proposition  5.2,  we  have 
9 xxx  7^  9xyfxx-  Thus,  the  only  possible  solution  to  Eq.  (5.72)  is  that  2 fxx  + 
gxy  =  0.  From  conditions  (i)  and  (v)  and  Eq.  (5.73),  the  condition  (ii)  now 
becomes  gxxx  +  2 fxx  <  0. 

Moreover,  it  is  observed  from  Eqs.  (5.67)  and  (5.68)  that  there  exist 
Vr4,xxyy  and  Vr4 ,Xyyy  such  that  V3  =  0  and  U4  <  0.  Next,  we  solve  for  con¬ 
ditions  V2  <  0,  ve  =  0  and  v-j  by  using  the  results  obtained  above.  It  is  found 
that  there  exist  Vr4>xxxy  and  Vr5,xxxxx  such  that  V2  <  0,  V6  =  0  and  vj  <  0  if 

9xxy  H-  3/jjjci  fxx(fxy  4"  2 gyy )  =  gxxy  -{-  gx^hxy  4-  gy^hxx 

T  3(/xrr  T  fxM  -  fxxifxy  +  2 gyy)  <  0,  (5.74) 

where  hxx,hxy  are  given  in  (5.59)-(5.60). 

To  conclude  the  discussion  above,  we  have  the  following  result. 
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Theorem  5.5.  Under  hypothesis  (SS),  the  origin  is  asymptotically  stable  for 
(5.62),  if  gxx  =  0,  gxy  -t-  2 fxx  —  0,  gxxx  +  2/ xx  =  gxxx  +  gx^hxx  +  2 f2x  <  0  and 
Eq.  (5.74)  holds. 

Remark  5.4.  The  result  given  in  Theorem  5.5  agrees  with  the  one  given  in 
Corollary  4.6.  A  stability  criterion  for  the  critical  subsystem  (5.5)  with  £  =  0 
can  also  be  obtained  from  Theorem  5.5,  which  agrees  with  the  one  given  by 
Behtash  and  Sastry  ([10],  Theorem  4.1).  However,  the  proofs  given  in  [10]  were 
not  stated  clearly  enough.  Families  of  Liapunov  functions  for  the  whole  system 
(5.7)  can  also  be  obtained  by  using  Theorem  5.5,  Proposition  5.2  and  Algorithm 
5.1.  Details  are  omitted. 

5.5.2.  Case  (HS) 

Next,  we  consider  the  critical  case  (HS),  where  rj  :=  (x,y,  z)1 ,  F(rj,£)  = 
(f(x,y,z,£)ig(x,y,z,(),r(x,y,z,£))'  are  two  three  dimensional  vectors.  Let 
the  approximate  solution  of  h  be  given  as 

<f>(x,  y,  z)  =hxxx2  +  hxyxy  +  hxzxz  +  hyyy 2  -F  hyzyz  4-  hzzz2,  (5.75) 

where  the  values  of  hxx,  hxy,  hxz,  hyy,  hyz  and  hzz  have  been  obtained  in  Section 
4.4  and  are  as  given  in  Appendix  5. A. 

Let  <p(x,y,z)  =  (p(x,  y,  z,  (f>(x,  y,  z))  for  p  =  f,g,r.  Thus,  we  have  yi.y  = 
ipij,  for  i,j  £  {x,y,  zj.  The  reduced  model  (5.26a)  can  then  be  written  as 

/ x\  /  0  Q1  0\  / x\  f f(x,y,z)\ 

y  =  -fi2  0  0  y  +  (  g(x,y,z)  ]  .  (5.76) 

\i )  \  0  0  0/  \zj  \r(x,y,z )/ 

We  now  choose 

Vr  =  pxxx 2  +  pyyy2  +  pzzz 2  +  Vr3(z,  y,  z)  +  Vn{x,  y,  z),  (5.77) 

as  a  Liapunov  function  candidate  for  the  reduced  model  (5.76),  where  p„, 
Pyy,  Pzz  >  0  and  Vr3,Vr4  denote  a  cubic  and  a  quartic  functions  of  x,y,z, 
respectively. 
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Let  Vri,i>  be  the  coefficient  of  the  term  ip  in  scalar  function  Vrj-  for  i  =  3, 4, 
we  have  the  derivative  of  Vr  along  the  trajectory  of  (5.76)  as 

Vr  =2(fli pxx  -  Q,2pyy)xy  +  2 pzzrzzz3  +  ui x2z  +  v2y2z 
+  v3x2z 2  +  ViX2y2  +  v5  y2z2  +  v6x 4  +  u7y4 
+  v&z 4  +  7 Z2(x,y,z)  +  0(||(x,y,z)||5)  (5.78) 

with 

^1  =2 fxxPzz  4“  2 fxzPxx  (5.79) 

V2  —2ryypzz  -f-  2 QyzPyy  4"  Vr3,x  j/z  >  (5.80) 

v3  =  ^2^ri,xyzz  4“  2 1'xxzPzz  4"  2 fxzzPxx  4"  Vr3 ,xxz^zz  4"  2Vr3 txzzrxz 
4"  3Vr3,zzz^xx  4"  QxxVr3,yzz  4"  fxxVr3,xzz  4“  QxzVr3,xyz 
4"  2fxzVrZ,xxz  4-  Qzz  vr3  ,xxy  4-  3 f2zVrZ  jZZZl  (5.81) 

v4  =  ~  3£l2Vr4)Xyyy  +  3fl i  Vr4 ,x xx y  4"  2gXxyPyy  4*  2 fxyyPxx  +  Vr3,xxzryy 
4“  Vr3,xyzrxy  4*  Vr3, yyzr XX  4"  3gXXVr3,yyy  4"  2gxyVr3,xyy 
4"  fxxVr3,xyy  4"  (dyy  4-  2fxy)Vrz  ,xxy  4“  3fyyVr3  yZZZt  (5.82) 

U5  —^t\Vr4,xyzz  4"  2  T'yyzpzz  -|-  2  (jyzzPyy  4"  Vr3,yyz(c  zz  4"  2  gyz) 

4”  ^r3,yzz(.^ryz  4-  Qyy)  4"  3Vr3jZZZryy  4"  3g  zzVr3,yyy 

4*  fyyVr3,xzz  4“  fyzVr3,xyz  4“  f zz^r3,xyyi  (5.83) 

Vq  —  2f xxxPxx  ^2l^r4,xxxy  4"  Vr3,xxzrxx  4"  9xxVr3,xxy  4“  3fxxVr3  yZZZl  (5.84) 
Vj  =fllVr4)Xyyy  4"  2,gyyyPyy  4"  V r3,yyzryy  4"  3y y y Vr3 f y yy  4"  fyyVr3,xyy 1  (5.85) 
Vs  =2 fzzzpzz  +  3 Vr3,zzzrzz  4-  gZzVr3,yzz  4-  fzzVr3,xzz,  (5.86) 

77-2  (x,  y,  z)  denotes  the  remaining  terms  of  cubic  and  quartic  terms  and  the 
coefficients  of  cubic  terms  of  functions  f,g  and  f  are  given  in  Appendix  5. A. 
It  is  found  that  7l2(x,y,z)  can  be  zero  for  all  x,y, z  €  IR  independently,  by 
suitable  choice  of  the  functions  Vr3  and  Vr4,  while  there  is  no  assumption  on 
nonlinear  functions  /,  g  and  r  for  the  existence  of  such  choice.  The  expressions 
for  77-2  are  very  lengthy  and  hence  axe  not  given. 
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Since  PxxiPyyiPzz  >  0,  the  scalar  function  Vr  given  in  (5.77)  is  an  l.p.d.f. 
To  check  the  locally  negative  definiteness  of  Vr  and  employ  Liapunov  stability 
criteria,  we  then  have 

Proposition  5.3.  Under  hypothesis  (HS),  the  origin  is  asymptotically  stable 
for  (5.76)  if  there  exists  a  function  given  in  (5.77)  such  that  (i)  pxx,  py y,  pzz  >  0, 
(ii)  rzz  =  0,  (iii)  fix pxx  =  ^2Pyy,  (iv)  ll2{x,y,z)  =  0  for  all  x,y,z  G  IR,  (v) 
vi  =  v2  =  0,  (vi)  Vi  <  0,  i  —  3,4,5  and  (vii)  vi  <  0,  i  =  6,7,8,  where  t>,-  is 
defined  in  (5.79)-(5.86)  above. 

To  implement  Proposition  5.3,  we  assume  conditions  (i)-(iv)  hold  in  the 
following  discussions.  Solving  for  t>i  =  v2  =  0  from  Eqs.  (5.79)-(5.80),  we  have 

2pzz(ftirXx  +  fyryy)  +  2fii  Pxx(fxz  +  9yz)  =  0.  (5.87) 


From  the  previous  discussion,  there  is  no  assumption  on  the  sign  of  fix 
(we  only  assume  $li$l2  >  0).  For  simplicity,  we  choose  i\rxx  +  £l2ryy  =  0  and 
fxz  +  9yz  =  0,  which  will  guarantee  that  t>x  =  v2  =  0.  Moreover,  by  letting 
t>6  =  V7  and  solving  for  conditions  (vi)  and  (vii)  of  Proposition  5.3  we  obtain 
the  following  result. 


Theorem  5.6.  Under  hypothesis  (HS),  the  origin  is  asymptotically  stable  for 
(5.76)  if  rzz  =  0,  drxx  +  eryy  -  0,  fX2  +  gyz  =  0,  £1,  S2  <  0  and  53, S4  <  0  or 
S3  and  S4  are  nonzero  and  of  different  sign,  where 


Si 


24 


fix  fi; 


-{filfi2fh*2  ^2} zzryz  4“  &l9zzrxz}i 


(5.88) 


g 

S2  =Q2  Q2  {(^1 9xz  +  ^2fyz)fyy  ~  fi \9yz^xy  +  3fiifi2^j/yj/ 


fi2  2fi? 

4"  (^1 9xy  ““  2O2  fyy)9yy  4"  Q^9xx9xy  4"  *l\9xxy  4"  ^  Jxx9xx 


^2fxyfyy  “l”  ^1^2  fxyy  fi lfxxfxy  +  3fi  Ifxxrh  (5.89) 

S3  =24{2fi2 fgiryz  4“  4"  ^Jxx)gxx 

+  filfi2 9yzz  3f^2  f z z 9 yy  fi2  fxyfzz  4"  filfi2 fxzz}i  (5.90) 
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(5.91) 


54 


— 2A{Q,2fyyZ  ^  (S^lfyy  “b  ^lfxx)ryz  ^2  (^1 9xz  T  ^2fyz)ryy 

"H  ( S^29yy  ~b  ^\9xx)rxz  T  29yzrxy  “I” 


Sketch  of  proof:  Suppose  rzz  =  0,  £lirxx  +  Q2 Tyy  —  0,  fxz  +  gyz  =  0  and 
hypothesis  (HS)  holds.  Also,  choose  Vr  (given  in  (5.77))  such  that  conditions 
(i),  (iii)-(iiv)  of  Proposition  5.3  hold.  It  is  found  that  v&  <  0  if  Si  <  0  and  there 
exist  Vr4txxxy  and  Vri,xyyy  such  that  ve  =  vj  <  0  and  v4  <  0  when  S2  <  0, 
under  the  pre-choice  of  Vr3  and  Vr4  such  that  1Z2{x,  y,z)  =0  for  all  x,  y,  z  (E  IR. 
The  values  of  V{  are  given  in  (5.79)-(5.86).  Finally,  we  have  Vr4,Xyzz  such  that 
V3 ,  v5  <  0ifS3,S4  <  0  or  S3  and  S4  are  nonzero  and  of  different  sign.  The 
conclusion  is  directly  implied  by  Proposition  5.3. 


Remark  5.5.  The  result  of  Theorem  5.6.  agrees  with  condition  (i)  of  Propo¬ 
sition  4.4  with  u  =  0.  Similarly,  families  of  Liapunov  function  for  the  whole 
system  (5.7)  can  be  implemented  by  using  Proposition  5.3,  Theorem  5.6  and 
Algorithm  5.1.  Details  are  also  omitted. 

5.5.3.  Case  (HH) 

Next,  we  consider  the  critical  case  (HH)  for  system  (5.7),  where  y  := 
(x,  y,  z,  w)'  and  F(i 7,f)  =  (f(Tj,£),g four  dimensional 
vectors.  Choose  the  approximate  solution  of  center  manifold  h  as 

4>{rj)  =  <j)(x,  y,  z)  -hxxx2  +  hxyxy  +  hxzxz  +  hxwxw  +  hyyy 2  +  hyzyz 

T  hyu^yw  -f-  hzzz  -f-  hzwzw  -{-  h-ww1^  ,  (5.92) 

where  the  values  of  constant  vectors  hij,  i,j  =  x,y,z,w  have  been  obtained  in 
Section  4.5  and  are  as  given  in  Appendix  5.B. 

Let  Lp(x,y,z,w )  =  ip(x,y,z,w,<j>(x,y,z,w))  for  <p  =  f,g,r,s.  Thus,  we 
have  (fij  =  <pij,  for  i,j  €  {x,y,z,w}.  The  reduced  model  (5.26a)  can  be 
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written  as 


/  o  o  o  \  / x\  ( f(xiyiz>w) 

I  -Cl2  o  0  0  I  y  I  ,  g(x,y,z,w) 

10  0  0  fi3  I  z  I  r(x,y,  z,w ) 

\0  0  — 0  /  \wj  \s(x,y,  z,w ) 

Similarly,  let  us  choose 

Vr  =  PxxX 2  +  pyyy2  +  PzzZ2  +  PwwW2  +  Vr3(x,  V ,  z)  +  Vr4(a:,  y,  z),  (5.94) 

as  a  Liapunov  function  candidate  for  the  reduced  model  (5.93),  where  pzz, 
Pyyi  Pzzi  Pww  >  0  and  Vr3,  Vr4  denote  cubic  and  quartic  functions  of  x,y,z,w, 
respectively.  Then  the  derivative  of  Vr  along  the  trajectory  of  (5.93)  is 

Vr  =2(0ipzz  -  tt2Pyy)xy  +  2 (Ct3pzz  -  Ct^pww)zw  +  v\ y2z2  +  v2y2w 2 

,  2  2,  22,  22,  22,  4 

+  ^30;  z  +  v^x  w  +V5X  y  +vez  w  +v?x 

+  u8y4  +  Vgz'1  +  V10W 4  +  1l3(x,  y,  z,  w)  +  0(||(x,  y,  z ,  w)||5)  (5.95) 
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+  2Vr3  yX  WW^  X  w  ~ f-  ^Pww^xxw  +  3Vr3  yWWW^XX  +  vr3  ,xxzrww 

+  vr3  jXZw'f  xw  +  Vr3  ,ZWU X  XX  "I"  2_f xwwPxx  “b  9xx^r 3  }yww 

“b  f xx Vr3,xww  +  9x  w  vr3  yXyw  +  gw  w  vr3  yxxy  +  SfwwVrZ  yXXX)  (5.99) 

^5  =  3^2 Vr4.,xyyy  ~b  3f2j  V  r4,xxxy  “b  Vr3,xxw$yy  "h  Vr3,xyw$xy  “b  Vr3,yyw&xx 

+  vr3  ,xxzryy  +  Vr3j  xyzrxy  +  vr3  ,yyzr  xx  +  2gxxyPyy 


T  2,fxyyPxx  T  ^>9xx^r3,yyy  "h  ^9xy^r3,xyy  “b  f xx^r3,xyy 

4“  i^9yy  “b  ^fxy)Vr3,xxy  ~b  ^fyy^r3, xxxt 

(5.100) 

^6  =  3f24 Vr4,zwww  ”b  3f23 Vr4, zzzw  “b  Vr3,*zu)(^u>u>  2 T’zw') 

2  Vr3,zwwSzw 

+  2Pww$zzw  +  3Vr3)tuu,u,Szz  +  3Vr  3,zzzTww  +  ^Pzz^zww 

T  Vr3,ztuuT.r.r  "b  9zzVr 3,yww  "b  9 zw^r3,yzw  “b  9wwVr3,yzz 

T  f zzVr3,xww  "b  f zw Vr3,xzw  "b  fwwVr3,xzzi 

(5.101) 

v7  —  ^2 VrA,xxxy  ”b  ^r3,xxw^xx  "b  V r3  ,x  x  z^  x  x  ~b  2 fxxxPxx 

"b  9xxVr3,xxy  "b  3fxxVr3,xxxi 

(5.102) 

Vs  —fllVr4,xyyy  +  Vr3,yywsyy  +  V r3,yyzryy  ~b  ^9yyyPyy 

“b  3gyyVr3,yyy  +  fyyVr3,xy yi 

(5.103) 

Vg  =  —  £liVr4}zzzw  +  Vr3>2ru;Szz  +  ^Pzz^zzz  +3  Vr3)ZZZrzz 

+  9zzVr3,yzz  +  f zz^r3,xzzi 

(5.104) 

Vio  =^3^r4,zwww  ”b  2pwwSwww  “b  3 V r3 ,w w w w  “b  ^r3, zww^ww 

"b  9wwVr3,yww  "b  f wwV  r3,xww> 

(5.105) 

V,s(x,  y,  z,  w)  denotes  the  cubic  and  remaining  quartic  terms  of  Vr  and  the 
coefficients  of  cubic  terms  of  functions  f,g,r,s  are  given  in  Appendix  5.B.  The 
expressions  for  71$  are  very  lengthy  and  it  can  be  set  to  zero  for  all  x,y,z,w  &  JR 
by  suitable  choice  of  Vr3  and  Vr4,  independent  of  nonlinear  dynamics  f,g,r,s 
and  values  of  Vi.  However,  it  is  found  that  to  guarantee  the  existence  of  solutions 
for  TZ3  =  0,  we  need  to  have  an  assumption  of  ^  for  each  a  € 

{|,j,  1,4,9}.  The  expressions  of  7£3  are  not  given. 
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Since  pXx,Pyy,Pzz,Pww  >  0,  the  scalar  function  Vr  given  in  (5.94)  is  an 
l.p.d.f.  To  check  the  locally  negative  definiteness  of  Vr  (given  in  (5.95))  and 
employ  Liapunov  stability  criteria,  we  then  have 

Proposition  5.4.  Under  hypothesis  (HH),  the  origin  is  asymptotically  stable 
for  the  reduced  model  (5.93)  if  O1O2  ^  a0304,  for  each  a  6  9}  and 

there  exists  a  function  as  given  in  (5.94)  such  that  (i)  Pxx,Pyy,Pzz,Pww  >  0,  (ii) 
Oi Pxx  =  02pyy,  (hi)  ^3 Pzz  =  04pww,  (iv)  7 (x,  y,  z,  tu)  =  0  for  all  x,y,z,w  € 
ZR,  (v)  Vi  <  0,  *  =  1, ...» 6  and  (vi)  u,-  <  0  for  i  =  7, . . . ,  10,  where  u,-  are  given 
in  (5.96)-(5.105). 


To  implement  the  stability  criterion  given  in  Proposition  5.4  in  terms  of 
system  dynamics,  we  assume  conditions  (i)-(iv)  hold  and  let  V2 ,•  =  i>2»-i,  *  = 
1,2,4, 5.  Solving  for  conditions  (v)  and  (vi)  of  Proposition  5.4,  we  obtain  a 
stability  criterion  for  the  reduced  model  (5.93)  in  the  next  theorem. 

Theorem  5.7.  Suppose  Oift2  7^  for  each  a  6  {|,j,  1,4,9}.  Under 

hypothesis  (HH),  the  origin  is  asymptotically  stable  for  the  reduced  model 
(5.93)  if  Si ,  £2  <  0  and  S3 , 64  <  0  or  S3  and  S4  are  nonzero  and  of  different 
sign,  where 


Si  = 


o  «  . 

q2  _j_  q2  {^1  "b  ^ lfxxx )  +  (f^l 9xxy  +  ^2  fxyy)\ 


~b  9yy(^l9xy  20,2  fyy  )  fxy(&2fyy  4“  ^1  fxz)  4"  ^  9xx{9xy  +  2 fxx) 

4*  [(3£^25yy  4~  £^1  ^xx^)9yz  4~  (317i5Xa:  4"  £^2 &yy)fxz\ 

a  64 

4“  3O2  T  yy^9  yw  4"  (£^2^1/ 2/  4-  3£2j  rxx)fxw] 

SZ3 

+  ^  £1  0  )H  [^l(^4<7ru;  —  2Q,2gyz)  4"  fyw  T  20ifxz)]  ■  (04rxy 


-  2 OlSxz  +  202 Syy)  -  (40iQ3  +  n39xz) 

0,2(20,1  f xw  ^3  f yz^]  '  (OsSXy  2f^2  Fyy  “f"  20iVxx^}  1 


(5.106) 
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^2  _|_  ^2  {^3  [3(^4 +  Qz?zzz)  +  (OzSzzw  +  ^4^zu;io)] 


+  ■su)u)(^3'Sju)  —  204rww)  —  rzw(04rww  -f  ^3  f'zz)  +  -p~szz(szw  +  2  rzz) 

SZ4 

n3 

+  0 39zz)sxw  +  (303<7ZZ  +  04gww)rxz\ 

q3 

j2  [(^3 fzz  “I”  304f ww^Syw  “i"  ( 04fww  -f"  3Q,3fzz')l'yz} 

ft3 

(4Q3f2^ i ^2 2 ) ^ ^ 2  2tt4Sxw)  -f-  ^4(^2 ryw  ~i~  2f23rIir)]  •  (1^2, fzw 

-  2 n3gzz  +  2Q49ww)  -  - ^-—L——  [03(2 a4syw  +  nlSxz) 

—  ^4(2 f23ry2  —  S^ir^u,)]  •  (Oigzw  —  204fww  +  2£)3/*z)},  (5.107) 

24  1  „ 

*^3  ^2  _j_  J2  \.2f zzryz  ^2~ [2f^4/u)U)^yu)  “I"  04Q,4(f xww  9yww')] 

,  o  ft  ,  -  \  2f2j  2O1O4 

*"  ^*4\JXZZ  ~T~  QyzZj  £2  9zzrxz  J2  ^2  9tvwsxxv 

Oi 

[^3(^45iuw  +  ^3 Szz)(gyz  +  fxz)  ~  ^4(^4^ ww  +  ^3 rzz)(9yw  +  fxw)] 

[^l{^Z9zz  4  ^4 9ww){dxy  4"  2 fxx)  ^2(^3/**  +  Qlfww^fxy  4*  2^yy)] 
(403^4  _  2fi3ry2r)  4  ^3(^l^xz  4  21^45^^;)]  •  Q zw 


2Qifww  +  2Q3/„)  -  _  i^Jn^Sh  lQ4(Qir"-  +  2ft»r”) 

+  fi3(^25yz  —  2n43IU;)]  •  (0.2  fzw  ~  20$gzz  +  2f24<Jru,u,)}, 

24  1 

==  fi3  4.  {2 rxxfxw  +  J2^[2^2ry!/5,yu)  +  ^3^2 (?yyz  +  ^yyu;)] 


(5.108) 


I  O  /«  .5  ^  2^3  _  £  2O3O2 

+  *l3\rxxz  +  sxxw)  n  sxxjxz - 0  „ 

u  L4  iLlil4 


o4o4  Syy9yz 


A  £3 

+  Q2£22  +  ^lS^xX^xu;  +rxz)  -02(02fyy  +0i  fxx)(s  yw  +  rj/x)] 
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^ 2syy)(sZw  +  2rzz)  £24(flirzr  +  ^2ryy){r  zw  +  25,uu,)] 
yz  2 £llfxu>^  ~\~  “l-  2fl2*7j/u>)]  '  (f^S^xy 

-  2 n2ryy  +  2Qirxx)  -  (4Qifi2_fi33f24)Qi^4  [^2(^4 fyw  +  2^/x*)  +  fti («4<few 


2^2 9yz)\  '  iS^ir xy  2Q,\SXX  -f-  2^2 "Sj/ y )} - 


(5.109) 


Sketch  of  proof:  Suppose  7^  an3Q4,  for  each  a  £  {|,  £,1,4,9},  and  the 

hypothesis  (HH)  holds.  Also,  choose  Vr  (given  in  (5.94))  such  that  conditions 
(i)-(iv)  of  Proposition  5.4  hold.  It  is  found  that  there  exist  Vr4,xxxj,  and  Vr\,Xyyy 
such  that  v7  =  v8  <  0  and  v5  <  0  if  Si  <  0,  and  we  have  Vri>zwww  and  Vr4)Z2ZU, 
such  that  Vg  =  v4q  <  0  and  v&  <  0  when  S2  <  0.  The  values  of  v,  are  defined  in 
(5.96)-(5.105).  Moreover,  there  exist  Vr4 ,xyzzi  Vr4,xywwi  Pr4,xxzu;  aild  Vr4,yyxw 
such  that  vi  =  V2  <  0  and  V3  =  v4  <  0  if  S3,  S4  <  0  or  S3  and  S4  are  nonzero 
and  of  different  sign.  The  conclusion  readily  follows  from  Proposition  5.4.. 


Remark  5.6.  The  result  of  Theorem  5.7  agrees  with  the  one  given  in  Propo¬ 
sition  4.6  with  u  —  0.  Families  of  Liapunov  function  for  the  full  model  can  be 
constructed  by  applying  Proposition  5.4,  Theorem  5.7  and  Algorithm  5.1. 

5.6.  Concluding  Remarks 

In  this  chapter, we  have  proposed  a  method  for  constructing  families  of  Li¬ 
apunov  functions  for  nonlinear  systems,  specifically,  when  the  Jacobian  matrix 
of  the  system  has  eigenvalues  lying  on  the  imaginary  axis  and  the  remaining 
eigenvalues  are  stable.  The  Center  manifold  reduction  technique  is  employed 
here  to  simplify  the  complexity  of  the  proposed  Liapunov  functions.  Finally, 
families  of  Liapunov  functions  for  the  simple  critical  case  (SC)  and  the  com¬ 
pound  critical  case  (CC)  are  obtained  to  demonstrate  the  proposed  method.  It 
is  found  that  the  stability  criteria  obtained  in  this  chapter  for  the  critical  cases 
(SC)  and  (CC)  agree  with  those  derived  in  Chapters  3  and  4  by  using  normal 
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form  reduction. 


Appendix  5. A 

The  values  of  hxx,  hxy,  hxz,  hyy,  hyz  and  hzz  are  given  below. 
hxy  =  —(A22  4-  4Q1Q2I)  1(— 2Q.2Gyy  +  2QiGxx  +  A22  GXy) 

hxx  =  A22  (G xx  "I-  f^2^xy) 

hxz  =  —  (A22  +  1(A22Gxz  —  ^Gyz) 

hyy  =  ->1-22  {Gyy  —  Qlhxy) 

hyZ  =  —  (^22  +  1  (4.22  Gy*  +  SllGxz) 

hzz  —  -^22  Gzz. 

Moreover,  the  coefficients  of  cubic  terms  of  functions  /,  g,  r  are  defined  in 
the  form  as  given  below. 

fiii i  —^Piii  4"  ^fi^ha 

fiiij  =^Piij  4"  ^pi^hij  +  (pj^ha 

fiijk  =<pijk  4"  <Pishjk  4"  ip j^hik  4*  tyk^hij 

where  </?  €  {f,g,r}  and  all  i,j,k  are  distinct  with  i,j,k  E  {x,y,  z}. 

Appendix  5.B 

The  values  of  hxx,hxy,hyy  are  the  same  as  ones  given  in  Appendix  5. A. 
The  values  of  remaining  terms  of  h,y,  i,j  E  {x,  y,  z,  u>}  are  given  as  below. 

hzw  =  — (-4-22  4-  403174/)  *(— 2Sl±Gu,w  +  "ZQzGzz  +  A22G zw) 
hzz  =  4.22  4" 

hww  =  — 4-22  ( Gtvw 
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where 


A22  ) 


Moreover,  the  coefficients  of  cubic  terms  of  functions  f,g,r,s  axe  of  the 

form 


fiiii  —(piii  "I-  <pithu 

< piij  —!r>iij  4*  h{j  -(-  <Pj^hii 

tpijk  — (fiijk  4“  ^Pi^hjk  4“  (fijfchik  4“  ^Pk^hij 


where  <p  £  {/><7»r»$}  and  all  i,j,k  axe  distinct  with  i,j,k  £  {x,y,  z,  w}. 
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CHAPTER 

SIX 

STATION-KEEPING  CONTROL  OF  TSS: 

ONE  CRITICAL  MODE 


In  the  following  three  chapters,  we  apply  the  existing  control  theory  to 
the  stabilization  and  control  of  a  tethered  satellite  system  which  is  introduced 
in  Section  1.2.  First,  in  this  chapter  we  employ  a  bifurcation  stability  result 
to  design  stabilizing  control  laws  for  the  TSS  during  station-keeping.  Another 
approach  for  station-keeping  control  is  studied  in  Chapter  7  by  using  the  center 
manifold  reduction  technique  proposed  in  Section  4.6.  Finally,  a  constant  in¬ 
plane  angle  control  technique  is  proposed  in  Chapter  8  for  the  deployment  and 
the  retrieval  of  the  subsatellite  of  a  TSS. 

After  deriving  a  set  of  dynamic  equations  governing  the  dynamics  of  a 
Tethered  Satellite  System  (TSS),  stabilizing  tension  control  laws  for  the  TSS 
during  station-keeping  in  feedback  form  are  derived  in  this  chapter.  The  tether 
is  assumed  rigid  and  massless,  and  the  equations  of  motion  are  derived  using 
the  system  Lagrangian.  It  is  observed  that,  to  stabilize  the  system,  tools  from 
stability  analysis  of  critical  nonlinear  systems  must  be  applied.  This  result 
employs  tools  related  to  the  Hopf  Bifurcation  Theorem  in  the  construction  of 
the  stabilizing  control  laws,  which  may  be  taken  purely  linear.  Simulations 
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illustrate  the  nature  of  the  conclusions,  and  show  that  nonlinear  terms  in  the 
feedback  can  be  used  to  significantly  improve  the  transient  response. 

6.1.  Introduction 

The  topic  of  Tethered  Satellite  Systems  (TSS)  has  received  considerable 
attention  in  recent  years  (e.g.,  [5],  [8],  [9],  [12],  [20]-[22],  [24],  [37]-[39],  [66]- 
[73]).  Potential  applications  of  these  systems  include  deployment  and  retrieval 
of  satellites,  aiding  in  space-assembly  tasks,  use  of  electrodynamic  tethers  for 
electric  power  generation  [74,  p.  4-259],  and  tethering  platforms  with  an  in¬ 
frared  telescope  above  the  Space  Station  for  observing  stellar  and  planetary 
objects  [74,  p.  4-263].  For  other  potential  applications,  and  a  discussion  of 
early  research  on  tethered  satellites,  the  reader  is  referred  to  Rupp  and  Laue 
[81]. 

In  this  chapter,  we  focus  on  the  issue  of  stabilization  of  a  tethered  satellite 
system  during  the  station-keeping  mode.  Specifically,  consider  the  TSS  depicted 
in  Figure  1.1.  Here,  a  large  satellite  is  tethered  to  a  smaller  subsatellite  and  the 
configuration  is  in  a  circular  orbit  around  the  Earth.  During  station-keeping, 
a  subsatellite  is  controlled  so  as  to  follow  a  prescribed  orbit  to  within  a  set 
tolerance  [59,  p.  220].  By  assuming  the  satellite  to  be  much  more  massive  than 
the  subsatellite,  and  that  the  satellite  follows  a  perfect  circular  orbit,  we  are 
able  to  focus  attention  on  the  station-keeping  control  of  the  subsatellite.  This  is 
accomplished  through  the  design  of  tether  tension  control  laws  in  feedback  form 
which  result  in  regulating  the  position  of  the  subsatellite  relative  to  the  satel¬ 
lite,  while  simultaneously  regulating  the  tether  length  at  a  prescribed  nominal 
value.  The  proposed  tension  control  law  is  implemented,  say,  using  a  reel-type 
mechanism. 

The  result  makes  use  of  several  simplifying  assumptions.  For  instance,  the 
tether  is  assumed  rigid  and  massless.  With  these  assumptions,  the  TSS  can  be 
described  by  a  set  of  ordinary  differential  equations.  The  system  Lagrangian 
is  used  to  obtain  these  equations.  Next,  we  observe  that  linear  feedback-type 
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tension  control  laws  can  place  all  but  two  poles  of  the  system.  These  two 
poles  are  a  complex  conjugate  pair  of  pure  imaginary  eigenvalues  of  the  system 
linearization.  To  stabilize  the  system,  therefore,  tools  from  stability  analysis  of 
critical  nonlinear  systems  must  be  applied.  Our  approach  is  to  use  the  technique 
of  [1]  as  summarized  in  Section  2.4,  in  which  Hopf  bifurcation  calculations  are 
employed  to  construct  stabilizing  control  laws.  First,  a  class  of  purely  linear 
stabilizing  feedback  control  laws  are  given.  Next,  nonlinear  stabilizing  control 
laws  are  developed.  Simulations  are  presented  which  allow  one  to  compare  the 
transient  response  of  the  system  with  the  two  types  of  feedback.  The  additional 
freedom  afforded  by  the  inclusion  of  nonlinear  terms  can  be  used  to  obtain  a 
significant  improvement  in  the  speed  of  the  transient  response. 

Notation 

E  -  Earth 
S  -  Satellite 

m  -  Subsatellite  and  subsatellite  mass 
G  -  Gravitational  constant 

M,  ms  -  Mass  of  the  Earth,  mass  of  the  satellite 

(im,  j/m,  zm)  -  Earth-based  rotating  Cartesian  coordinates  of  subsatellite,  with 
zm  in  the  local  outgoing  vertical  direction,  and  xm  in  the  direction  of 
motion  of  the  satellite  in  its  orbit  (see  Figure  6.1) 

(x3,j/3,z3)  -  Earth-based  rotating  coordinates  of  the  satellite 
-  Inertial  coordinates  of  subsatellite 
(isiVa-,  Zg)  -  Inertial  coordinates  of  the  satellite 
12  -  Constant  angular  velocity  of  the  satellite  in  circular  orbit 
9,  (f>  -  In-plane  angle  and  out-of-plane  angle  of  subsatellite  relative  to  the  local 
vertical 

to,!,  cf>,  u$  :=  9,  £  -  Tether  length,  v  :=  £ 

ro,  rm  -  Radius  of  the  satellite  orbit,  radius  of  subsatellite  orbit 
t$,  tj,  -  Generalized  torques  in  directions  9,  <j> 
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Fi  -  Generalized  force  along  tether 

F  :=  +  Fit,  where  a  hat  indicates  a  unit  vector  in  the  given 

direction 

6.2.  System  Model 

Referring  to  the  depictions  in  Figures  1.1  and  6.1,  a  mathematical  model 
of  the  TSS  may  be  derived.  Assume  the  satellite  and  the  subsatellite  are  point 
masses  and  the  tether  is  massless  and  rigid.  Moreover,  take  the  mass  of  the 
satellite  to  be  much  larger  than  that  of  the  subsatellite  (i.e.,  ms  m).  This 
allows  us  to  take  the  center  of  mass  of  the  TSS  to  be  the  satellite,  and  to  consider 
the  satellite  as  being  in  a  circular  orbit  around  the  Earth.  In  addition,  the 
gravitational  attraction  between  the  subsatellite  and  the  satellite  is  neglected. 


y 


Figure  6.1.  Rotating  coordinate  system 

It  is  evident  from  Figure  6.1  that  we  have  the  relationships 

xm  =  t  cos  <f>  sin  6 
ym  =  t  sin  (f) 
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(6.1) 

(6.2) 


Zm  —  r0  +  ^  COS  ({>  COS  8  (6.3) 

+  t2  +  2ro^  cos  <j>  cos  8.  (6.4) 


Also, 


cos  Of  0  sin  0 1 

0  1  0 

—  sin  Cl,t  0  cos  Clt 

cos  Clt  0  sin  £lt 

0  10 

—  sin  Q,t  0  cos  Qt 


where  the  equations  above  fix  a  particular  choice  of  time  reference. 

Since  the  tether  is  assumed  to  be  massless,  the  total  kinetic  energy  of  the 
system  is  given  by 


1  *2  *2  *2  1  *2  *2  *2 

KE  =  -ms(xa  +ys+  zs)  +  -m(xm  +  ym  +  zm ) 

=  ^maft2r2  +  \m{l2  +  ^2<£2  +  ^2  cos2  <f>{9  +  fi)2  +  Sl2r2 
z  z 

+  2f2ro^cos  <f>  sin#  —  2Q,ro£sin(j>sm8^  +  2f2ro^cos<^cos#(#  +  SI)}  (6.5) 


The  potential  energy  of  the  system  arises  solely  from  gravity  and  is  given  by 

GMm.  GMm 


PE  = 


ro 


Moreover,  since  the  satellite  is  assumed  to  be  in  a  circular  orbit,  it  is  in  a  zero-g 
orbit.  Thus 


GMm  a 


TYl  $  0  r0, 


or  more  succinctly  GM  =  Writing  the  expression  for  the  system  La- 

grangian  L  =  KE  —  PE  and  invoking  the  Lagrangian  formulation  of  dynamics, 
the  dynamic  equations  of  the  system  are  found  to  be 

rg  =  m£2  cos2  <f>{8  +  2-(#  -f  fl)  —  2tan<?i(#  +  Vl)4> 
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(6.6) 


+ 


Cl2  r0  sin  9^  rjf 


£  cos  <f) 


'(I  -  if )} 


£ 

t <f>  =  m£2{(j>  +  2-^  +  cos  <f)sin(f>{9  +  £l)2 
+  —y—  cos  6  sin  4>(1  - 


(6.7) 


Ft  —  m{£  —  £(4>)2  —  £  cos2  <j>(9  +  0)2 


Q.2r3£  r3 

H - - fi2ro  cos  4>  cos  6(1 - j-)}. 


(6.8) 


For  the  limiting  case  ro  £,  we  have  rm  ~  ro,  and  Eq.  (6.4)  implies 

r3  £ 

1 - 7-  ~  3  cos  <j>  cos  6 — .  (6.9) 

rm  ro 

According  to  Eq.  (6.9),  the  approximate  motion  equation  of  the  system  for  the 
case  r0  £  is  found  to  be 

F  =  m£{£  —  £<j)2  —  £  cos2  <f>(9  +  0)2  4-  £Cl2  —  3  fl2£  cos2  <f>  cos2  0} 

+  m0{6£  cos  <f>  +  2(9  +  fi)(i  cos  <j>  —  £<j>  sin  <j>)  +  3 ££l2  cos  9  cos  <f>  sin  9 } 

+  +  2£(j>  +  £  cos  <f>  sin  <f>(9  +  fi)2  +  3 ££l2  cos2  9  cos  <j>  sin  <^}, 

which  agrees  with  the  model  derived  by  Arnold  [5]  using  the  gravity  gradient 
method.  Note  that  in  the  analysis  of  the  following  sections,  we  do  not  assume 
rQ  >  £. 

6.3.  Analysis  and  Control  in  the  Station-Keeping  Mode 

6.3.1.  Model  in  State-Space  Form 

Suppose  cos  (f>  -fc  0  (i.e.,  (p  ^  if)  and  let  the  applied  tension  force  be 
the  only  external  force  acting  on  the  system.  Thus,  for  instance,  we  neglect 
effects  of  a  rotating  atmosphere,  the  Earth’s  magnetic  force,  solar  radiation, 
and  the  oblateness  of  the  Earth.  We  do  not  take  into  account  the  mechanism 
for  commanding  the  desired  tether  tension,  although  one  can  imagine  it  to  be 
controlled  by  a  reel  mechanism. 
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Since  (i)  we  have  modeled  satellite  and  subsatellite  as  point  masses,  (ii) 
the  tether  is  assumed  rigid,  and  (iii)  there  are  no  external  forces  besides  the 
commanded  tether  tension,  we  conclude  that  the  generalized  forces  acting  on 
the  subsatellite  are  Ft  =  T,  t8  =  0,  =  0.  Eqs.  (6.6)-(6.8)  can  now  be 

rewritten  in  state  space  form  as  follows: 

(6.10) 

&</>  =  —  ~  2  s^n(2^)(we  +  ft)2 - -  cos  9  sin  <f>(l  —  — )  (6.11) 

0  =  ue  (6.12) 

Coq  =  — t{,u6  +  ft)  +  2  tan  <f>{u}e  +  ft)c<^ - t— — — — (1 - ^-)  (6.13) 

t  t  cos  <p  Tjn 

Z  =  v  (6.14) 

O  2-3/ 

V  =  £u\  +  i  COS2  <j)(ug  +  ft)2 - j5- 


+  fi2r0  cos0cos^(l  —  H - . 


(6.15) 


For  the  case  in  which  the  tether  length  is  held  constant  (i.e.,  £  =  v  —  0, 
£  =  £*  =  a  constant),  the  conditions  for  an  equilibrium  point  are  9  =  mr  and 
(f>  =  m7r,  where  n,  m  are  integers.  (We  disregard  another  apparent  possibility 
for  <f>,  since  the  corresponding  equation  has  no  solution  for  <j>  when  9  —  me.) 
At  the  equilibrium  point  (0,0, 0,0)  when  only  Eqs.  (6.10)-(6.13)  are  considered 
with  v  =  0,  the  linearized  system  of  Eqs.  (6.10)-(6.13)  has  the  two  conjugate 
pairs  of  pure  imaginary  eigenvalues 

Ai,2  =  iift^l  +  J£(l  -  ^-),  and 

~  ±:2ft,  for  r0  >  t  (6.16) 

A3,4  =  ±zft 

~  ±i\/3ft,  for  tq  t*  (6-17) 
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where 


rm, o  :=  r0+£*. 


(6.18) 


The  eigenvalues  Ai;2  are  associated  with  Eqs.  (6.10)  and  (6.11),  i.e.,  with  the 
out-of-plane  dynamics,  and  A3i4  are  associated  with  Eqs.  (6.12)  and  (6.13),  i.e., 
with  the  in-plane  dynamics. 

The  appearance  of  pure  imaginary  eigenvalues  suggests  the  possibility  of 
oscillations  near  the  equilibrium  point  (0,0, 0,0).  Specifically,  if  the  reel  mech¬ 
anism  acts  like  a  latch,  resulting  in  a  fixed  tether  length,  the  system  may  have 
librations  with  two  distinct  frequencies  along  with  the  orbital  motion. 

In  the  sequel,  we  consider  the  problem  of  designing  tension  control  laws 
rendering  the  TSS  asymptotically  stable  in  the  station-keeping  mode.  The  main 
difficulty  will  be  the  presence  of  the  two  pairs  of  pure  imaginary  eigenvalues, 
and  the  uncontrollability  of  one  of  these  pairs. 

The  conditions  for  an  equilibrium  point  of  system  (6.10)-(6.15)  are 


3 

0  =  fl2  sin  (f>{  cos  <j>  -f-  -j-  cos  0(1  —  -~)  } 

«  rm 

0  =  sin#  _  r|_ 

£  cos  (j)  K  r3/ 

f)2r3  £  r3  T 

0  =  ££l2  cos2  <f> - — — (-  n2ro  cos  9  cos  <j)(  1 - £-)  H - 

r  t  r3  m 


(6.19) 

(6.20) 
(6.21) 


where  the  applied  tension  force  T  (applied  through  a  reel  mechanism)  may  be 
constrained  to  satisfy  (6.21).  From  the  definition  of  out-of-plane  angle  <j>,  we 
have  There  are  hence  only  two  equilibrium  points:  (0,  0,  0,  0,  £*, 

0)  and  (0,  0,  7r,  0,  £*,  0)  if  the  tether  length  is  fixed  at,  say,  £  =  £*.  In  our  paper 
[3],  it  is  observed  that  the  set  <{>  —  0,  uj,  =  0  is  an  invariant  manifold  for  Eqs. 
(6.10)-(6.15),  regardless  of  the  form  of  the  tension  control  law  T.  Although 
this  implies  that  the  system  (6.10)-(6.15)  is  uncontrollable,  we  find  below  that 
there  does  exist  a  control  strategy  stabilizing  the  system.  With  an  assumed 
rigid  and  massless  tether,  there  may  appear  to  be  no  constraint  on  the  value  of 
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the  applied  tension  force  T.  In  reality,  however,  the  tether  is  not  rigid.  Thus 
the  subsatellite  cannot  be  pushed  away  from  the  satellite  by  the  applied  tension 
force  through  the  tether.  Note  that,  in  this  chapter,  the  sign  convention  implies 
that  a  positive  value  of  tension  would  correspond  to  a  slack  tether.  Hence,  in 
the  sequel  we  restrict  the  applied  tension  force  T  to  assume  only  nonpositive 
values.  Although  the  conclusions  we  will  reach  will  also  apply  to  the  model 
(6.10)-(6.15)  in  the  absence  of  this  restriction,  they  would  no  longer  relate  to 
the  physical  problem. 

6.3.2.  Stabilization  for  In-Plane  Angle  Near  9  =  0 

Let  x0  =  (0, 0,0,0, ^*,0)'  and  X  =  x  —  x0,  where  x  =  ((f),  6,  u>g,  £,  v)\ 

Then  the  Taylor  expansion  of  the  right  side  of  Eqs.  (6.10)-(6.15)  is,  to  third 
order  in  X, 


4 -X  =  L0X  +  Q0(X,X)  +  Co(X,X,X)  +  eU  +  e-,  (6.22) 

at  rn 


where  the  matrix  Lq,  the  quadratic  form  Qq,  the  cubic  form  Co,  the  vector  e 
and  the  scalar  U  are  given,  in  terms  of  parameters  a*  defined  in  Appendix  6. A, 
by 


L0  = 


( 

0 

1 

0 

0 

0 

0 

\ 

~ai 

0 

0 

0 

0 

0 

0 

0 

0 

1 

0 

0 

0 

0 

~a\ 

0 

0 

2« 

/* 

0 

0 

0 

0 

0 

1 

\ 

0 

0 

0 

03 

0 

) 

Qo(x,x)  = 


/  0  -  \ 
—2  Q<f>u>o  +  ai2<f>i  — 

0 

a129£  —  _|_  2fl 4- 

V  <24  -f-  2,Q,u}$£  +  05^^  +  +  ai3^  / 
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where  i  :=  l  —  l* .  The  expressions  above  have  been  verified  using  the  code 

MACSYMA.1 

Case  6.1:  Linear  State  Feedback 

Our  first  design  is  that  of  a  tension  control  law  in  linear  state  feedback 
form  which  stabilizes  the  system.  The  design  is  carried  out  in  two  steps.  The 
first,  addressed  in  Lemma  6.1  and  Corollary  6.1  below,  is  to  give  conditions 
on  the  linear  state  feedback  ensuring  that  four  of  the  eigenvalues  of  system 
(6.10)-(6.15)  are  moved  to  the  left  half  of  the  complex  plane.  These  eigenvalues 
correspond  to  the  “in-plane  variables”  (6,  u>$,  £,  v). 

Lemma  6.1.  If  the  following  conditions  hold,  then  the  tension  control  force 
T  =  m(—U  —  k\6  —  k2oj$  —  k3£  —  k±v)  stabilizes  the  “in-plane  Jacobian  matrix” 
at  the  equilibrium  point  xo,  i.e.,  the  Jacobian  matrix  of  Eqs.  (6.12)-(6.15)  with 
respect  to  the  vector  (0,ue,£,v): 

(i)  >  0 

(ii)  bi,b2,b3  >  0 

(iii)  &4&1&2  —b\  —  k\b3>Q 

where 

,  ,  (a- „e2  +  r3)n2  2M2  2 

bl=h - +  W - ^  +  4!i’ 

1  MACSYMA  is  a  trademark  of  Symbolics,  Inc.,  Cambridge,  MA. 
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(6.24) 


h(3r*  +  3  rgl*  +  r0r2)ft2  2  Ofo 

(j’o+^*)3  t* 

(3r3  +  3r2£*  +  r0^2)O2  „  (3r3  +  3r2^  +  3r0^2  +  t?*3)ft2  , 

- (^TFj3 - - (^TF)5 - M6'25) 


Sketch  of  proof:  The  linearization  of  (6.22)  upon  application  of  the  linear  state 
feedback  T  above  is  given  by 

7tx  =  i°x - 

where 

/  0  1  0  0 

-a2  0  0  0 

f  _  0  0  0  1 

L°~  0  0  -a\  0 

0  0  0  0 

\0  0  -Jbi  -Jfe2  +  2**ft 


0  0  \ 

0  0 

0  0 

0  -f- 

0  1 

—k3  +  a3  —k4  ) 


Hence  the  characteristic  equation  of  the  closed-loop  system  is 


(A2  +  a2)  (A4  +  h\3  +  6a A2  +  62A  +  63)  =  0, 


(6.26) 


where  6,-,  i  =  1,  . . 3  axe  as  defined  in  Eqs.  (6.23)-(6.25).  The  lemma  follows 
readily  by  applying  the  Routh-Hurwitz  test  to  the  second  polynomial  factor  in 
the  left  side  of  Eq.  (6.26). 

The  next  result  follows  readily  from  Lemma  6.1,  and  demonstrates  that  the 
set  of  feedbacks  of  Lemma  6.1  is  not  vacuous,  at  least  in  the  practically  inter¬ 
esting  case  ro  £*.  The  result  also  holds  for  larger  £*,  but  the  corresponding 
conditions  on  the  feedback  gains  become  very  complicated. 

Corollary  6.1.  If  r0  ~>  £*,  the  conclusion  of  Lemma  6.1  holds  when  any  of  the 
following  three  conditions  is  satisfied: 

(i)  0  >  ki  >  £*Qk4(l  -  2qV)>  k2  =  0,  k3  >  3f22,  and  k4  >  0; 

(ii)  0  >  k\  >  ^2^4,  k2  <  0,  k3  >  3fi2,  and  k4  >  0; 

(iii)  h  =  0,  k2  <  min{2fl£*,  f^k3  +  3fi2},  k3  >  3f22,  and  k4  >  0. 


136 


From  the  closed-loop  characteristic  equation  (6.26),  we  infer  that  the  sys¬ 
tem  has  an  uncontrollable  pair  of  pure  imaginary  eigenvalues.  Moreover,  it  is 
easy  to  see  that  even  when  the  states  cf>  and  are  used  in  the  tension  control 
law,  these  two  pure  imaginary  eigenvalues  remain  fixed.  Hence  the  stability  of 
the  closed-loop  system  cannot  be  identified  from  the  linearized  model  alone. 

The  closed-loop  system  (upon  application  of  a  feedback  law  as  in  Lemma 
6.1  or  Corollary  6.1)  is  approximated,  to  third  order  in  X,  by 

jX  =  L0X  +  Qo(X,X)  +  C0(X,X,X)  (6.27) 

in  which  Lq  has  a  complex  conjugate  pair  of  pure  imaginary  eigenvalues,  with 
the  remaining  eigenvalues  in  the  left  half  of  the  complex  plane.  This  situation 
is  an  example  of  a  critical  case  in  nonlinear  stability  analysis.  Its  resolution 
may  be  approached  via  results  on  Hopf  bifurcation  for  one-parameter  families 
of  nonlinear  systems  (see,  e.g.,  [34]).  The  local  asymptotic  stability  of  the  origin 
of  Eq.  (6.27)  can  be  concluded  from  the  negativity  of  an  associated  “stability 
coefficient,”  often  denoted  by  fa.  The  value  of  this  coefficient  can  be  obtained 
in  several  ways.  One  can,  for  instance,  study  normal  forms  of  Eq.  (6.27).  Alter¬ 
natively,  one  observes  that,  in  the  situation  at-hand,  smooth  parametrizations 
of  (6.27)  will  typically  exhibit  a  Hopf  bifurcation.  The  stability  of  the  bifur¬ 
cated  periodic  solutions,  as  well  as  that  of  the  origin  of  (6.27),  follows  from  the 
negativity  of  the  Floquet  exponents  of  these  periodic  solutions.  The  stability 
coefficient  fa  can  be  obtained  as  the  leading  coefficient  in  an  asymptotic  ex¬ 
pansion  of  the  critical  Floquet  exponent.  The  coefficient  fa  may  be  computed 
systematically.  When  fa  <  0,  the  equilibrium  point  is  locally  asymptotically 
stable,  while  fa  >  0  implies  instability  of  the  equilibrium.  The  case  fa  -■  0  is 
inconclusive  regarding  stability.  We  now  proceed  to  use  an  algorithm  for  the 
computation  of  fa  as  given  in  Lemma  2.9  (see  for  instance  [1],  [34])  to  determine 
the  dependence  of  fa  on  the  gains  i  =  1, ...  ,4. 

Denote  by  r  and  l  the  right  (column)  and  left  (row)  eigenvectors,  respec¬ 
tively,  of  L0  corresponding  to  the  imaginary  eigenvalue  icq.  Requiring  Ir  =  1, 
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we  have 


r  —  (l,iai,0, 0, 0, 0)' 

(6.28) 

(6.29) 

Next,  solve  the  equations 

-L0a  =  i<2o(r,r) 

(6.30) 

(2z'aiJ-  L0)b  =  ]^Qo{r,r) 

(6.31) 

for  the  vectors  a  and  b.  Here,  an  overbar  denotes  complex  conjugation  and  I 

denotes  the  identity  matrix.  We  find 

(6.32) 

6  =  (0,0,ci,c2,c3,c4)', 

(6.33) 

where  the  a;  are  as  in  Appendix  6. A,  and  the  c,  and  dj  axe  given  by 

1  a&  i*a\  £*  .  i  *, 

Cl  =  *+W2{2+  2  4(*3  “3)  2W} 

(6.34) 

C2  =  2miCi 

(6.35) 

t*  it(Aa\-a\) 

^3  i  i  ^1 

4  4aiO 

(6.36) 

i£*ai  £*(4a|  —  a^) 

C4  “  2  +  20  Cl 

(6.37) 

and 

di  —  ki+  ^  (^ai  a2) 

(6.38) 

fa  —  2ai(^2  2£  0)  +  4a  ^3)- 

(6.39) 

In  general,  the  value  of  the  bifurcation  stability  coefficient  fa  is 

given  by 

the  formula 

3 

fa  =  2Re{2lQ0(r,a)  +  lQ0(r,b)  +  -lCQ{r,  r,  r)}. 

(6.40) 
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In  our  case,  we  then  have 


A 2  =  — {-illm{c2)  + 
a  i 

=  ^--Reicx), 
ai 


(6r2  +  4  r\£*  +  r0f!*2)ft5 
2(r0  +  £*)4 


Im(c3)  +  ^-i2e(c4)} 


(6.41) 


where  (assuming  £*  <  vq) 


d3  —  —  2oti  0  — 


e*(4a2  -a2)  (6r30+4r2£*  +  r0r2)ft2 


8aifl 


(r0  +^*)4 


a!(4a?  -  an) 

+  >0 


i2e(ci) 


:J2  +  J2^2+  2 1  4^3  a3^dl  2kiaitd^' 


(6.42) 

(6.43) 


Since  ai  >  0,  d3  >  0,  and  since  stability  is  implied  by  /?2  <  0,  we  have  the 
following  result. 

Theorem  6.1.  If  a  linear  state  feedback  controller  T  as  defined  in  Lemma  6.1 
is  applied,  with 


(■y  4 - ^  ~  "^(^3  “  °3))^i  ~  ~hai£*d2  <  0, 

then  the  equilibrium  point  zo  will  be  rendered  asymptotically  stable  for  the 
system  (6.10)-(6.15). 

The  next  result  readily  follows  from  Theorem  6.1  and  Corollary  6.1. 

Corollary  6.2.  If  ro  3>  £*  and  a  linear  state  feedback  control  T  as  in  Lemma 
6.1  is  applied,  with  either  of  the  following  three  conditions  satisfied,  then  the 
conclusion  of  Theorem  6.1  holds: 

(i)  0  >  k\  >  i*£lki(l  —  jffr),  k2  =  0,  3fi2  <  k3  <  14ft2,  and  k±  >  0; 

(ii)  0  >  kx  >  k2ki,  0  >  k2  >  2 :£*ft  -  **§£(19  -  £§-),  3ft2  <  k3  <  14ft2,  and 

&4  >  0; 
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(iii)  ki  =  0,  min  {2ftr,3 ft2}  >  k2  >  -  *^*(19  -  &),  3ft2  <  k3  <  14ft2, 

and  k4  >  0. 

Case  6.2:  Nonlinear  State  Feedback 

Next  we  present  a  result  on  stabilization  with  a  tension  control  law  in¬ 
cluding  both  linear  and  nonlinear  terms.  The  nonlinear  terms  introduce  more 
flexibility  in  the  design,  and,  as  will  be  seen  in  Section  6.4,  can  lead  to  superior 
transient  response. 

By  computing  the  eigenvectors  l  and  r  and  using  the  formula  (6.40)  for 
j32 ,  we  find  that  any  cubic  term  in  the  feedback  has  no  effect  on  the  value  of 
02-  We  are  therefore  led  to  hypothesize  a  feedback  containing  only  linear  and 
quadratic  terms.  The  component  of  the  closed-loop  quadratic  term  Qa(X, X) 
depending  on  the  states  6,  uq,  i  or  v  is  also  found  to  have  no  effect  on  02.  The 
next  theorem  gives  conditions  for  a  nonlinear  feedback,  of  the  form  motivated 
by  these  observations,  to  be  stabilizing. 

Theorem  6.2.  If  condition  (6.44)  below  holds,  then  the  applied  tension  control 
force  T  =  m(— U  —  k\9  —  k2u>g  —  k3l  —  k4v  —  qi4>2  —  q2cf>u<j>  ~  93^)  stabilizes  the 
system  (6.10)-(6.15),  where  the  k{,  i  =  1,  . . .,  4  satisfy  the  conditions  of  Lemma 
6.1. 

+  d-±2t)a\  -  (h  -  a3)j)<tl  +  <  0.(6.44) 

Here,  dx,  d2  are  given  in  Eqs.  (6.38)  and  (6.39),  and  the  a*  are  as  specified  in 
Appendix  6.A. 

The  proof  entails  checking  the  effect  on  the  value  of  02  of  adding  the  extra 
quadratic  term  — ( 2  +  92 +  93wp  in  last  row  of  Qo(X,X). 

As  mentioned  above,  inclusion  of  nonlinear  terms  in  the  feedback  control 
may  be  used  to  improve  the  transient  response  of  the  stabilized  system.  In 
particular,  the  rate  at  which  system  trajectories  decay  toward  the  equilibrium 
point  may  be  significantly  increased.  Simulation  evidence  for  this  is  given  in 

Section  6.4. 
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It  is  not  difficult  to  give  analytical  reasoning  to  support  this  conclusion, 
and  to  guide  in  the  tuning  of  the  linear  and  quadratic  feedback  gains.  Assume 
r0  £* ,  and  use  Eq.  (6.40)  with  a  feedback  of  the  form  given  in  Theorem  6.2 
to  ascertain  the  approximate  formula 


P2  - 


9^  f/~gl+a5  2 

2(d?+d2)U  2  +y  2  ;ai 


l* 

~  (fa  ~  Q3)^)di 


+  “(—<72  —  l*k±)d,2}. 


(6.45) 


Eq.  (6.45)  can  be  used  to  show  that,  if  r*o  l*  and  the  linear  gains  i  =  1, 
. . .,  4,  are  chosen  according  to  condition  (i)  of  Corollary  6.2,  with  fa  =  0,  then 
/?2  may  be  rendered  as  negative  as  desired  simply  by  setting  the  quadratic  gains 
<72  =  ?3  =  0  and  taking  q\  >  0  and  sufficiently  large.  Thus  the  gains  k,  may 
be  used  to  place  four  of  the  eigenvalues  of  (6.10)-(6.15)  in  the  left  half  of  the 
complex  plane,  while,  independently ,  the  gains  qi,  i  =  1,2,3,  are  used  to  make 
/?2  negative  and  of  large  magnitude. 

6.3.3.  Stabilization  for  In-Plane  Angle  Near  9  =  r 

Similarly,  now  let  x„  =  (0, 0, 7r,  0,^*,0)'  denote  the  equilibrium  point  of 
interest,  and  X  =  x  —  xn  be  the  differential  state  variation.  Then  the  system 
(6.10)-(6.15),  to  third  order  near  the  equilibrium  point  xn,  may  be  written  as 
follows 

4 \X  =  LkX  +  Q„(X,X)  +  Cn(X,X,X)  +  eUn  +  e-. 
at  m 

Here,  Ln,  Qn,  Cn  are  as  identified  in  Appendix  6.B.  The  next  lemma  is  analo¬ 
gous  to  Lemma  6.1,  and  so  is  stated  without  proof. 

Lemma  6.2.  Let  the  applied  tension  force  be  of  the  form  T  =  m(—Uir  —  fa 9  — 

fau)Q  —  fa£  —  k±v),  where  9  :=  9  —  7r  and  a >g  :=  9  =  9.  Then  the  “in-plane” 
Jacobian  matrix  of  Eqs.  (6.12)-(6.15),  i.e.,  the  Jacobian  of  the  right  side  of 
(6.12)-(6.15)  with  respect  to  (9,ue,t,v),  will  be  stable  at  the  equilibrium  point 
xK,  if  k{,  i  =  l,...,  4,  satisfy  the  following  conditions: 
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(6.46) 


(i)  &4  >  0, 

(ii)  hu  h2,  h$  >  0,  and 

(iii)  hihih2  —  h2  —  kjh3  >  0. 


Here,  the  auxiliary  parameters  hi,  h2,  h3 
,  (2 r0£*2  -  £*3)£l2  2 ttk2 

hl~h - Mt  T 


are  given  by 
+  4  fi2, 


ha 


h(3rz  -3 r2£*+r0£*2)Q2  _  20^ 
(r0  -  l*f  £* 

(3rg  -  3 r\i*  +  r0t2)Sl2 


(6.47) 


(r0  —  £*)z 


Corollaries  1  and  2  remain  valid.  The  detailed  statements  need  not  be 
given. 

6.4.  Simulation  Results 

A  TSS  with  the  following  characteristics  is  considered: 

•  Nominal  tether  length  £*  =  100  km, 

•  Orbital  radius  r0  =  6598  km, 

•  Satellite  mass  m  =  170  kg, 

•  Orbital  angular  velocity  Q  =  0.0011781  radians/second. 

Let  the  equilibrium  point  of  interest  of  (6.10)-(6.15)  be  Xo  =  (0, 0, 0, 0,£*,  0)'. 
Simulation  results  will  now  be  presented  which  illustrate  the  system  dynamics 
for  the  various  types  of  control  studied  in  this  chapter. 

Let  the  initial  conditions  of  the  system  be  <f>  =  0.01  radians,  9  =  --0.01 
radians,  and  ujq  =  =  0. 

Example  6.1.  (  No  tension  control:  latch  mechanism) 

Suppose  the  reel  mechanism  acts  like  a  latch  fixing  £  at  £*.  The  system 
response  for  the  in-plane  angle  6  and  the  out-of-plane  angle  <f>  are  shown  in 
Figures  6.2(a)  and  6.2(b),  respectively.  We  observe  an  apparent  undamped 
oscillation  near  the  equilibrium  point  Xo- 
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Example  6.2.  (Linear  stabilizing  feedback) 

The  tension  controller  is  taken  as  T  =  —m(U  +  k3£+  k4v),  with  k3  =  3.H22, 
k4  =  0.0034,  and  U  =  0.41019.  The  control  law  is  stabilizing,  as  can  be  checked 
using  Theorem  6.1.  Indeed,  f32  ~  —0.0004  for  the  closed-loop  system.  The 
response  of  the  variables  of  (j>,  9,  and  the  deviation  l  of  the  tether  length  are 
shown  in  Figures  6.3(a),  6.3(b)  and  6.3(c),  respectively.  However,  it  is  not  easy 
to  see  in  Figure  6.3(a)  any  decay  of  the  oscillation  in  the  out-of-plane  angle  <f>. 
This  may  be  attributed  to  the  fact  that  \(d2\  is  small.  The  applied  tension  force 
is  shown  in  Figure  6.3(d). 

Example  6.S.  (Linear-plus- quadratic  stabilizing  feedback) 

Let  the  tension  control  law  be  of  the  form 

T  =  —m{U  +  k3£ -f-  k4v  +  qi  <f>2  +  4*  93^)5  (6.49) 

where  U  =  0.41019.  The  out-of-plane  angle  <j>  decays  when  k3  —  3.1  Q2,  k4  = 
0.0034,  qi  =  1500,  and  q2  —  q3  =  0  as,  shown  in  Figure  6.4(a).  However,  this  is 
at  the  expense  of  large  variations  in  0  and  i,  as  depicted  in  Figures  6.4(b)  and 
6.4(c).  The  applied  tension  force  is  shown  in  Figure  6.4(d). 

Example  6.4.  (Linear-plus-quadratic  stabilizing  feedback) 

A  further  example  is  depicted  in  Figure  6.5.  In  this  example,  k3,  k4  and 
q3  are  unchanged  from  their  previous  values  (given  in  Example  6.3),  but  now 
qi  =  0,  and  q2  =  106. 

Example  6.5.  (Switching-type  stabilizing  feedback) 

Figure  6.6  relates  to  an  example  invoking  a  switching  control  strategy.  The 
nonlinear  feedback  control  law  of  Example  6.3  is  used  for  the  first  5  hours  of 
the  simulation.  Then  the  control  law  is  switched  to  a  purely  linear  feedback 
with  the  parameters  values  specified  in  Example  6.2. 
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t  (hr.) 


4  . 


t  (hr.) 


o  . 


(c) 


4  . 


0  . 


(d) 


Figure  6.3.  Simulation,  results  for  linear  feedback  system 
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Figure  6.4.  Simulation  results  for  nonlinear  feedback  system  {q\  =  1500) 


<j>  (radian) 


8  (radian) 


<j>  (radian)  6  (radian) 


(c)  7  • 5  t  (hr.)  0  ■  (d)  7  • 5  1  (hr.) 


Figure  6.6.  Simulation  results  for  switching-controlled  system 

6.5.  Concluding  Remarks 

In  this  chapter,  we  have  presented  analytical  designs  of  tension  feedback 
control  laws  for  the  stabilization  of  the  tethered  satellite  system  during  station¬ 
keeping.  These  designs  are  based  on  calculations  related  to  Hopf  bifurcation 
stability.  The  calculations  have  been  performed  for  a  model  of  the  tethered 
satellite  system  derived  under  several  simplifying  assumptions.  This  model  is 
characterized  by  its  nonlinearity  and  the  existence  of  two  critical  modes,  one  of 
which  cannot  be  removed  by  (linear)  feedback.  Notwithstanding  this  fact,  we 
have  been  able  to  construct  stabilizing  controllers  using  linear  and/or  quadratic 
feedback.  Cubic  terms  were  not  included  in  the  feedback  laws  since  the  nonlin¬ 
ear  stability  calculations  indicated  that  their  effect  might  be  of  only  secondary 
significance.  Moreover,  simulation  was  used  to  demonstrate  the  validity  of  the 
analytical  designs.  The  simulations  also  indicated  the  importance  of  quadratic 
feedback  of  the  out-of-plane  angle  (p  and/or  the  out-of-plane  angular  rate  uty  in 
improving  the  transient  response  of  the  out-of-plane  variables,  i.e.,  in  dampen- 
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ing  the  roll  oscillations. 

Regarding  the  issue  of  how  to  achieve  further  improvements  in  the  transient 
response,  several  possibilities  arise.  Optimization-based  computer-aided  design 
tools  can  be  applied  to  systematically  search  for  linear  and/or  nonlinear  control 
gains  resulting  in  a  suboptimal  transient  response.  If  other  actuators,  such  as 
subsatellite  thrusters  or  tether  base  movement,  axe  available  in  addition  to 
tether  tension  control,  then  one  expects  improved  transient  performance. 

Appendix  6. A 

The  values  of  the  coefficients  a,-,  i  =  1,  . . 15  are  as  listed  below. 


a  ,(K  +  +  4rpC2  +  ?*)  in 

1  (r0  +  £*)3 

(3r*+3r’r  W2k1/2„ 

“2=( - foTFja - >  ^ 

(3r3  +  3r2£*  +  3r0£*2  +  £*3)Q2 
°3  ~  (r0+£*)3 

(6r$£*  +  6r3£*2  +  4  r2£*3  +  r0£ *4)ft2 
“  2(r0+**)4 

(8r4r  +  14r3^*2  +  16r2f3  +  Qr0£*4  +  2£*5)Q2 
°5  “  2(r0  +  £*)4 


a  6  = 


CLy 


a  8 


a  9  = 


Oio 


an  = 


(6r3  +  9r4£*  +  10r3r2  +  5  r%£*3  +  r0£*4)tt2 
2(r0  +  £*)5 

(1 6r3  +  29  r4£*  +  50r^*2  +  45rgl*3  +  21r0£*4  +  4£*5)Q2 

6(r0  +  £*)5 

(10r3+  5r2£*  +  r0£*2)Q2 


(r  0+£*)5 

(12  rl  +  9  r4£*  +  10r3f*2  +  5  r2£*3  +  r0£*4)Q,2 
6(ro  +  £*)5 

(27r4£*  +  30r^*2  +  15rgl*3  +  3  r0£*4)£l2 
6(r0  +£*)5 

(4xq  +  2  r4£*  +  10r3£*2  +  lOr2^3  +  5r0^4  +  £*5)tt2 
(r0+^)5 
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a\2  = 


(6rg  +4  r2l*  +  r0£*2)O2 

(V0  +^*)4 


a13 


3rjjQ2 
(r0  +£*y 


a  14 


(3rp  -  3r4l*)02 
(r0  +  V*)5 


4rof22 
(r0  +  ^*)5 


Appendix  6.B 

The  system  model  (6.10)-(6.15)  is  approximated,  to  third  order  in  the 
states,  near  the  equilibrium  point  xK  by 


X  =  L^X  +  Q„(X,X)  +  CW(X,X,X)  +  eU *  +  e- 

m 

where 


/ 

0 

1 

0 

0 

0 

0  \ 

-A2 

0 

0 

0 

0 

0 

0 

0 

0 

1 
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0 

0 

0 

-fl 

0 

0 

2Q 

f 

0 

0 

0 

0 

0 

1 

V 

0 

0 

0 

21*  SI 

h 

0  J 

0 

rt 

-2Q(f>u>e  +  fi2<f>£~ 


fl2@£  —  +  2Sl(j)U)<f>  + 

_0 

V  /4^2  +  V  +  /5^2  +  +  /l3^2  / 


fo92<t>  —  Ug  <j>  +  /t<^3  4-  fs<f>£2  + 

....  0 

f$93  +  flo9(f>2  +  f&9£2  +  2<f>UJ^iOg  +  -^jUg£v  —  j^£2V 

0 

V  fn92£-\-  u>q£  —  2£*QwQ<f>2  +  fn<f>2£  4-  fis£3  / 


U„ 


(3r2e*  -  3r0£*2  +  £*3)Sl2 
(r0  -  ^*)2 
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e  is  given  in  Section  6.3.2  and  the  values  of  fi,  i  —  1,  . . 15  are 


(4r03-6r0’r+4  r„Ca 

/,=( 

/2=( - - 5 

(3r3  -3rgr  +  3r0r2-r3)Q2 
3  (r0  -  £*)3 

(6r4f*  -  6r3^2  +  4r2^3  -  r0r4)fi2 
74  ~~  2(r0  —  i*Y 

(8 r4f  -  14r3^2  +  16r2£*3  -  9r0^*4  +  2r5)ft2 
h  ~  ~  2 (r0  -  £*)* 

(6rg  -  9r4£*  +  10r^*2  -  5r^*3  +  r0r4)f22 
/6_  2(r0  —  £*)5 

(16rjj  -  29r4l*  +  50r3l*2  -  45r2l*3  +  21r0l*4  -  4l*5)ft2 
7  6(r0  —  £*)5 

(10r3  -  5r2r  +  r0r2)Q2 
78  (r0  -  e*y 

(12rjj  -  9 r4r  +  10r3£*2  -  5r2r3  +  rQ£**)£l2 
/9“  6(ro  —  £*)5 

(27 r4£*  -  30r3£*2  +  15r2£*3  -  3r0^*4)fi2 
/l0  "  :  6(r0  —  £*)5 

(4cq  -  2 r%£*  +  10r3f2  -  lOrgf3  +  5r0r4  -  £*5)Sl2 
/ll__  (r0  —  £*)5 

(6r3-4r2r  +  r0r2)ft2 
/l2  (r0  -  ^*)4 

f  -  3ro^2 

/l3  (r0-^)4 

(3r*>+3r4r)02 

714  (r0  —  ^*)5 

4r3fl2 

715  (r0-^)5‘ 


149 


CHAPTER 

SEVEN 

STATION-KEEPING  CONTROL  OF  TSS: 

TWO  CRITICAL  MODES 


In  this  chapter,  we  continue  to  study  the  stabilization  of  the  TSS  during 
station-keeping.  It  has  been  found  in  Chapter  6  that  the  out-of-plane  angle  of 
tethered  satellite  systems  (TSS)  is  uncontrollable  and  difficult  to  stabilize  during 
the  station-keeping  mode.  (This  was  in  the  setting  where  only  tension  control 
is  allowed.)  A  new  method  is  proposed  in  this  chapter  to  improve  the  time 
response  of  the  system.  As  opposed  to  the  design  involving  the  Hurwitz  stability 
criterion  plus  Hopf  bifurcation  theorem  in  Chapter  6,  the  new  approach  relies 
upon  controlling  both  the  in-plane  angle  and  the  out-of-plane  angle  by  invoking 
a  nonlinear  stability  criterion  for  a  fourth-order  nonlinear  critical  system  whose 
linearized  model  has  two  distinct  pairs  of  nonzero  pure  imaginary  eigenvalues. 
Both  linear  and  nonlinear  feedback  control  laws  axe  obtained  to  guarantee  the 
stability  of  the  system.  However,  simulations  show  that  the  nonlinear  feedbacks 
are  superior  for  having  better  time  responses.  Moreover,  compared  with  the 
results  given  in  the  previous  chapter,  simulation  results  also  indicate  that  a 
better  performance  can  be  achieved  by  the  new  technique  with  smaller  nonlinear 
control  gains  and  small  linear  feedback  gains. 
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7.1.  Introduction 


In  recent  years,  lots  of  issues  have  been  published  for  the  study  of  the 
Tethered  Satellite  Systems  (TSS)  (e.g.,  [5],  [49],  [66]-[71],  [80],  [81]).  During 
station-keeping,  a  satellite  is  controlled  so  as  to  follow  a  prescribed  orbit  to 
within  a  set  tolerance.  It  is  observed  in  Chapter  6  that  the  system  linearization 
has  two  distinct  pairs  of  nonzero  pure  imaginary  eigenvalues  while  the  tether 
length  is  fixed.  At  the  expense  of  large  nonlinear  control  gains,  a  linear-plus- 
quadratic  feedback  tension  control  law  is  obtained  in  the  previous  chapter  to 
provide  the  stability  and  the  significant  decaying  of  the  time  response  of  the 
out-of-plane  angle,  but  having  less  effect  on  the  large  variations  of  the  in-plane 
angle  and  the  tether  length. 

Although  a  linear  feedback  can  be  designed  to  stabilize  all  but  a  pair  of 
nonzero  pure  imaginary  eigenvalues,  it  is  shown  in  the  following  that  large  linear 
feedback  gains  are  needed  to  place  these  stabilizable  eigenvalues  far  from  the 
imaginary  axis  on  the  complex  plane,  which  will  induce  the  large  quadratic 
feedback  gains  in  the  design  of  Chapter  6;  while  significant  transient  response 
is  required.  This  observation  might  explain  why  the  transient  responses  of  the 
system  given  in  the  previous  chapter,  where  we  used  small  linear  gains,  are 
not  practically  acceptable.  To  improve  the  transient  response  by  using  such 
a  design  proposed  in  Chapter  6,  one  might  expect  to  have  large  linear-  and 
quadratic  feedback  gains. 

In  this  chapter,  we  propose  a  different  technique  such  that  we  can  improve 
the  transient  responses  of  the  TSS  during  station-keeping  without  using  large 
linear  and  nonlinear  feedbacks.  Our  approach  is  based  on  a  stability  criterion 
for  a  class  of  fourth-order  nonlinear  systems  whose  Jacobian  matrix  has  two  dis¬ 
tinct  pairs  of  nonzero  pure  imaginary  eigenvalues.  In  this  new  design,  a  linear 
feedback  is  first  selected  to  preserve  the  two  pairs  of  nonzero  pure  imaginary 
eigenvalues  of  the  uncontrolled  model  of  the  system  linearization  and  to  make 
the  rest  of  eigenvalues  of  the  system  stable.  Then  the  same  linear  feedback 
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and/or  an  extra  nonlinear  feedback  will  provide  the  stability  of  the  full  model 
of  the  system  by  employing  the  center  manifold  reduction  technique  and  the 
stability  criterion  for  the  fourth-order  nonlinear  systems.  It  is  shown  that  the 
quadratic  feedback  gains  corresponding  to  the  out-of-plane  angle  and  its  deriva¬ 
tive  play  a  very  important  role  in  deciding  the  stability  of  the  out-of-plane  angle. 
Moreover,  the  dynamics  of  the  in-plane  angle  are  found  to  be  stabilizable  by  a 
cubic  feedback  instead  of  a  linear  feedback  as  in  Chapter  6. 

The  development  of  this  chapter  is  as  follows.  First,  a  stability  criterion  for 
a  special  class  of  fourth-order  nonlinear  critical  systems  whose  linearized  model 
has  two  distinct  pairs  of  nonzero  pure  imaginary  is  abstracted  from  Corollary 
4.5.  It  is  followed  by  the  recall  of  the  equations  of  motion  for  the  TSS  during 
station-keeping  obtained  in  Section  6.3.  The  possible  constraints  on  the  poles 
placement  and  the  nonlinear  stability  coefficient  by  using  the  stabilizing  control 
laws  proposed  in  Chapter  6  are  also  discussed  in  Section  7.3.2.  The  stability 
criterion  for  the  fourth-order  nonlinear  critical  systems  and  the  Center  Manifold 
Theorem  are  then  applied  to  design  the  new  stabilizing  control  laws  in  Section 
7.4.  Compared  with  the  results  of  Chapter  6,  simulations  presented  in  Section 
7.5  demonstrate  that  a  better  performance  can  be  achieved  by  smaller  nonlinear 
gains  and  small  linear  gains;  while  using  the  current  approach.  Moreover,  the 
variations  of  the  in-plane  angle  and  the  tether  length  are  found  to  be  less  than 
the  ones  shown  in  Chapter  6.  Finally,  concluding  remarks  pinpoint  the  main 
conclusions  of  this  chapter. 

7.2.  Stability  Criterion  for  a  Class  of  Fourth-Order 
Nonlinear  Critical  Systems 

In  Section  4.2.3,  we  have  derived  a  stability  criterion  for  the  fourth-order 
nonlinear  critical  systems  given  in  (7.1)  below  by  employing  normal  form  for¬ 
mulation. 


f)  —Ar}  +  F(rj), 


(7.1) 
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where  tj  :=  (x,y,z,w)',  F(rj )  =  (/O7),  g(v),  r(rj),  s(rf))'  and 

/  0  0  0  \ 

.  _  -o2  0  0  0 

0  0  0  o3  I  • 

\  0  0  -o4  0  / 


(7.2) 


Here,  0i02,0304  >  0  and  f,g,r,s  are  smooth,  purely  nonlinear  scalar  func¬ 
tions.  For  the  interest  of  this  chapter,  we  consider  a  special  case  of  system  (7.1) 
by  letting  f(rj)  =  0  and  gxwxw  being  the  only  quadratic  term  for  nonlinear 
function  g(rj). 

The  next  result  readily  follows  from  Corollary  4.5. 


Corollary  7.1.  Let  f(i /)  =  0,  gxwxw  be  the  only  quadratic  term  for  nonlinear 
function  <7(77),  and  0x02  7^  a0304  for  each  a  £  {|,  j,  1,4,9).  Then  the  origin 
is  asymptotically  stable  for  system  (7.1)  if  Si,  62  <  0,  and  S3,S4  <  0  or  53 
and  S4  have  nonzero  values  and  of  different  sign,  where 

£l2a 

+  4J[^1Q2  _  *  (^4r*y  —  2Shsxt  +  202Syj/)},  (7>3) 


§2  —  q  q-  3f22  [f^4(3<su,u)ty  T  r zww )  T  03(3r222  T  522U,)] 

D2 

T  sww(^l3szw  2£l4rww)  r zw(0,4rww  +  03r22)  +  — — s22 (szw  -J-  2 r22)} 

il4 


s3  = 


s4  = 


fix 


(fix  +  02)  •  (03  +  O4) 

Ox  r0302 


{^4ffy  ww  +  &3ffy  zz  }  > 


(7.4) 

(7.5) 


(fix  +  02)  •  (03  +  O4)  Ox 


(  _  •  (j'yyz  d-  &yyiv)  4“  d-  3inc) 


d-  0  0  [fi3(fii^rx  d-  f hsyy)(szw  d-  2r22 )  -  04(0irI:r  d-  02rj,y)(r2 


+  2s^^)]  — 


203<jq 


40x112  —  O3O4 


(04r*j,  -  2015**  d-  20251,8,)). 


(7.6) 
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7.3.  TSS  Dynamics  During  Station-Keeping 

A  point-mass  model  for  the  TSS  during  station-keeping  has  been  obtained 
in  Chapter  6  by  invoking  Lagrangian  formulation.  As  shown  in  Chapter  6,  the 
out-of-plane  angle  is  hard  to  stabilize  and  system  is  uncontrollable.  Although 
stabilizing  feedback  tension  control  laws  can  be  obtained  by  using  Hopf  bifur¬ 
cation  stability  criteria,  the  performance  of  the  controlled  system,  that  is,  the 
transient  responses,  are  not  good  enough.  It  is  considered  in  this  section  to 
discuss  the  possible  reasons  and  seek  for  another  alternative  to  improve  the 
system  performance. 

First,  the  equations  of  motion  for  the  TSS  obtained  in  the  previous  chapter 
are  recalled.  The  stability  criterion  given  in  Corollary  7.1  is  then  applied  to 
check  the  stability  of  the  uncontrolled  model  of  the  system.  It  is  followed  by 
the  discussions  of  the  constraints  on  the  poles  placement  and  nonlinear  stability 
coefficient  by  using  Hopf  bifurcation  theorem,  which  might  contribute  to  the 
reasons  of  ill  performance  of  transient  responses  in  Chapter  6. 

7.3.1.  System  Dynamics  for  the  TSS  During  Station-Keeping 


By  using  several  simplifying  assumptions,  we  have  derived  a  mathematical 
model  for  the  TSS  in  Chapter  6.  The  state  space  model  given  in  Section  6.3  is 
recalled  in  Eq.  (7.7)  below,  where  we  assume  the  applied  tension  force  T  is  the 
only  external  force  acting  on  the  system  and  cos  cf>  ^  0. 

4>  (7.7a) 

i  02*i 

U<f,  = - -  -  sin(2 (f>)(u>8  +  ft)2  —  — —  cos  6  sin  (j>(  1 - —)  (7.7 b) 

c  Z  l  rm 

9  =ue  (7.7c) 

hg  =  -  ~r(wo  +  ft)  +  2  tan  +  ft)w^  -  (1 - §~)  (7.7d) 

•c  v  COS  (p  T  m 


l  =v 


V  +  t  COS2  (f){oJ9  +  ft)2 


ft2rg£ 


(7.7e) 
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(7-7/) 


+  fl2ro  cos  8  cos  <f>(  1  —  +  — 

rm  m 

where 

rm  =(rl  +  £2  +  2 r0£  cos  8  cos  (f>)1^2 .  (7.8) 

By  assuming  the  tether  length  is  held  constant  (i.e.,  I  —  v  =  0,  l  =  £*  =  a 
constant),  we  have  only  two  equilibrium  points  of  system  (7.7):  (0, 0, 0, 0,  £*,  0) 
and  (0, 0, 7r,  0,C).  For  simplicity,  only  the  stability  and  stabilization  of  system 
(7.7)  at  the  equilibrium  point  (0, 0, 0, 0,  £*)  is  considered  in  the  following.  Sim¬ 
ilar  results  for  the  stability  and  stabilization  at  the  other  system  equilibrium 
can  easily  be  obtained  by  using  the  same  approach. 

Denote  by  xo  =  (0,0,0,0,^*,0)'  the  equilibrium  point  of  (7.7)  and  let 
X  =:  x  —  xo=  ( 4 i,  u;^,  8,  ug,  £,  v)' ,  where  £  :=  £  —  £*.  The  Taylor  series 
expansion  of  the  right  hand  side  of  Eqs.  (7.7)  is,  to  third  order  in  X , 

4 -X  =  L0X  +  Q0(X,X)  +  C0(X,X,X)  +  eU  +  e-  (7.9) 

at  m 


where  the  matrix  Lq,  the  quadratic  form  Qq,  the  cubic  form  Co,  the  vector  e 
and  the  scalar  U  are  given  in  Section  6.3. 

As  shown  in  Section  6.3,  the  linearization  at  the  equilibrium  point  xo  (with 
v  =  v  =  0)  has  two  pairs  of  pure  imaginary  eigenvalues: 


A1j2  =  ±ifiA/l  +  -~;(1  - 

c  rm,  0 


~  ±i2£l  for  ro  £*, 


a3-4  =  Wf(1"^“) 


m,  0 


~  ±z\/3f2  for  ro  £*, 


(7.10) 


(7.11) 


where 


rm,  o  =r0+£* 


(7.12) 
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The  appearance  of  these  two  pairs  of  pure  imaginary  eigenvalues  suggests 
the  possibility  of  oscillations  near  the  equilibrium  point  (0, 0, 0, 0).  Application 
of  Corollary  7.1  to  the  uncontrolled  model  (7 .7 a)-(7 .7 d)  gives  Si  =  0  for  i  = 
1,  •  •  •  ,4.  Thus,  no  conclusion  regarding  stability  is  reached  for  the  open-loop 
system. 

7.3.2.  Constraints  on  Poles  Placement  and  Nonlinear  Stability 
Coefficient 

In  the  previous  chapter,  we  have  shown  that  system  (7.7)  is  uncontrollable 
and  obtained  stabilizing  feedback  tension  control  laws  by  using  Hopf  bifurcation 
stability  criteria.  In  which,  a  linear  state  feedback  control  is  first  employed  for 
poles  placement  of  those  eigenvalues  corresponding  to  the  in-plane  angle  and 
the  tether  length,  while  same  linear  feedback  or  another  nonlinear  feedback  will 
then  drive  the  origin  for  the  full  model  of  the  system  to  stable  if  the  control 
gains  satisfy  the  Hopf  bifurcation  stability  conditions.  Similar  results  can  also 
be  obtained  by  using  center  manifold  reduction  technique.  Details  of  technique 
can  be  referred  to,  for  instance,  Chapter  3. 

At  the  expense  of  large  nonlinear  feedback  gains  and  large  variations  of  the 
6  and  simulations  given  in  Section  6.4  demonstrate  the  stability  of  the  system 
with  significant  decaying  of  the  time  response  for  <f>.  Nevertheless,  the  transient 
responses  of  the  system  are  not  good  enough.  This  might  be  attributed  to  the 
fact  that  the  stabilized  eigenvalues  are  still  close  to  the  imaginary  axis  in  the 
complex  plane,  and  linear  and  nonlinear  feedback  gains  used  in  the  simulations 
are  not  large  enough.  Indeed,  large  linear  feedback  gains  are  shown  below  to 
be  necessary  to  place  all  stabilizable  eigenvalues  far  from  the  imaginary  axis  in 
the  complex  plane,  which  will  propel  a  large  increase  of  the  quadratic  feedback 
gains  for  having  a  significant  decaying  of  the  transient  response.  Details  are 
given  as  follows. 

Let  the  tension  control  law  be  governed  by 

T  —  —  m{U  +  k\<f>  +  +  &3  6  +  kiU$ 
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+  k5£  +  k6v  +  u{<f),uj^,6,ijj0,t,v)}. 


(7.13) 


So,  the  linearized  model  of  (7.7)  at  equilibrium  point  xq  becomes 
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The  characteristic  equation  of  the  closed-loop  system  is  hence  as  follows 
(A2  -f-  a2)  (A4  4-  &6 A3  +  b\  A2  +  62^  T  £>3)  =  0,  (7.15) 


where 


.  ,  (2r0£*2  +  £*3)Q,2 

6l  =  is - ST?— 


2  ajb4 

£* 


+  4fl2, 


k6(Sr3  +  3 r2£*  +  r0l*2)fl2  _  2Qk3 
(r0+£*)3  £*  ’ 


(7.16) 

(7.17) 


t  (3r"  +3r02r  +  r0r2)fi2  ff  (3rg  +  3r2^  +  3r0r2  +  £*3)Cl2 

63  ~  WTFy  {h - - K7’18) 


It  has  been  shown  in  Lemma  6.1  that  the  tension  control  force  T  given 
in  (7.13)  with  u  =  0  stabilizes  the  Jacobian  matrix  of  Eqs.  (7.7c)-(7.7/)  if  (i) 
k 6  >  0,  (ii)  6,  >  0,  for  i  =  1,2,3  and  (iii)  &6&1&2  —  b2  —  >  0,  where  the 

values  of  &,•  axe  given  in  (7.16)-(7.18).  It  is  observed  from  Eq.  (7.15)  that  the 
linear  control  gains  k\ ,  &2  do  not  influence  the  eigenvalues  of  the  system.  For 
simplicity,  we  choose  k\  =  &2  =  0  in  the  following  discussions. 

Consider  the  linearization  of  Eqs.  (7.7c)-(7.7/)  with  (j>  —  =  0,  we  have 


( 0) 
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0 

U>6 

-a2 
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\v  ) 
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2£*n 

03 

where  u  =  ^-  +  U. 


0 

2il 
'  f 

1 
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(7.19) 
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The  controllability  matrix  of  (7.19)  is  calculated  as 


/o  0  -f-  0  \ 

0  o  -a\  -4ft2) 

0  1  0  a3-4ft2 

\  1  0  a3  -  4ft2  0 


(7.20) 


where  det(C)  =  ^  ^  0.  Thus,  the  Jacobian  matrix  of  Eqs.  (7.7c)-(7.7/)  is 
linearly  controllable,  which  implies  that  there  always  exist  linear  feedback  gains 
ki  to  place  all  the  eigenvalues  of  Jacobian  matrix  (7.7c)-(7.7/)  to  any  positions 
in  the  complex  plane.  However,  as  calculated,  det(C)  ~  when  r0  £*. 
In  general,  ft  ~  0.001  and  £*  >  1,  which  implies  that  the  determinant  of  the 
controllability  matrix  C  is  very  close  to  zero.  Thus,  the  linear  controllability 
of  the  Jacobian  matrix  of  Eqs.  (7.7c)-(7.7/)  is  nearly  uncontrollable.  In  fact, 
as  shown  in  Lemma  7.1  below,  large  linear  feedback  gains  are  needed  to  move 
those  stabilizable  eigenvalues  of  (7.7c)-(7.7/)  far  from  the  imaginary  axis  in  the 
complex  plane. 

From  the  foregoing  discussions,  it  is  obvious  to  have  following  result. 

Lemma  7.1.  Suppose  r0  £*  and  let  a*  :=  mini  |i2e{<7,-}|,  where  ai  denote  the 
eigenvalues  of  the  Jacobian  matrix  (7.7c)-(7.7/)  after  linear  feedback  control. 
Then  we  have  (i)  4a*  <  k 6,  (ii)  6cr*2  <  k5  +  4ft2  —  7?^,  (iii)  4 a*3  <  3 ft2fc6  — 
( iv)  a**  <3n2(k5-3Q2). 

In  general,  Q  ~  0.001  and  £*  >  1000  for  expecting  applications.  It  is 
observed  from  condition  (iv)  of  Lemma  7.1  that  large  value  of  k$  is  needed  to 
have  a*  big  enough.  For  instance,  let  a*  =  0.1,  then  we  need  to  have  k$  >  3300 
when  ft  =  0.001.  Moreover,  according  to  condtion  (iii)  of  Lemma  7.1  we  also 
need  to  have  k$  >  1000  (or  | A:3 1  >  2000  when  £*  =  1000).  Thus,  implied  by 
Lemma  7.1,  large  linear  feedback  gains  are  necessary  to  make  the  eigenvalues  of 
the  Jacobian  matrix  (7.7c)-(7.7/)  stable  and  far  from  the  imaginary  axis.  The 
ill  performances  of  the  transient  responses  of  the  system  given  in  Chapter  6, 
where  small  linear  gains  are  used,  might  be  attributed  to  this  degenerate  result. 
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It  has  been  shown  in  Theorem  6.2  that  the  tension  control  force  T  given  by 
T  =  —  —  —  —  —  will  stabilize  system 

(7.7),  while  linear  gains  k{  stabilize  the  eigenvalues  of  the  Jacobian  matrix 
(7.7c)-(7.7/)  and  the  stability  coefficient  @2  <  0,  where  (assuming  r0  >•  £*) 


P 2  - 


9^  r/ “91+05  ,  / +  93  n,  2  n 

2  (J2+J2){(  2  +(  2  K  (*«  «3)4K 

ax 


+  ■y(_92  -  ^*fc6)c?2}. 


(7.21) 


with 


£*kg  (  2 

di  = 


20 


(4 aj  -  <$) 


(7.22) 


d2  =  2ax(*4  -  2 TO)  +  ^g^^(a3  +  4a?  -  *8).  (7.23) 


According  to  Eqs.  (7.21)-(7.23),  the  magnitude  of  /32  decreases  as  linear 
feedback  gains  increase.  Moreover,  since  1)  ^  0.001,  51  is  observed  to  be  the  one 
of  three  quadratic  feedbacks,  which  can  drive  /?2  <  0  with  smallest  magnitude. 
To  improve  the  transient  performance  of  system  (7.7)  by  using  Theorem  6.2, 
one  might  need  to  have  large  quadratic  feedback  gains,  for  instance,  to  have  a 
better  time  response  than  the  one  of  Example  6.3  q\  must  be  greater  than  the 
previous  design  value,  say  it,  1500. 

7.4.  Stabilization  via  Center  Manifold  Reduction 


Motivated  by  the  observations  given  in  Section  7.3.2,  we  design  a  new 
nonlinear  stabilizing  control  law  in  this  section  for  getting  better  performance 
for  system  (7.7)  without  using  large  linear  and  nonlinear  feedback  gains.  It  relies 
upon  a  linear  feedback  to  preserve  the  two  pairs  of  pure  imaginary  eigenvalues 
of  the  uncontrolled  linearized  model,  instead  of  stabilizing  one  of  pairs  of  pure 
imaginary  eigenvalues.  The  linear  feedback  also  provides  the  stability  of  the 
remaining  two  eigenvalues  of  (7.7).  A  locally  invariant  manifold  for  system 
(7.7)  can  then  be  derived  by  using  Theorem  2.1,  where  Corollary  7.1  is  applied 
to  the  design  of  a  stabilizing  control  law. 
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7.4.1.  Design  of  Stabilizing  Control  Laws 

Let  the  tension  control  law  T  be  as  in  (7.13)  and  suppose  the  two  pairs 
of  pure  imaginary  eigenvalues  of  the  uncontrolled  system  linearization  are  pre¬ 
served,  then  we  can  rewrite  Eq.  (7.15)  as  follows 

(A2  +  a2)(A2  +  a2){\2  +  &6  A  +  (£5  —  03))  —  0,  (7.24) 


which  implies  that  £3  =  0  and  k±  —  21*  VL.  Moreover,  according  to  Eq.  (7.24) 
and  Hurwitz  stability  criterion,  the  eigenvalues  of  the  Jacobian  matrix  for  state 
( £ ,  u)  in  (7.7)  are  stable  if  £5  >  <23  and  k6  >  0. 

As  observed  from  the  linearized  model  of  system  (7.14),  there  is  a  linear 
coupling  term  between  u>g  and  v  in  the  dynamics  of  ujq.  To  apply  the  tech¬ 
nique  of  center  manifold  reduction,  i.e.,  Theorem  2.1,  it  is  convenient  to  have 
linearized  model  in  block  diagonal  form. 

Let  77  :=  (^,u>*,0,w*)',  £  :=  ,  £  :=  (. x,y,z,w )'  =  r j  +  P£,  k{  =  0, 

i  =  1,2,3  and  £4  =  2£*0. 

By  choosing 


(Pi 

P2\ 

(  ° 

0 

\ 

P:= 

P3 

_  ’ 
Pi 

_ 

0 

20^6(^5—03) 

0 

20(^5  —  03—0^) 

P5 

Pe 

kh 

\P7 

Ps  / 

(  20(*5— a3  — a^)(*6  — a3) 

20 fc6a* 

/ 

(7.25) 


with 


kh  =  t*{a\kl  +  (k5  -  a3  -  a2)2}, 


(7.26) 


we  can  rewrite  system  (7.7)  in  a  block  diagonal  form  as  follows 


/  0  1  0  0  0 

-a2  0  0  0  0 

0  0  0  1  0 

0  0  -a\  0  0 

0  0  0  0  0 

V  0  0  0  0  —  &5  +  03 


°  ^ 

(  °  \ 

0 

g(C,£) 

0 

Gb 

KC.O 

0 

-(C,0 

1 

0 

-kj 

\KC,£)' 

(7.27) 
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where 


2  ~ 

g((,  0  =  ~20x(w  -  p8v  -  p7i  -  —yv  +  a12x£)  -  x(w  -  p8v  -  p7£)2 

+  a6x(z  -  p8v  -  pdf  +  ■— y£v  +  a8x£ 2  +  a7x3  +  0(||(C,  ^)||4)(7.28) 

v((d)  =  «i3^2  +  2 0£(w  -  p8v  —  p7£)  +  £*(w  —  p8v  —  p7£f 
4-  a^z  —  p6v  —  pdf  +  £*y2  -f  a5x 2  +  a15£ 3 
+  £{{w  -  p8v  -  p7lf  +  au(z  -  p6v  -  pdf  +  y 2  +  aux2} 

-  2 tOx2{w  -  p8v  —  p7£)  +  u((,0  +  O(||(C,0l|4)  (7.29) 

r((,0  =  P*H(,0  (7-30) 

2Q£  2 

*(C  0  =  PsKC,  0  +  ^12(2  -  P6V  -  pd)  +  -  j;(w  -  P»v  -  Pd)} 

20,  2 

+  2 Oxy  -  u{— P  ~  ~  p*v  ~  P7^  +  ad2iz  ~  Pev  -  pd) 

+  2 xy(w  -  p8v  -  p7l)  +  a9(z  -  p8v  -  pdf 

4-  ai0x2(z  -  p6v  -  pd)  +  0(||(C,  Oil4)-  (7-31) 

According  to  Theorem  2.1,  there  exists  a  locally  invariant  manifold  for 
system  (7.27),  which  is  given  by  the  graph  of  a  C2  function  f  =  h(Q.  As  stated 
in  Theorem  2.2,  we  can  solve  for  the  approximation  of  function  h.  Let  this 
approximation  of  function  h  be  given  as  follows 

£  =  <hi,zxx  +  he,xyy  +  hi,xzz  +  hi,xww)  +  y(hi,yyy  +  hi,yzz  +  hyww) 

+  hi,zzz2  +  hi,zwzw  +  hi,www2  +  0(||(x,y,z,u;)||3)  (7.32) 

V  —  xfhy^xx^  "1“  fov,x% iV  4"  4-  hv^xw'm)  “I”  y(J^v ,yyy  “I”  hv,yzZ  4"  hv lyw^v) 

+  hv>zzz2  +  hVtZwzw  +  hVtWWw2  +  0(\\(x,y,z,w)\\3).  (7.33) 

To  employ  the  relationship  (2.2),  we  can  solve  for  h^-  and  hVjij  for  all  i,j  E 
{x,y,  z,w}.  Also,  according  to  Theorem  2.1,  the  stability  of  the  full  model  of 
system  (7.27)  is  known  to  be  determined  by  the  stability  of  the  reduced  fourth- 
order  model  for  (  (i.e.,  the  submodel  of  (7.27))  only,  with  £  and  v  replaced 
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by  Eqs.  (7.32)  and  (7.33),  respectively.  To  apply  Corollary  7.1  to  the  reduced 
model  of  system  (7.27)  by  replacing  i  and  v  with  (7.32)  and  (7.33),  respectively, 
the  stability  coefficients  Si  given  in  Corollary  7.1  are  obtained  as  follows 


5l  -  3  +  2al+3af{3a^yyy+^xy 


20 


S2  = 


T  .  o  2  (  a2r xy  "b  2sI2;  2aj.Sj(y)}, 

4aj  —  a| 

1 


(7.34) 


n  .  n  9  ,  o  A  {3(22  ujui  "b  3 Tzzz  “b  Szzw  ~b  ^2 ^ zww 

O  |  2iCL<2  Oflo 


“b  ^tiiui(^zti)  2d2^u)U))  ^zw(^zz  “b  O'^f'ww)  "b  o  S zz($ zw  ~b  2rzz)}(7.35) 


Go 


s3  = 

54  = 


1 


(1  +  g?)(1+g1) 

1 

(1  +  af)(l  +  a\) 


{“Idy  ww  +  9y  zz}  —  Oj 

{al(byj)2  +  Syyw  )  +  (  T XT Z  4"  $XTw') 


(7.36) 


~h  2  [(^***  “b  &yy)(Szw  "b  2 Vzz)  *b  *’yj)(I’zw  “b  2su>u,)j 


20 


~b  4a2_a2(a2riv  2sir  +  2a1SyJ/)}. 


(7.37) 


Here,  tilde  denote  the  new  coefficients  of  the  cubic  terms  after  replacing  i  and 
v  with  Eqs.  (7.32)  and  (7.33),  respectively. 

As  implied  by  Corollary  7.1  and  Theorem  2.1,  it  is  obvious  to  have  following 
result. 


Proposition  7.1.  Let  the  applied  tension  control  force  T  is  as  in  (7.13)  with 
ki  =  0,  for  i  =  1,2,3  and  fc4  =  2£*0.  Then  the  origin  is  asymptotically  stable 
for  system  (7.7)  if  k$  >  a3,  ke  >  0,  Si,S2  <  0  and  S4  <  0,  where  St  are  given 
in  Eqs.  (7.34)-(7.35)  and  (7.37). 


As  discussed  in  Section  7.3.2,  at  least  one  of  four  stable  (or  stabilized) 
eigenvalues  will  be  very  close  to  the  imaginary  axis,  while  one  of  the  two  pairs  of 
nonzero  pure  imaginary  eigenvalues  axe  pushed  to  be  stable  by  a  linear  feedback. 
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However,  in  the  recent  design,  where  a  linear  feedback  is  employed  to  preserve 
the  two  pairs  of  nonzero  pure  imaginary  eigenvalues  and  to  provide  the  stability 
of  the  remaining  two  system  eigenvalues,  there  will  be  no  such  limitation  on 
the  stable  eigenvalues.  In  general,  the  two  stable  eigenvalues  can  be  placed  to 
any  positions  in  the  open-left-half  of  complex  plane  by  feedback  gains  k$  and 
k$.  However,  els  shown  in  the  next  two  sections,  the  values  of  the  stability 
coefficients  Si  strongly  depend  on  the  values  of  the  linear  gains  k$  and  k6.  In 
order  to  prevent  the  high  gains  for  the  nonlinear  controllers,  the  magnitudes 
of  &5,&6  should  not  be  too  big,  which  implies  that  the  two  stable  eigenvalues 
should  not  be  placed  too  far  from  the  imaginary  axis. 

7.4.2.  Linear  Feedback  Stabilization 

First,  consider  the  case  in  which  the  tension  control  force  T  (given  in  (7.13)) 
is  a  linear  state  feedback,  i.e,  the  nonlinear  control  input  function  it(C,  £)  =  0. 
Denote  by  Sc,i  the  parameters  Si  given  in  (7.34)-(7.37)  for  the  reduced  model 
of  linear  control  system  (7.27),  we  have 

Sc,i  =  -  a5)  +  2(4a2  -  a2)  ■  [£*2a2ai2 

l 

-  ^*(ai2a5  +  6a*)  +  6a2 as]},  (7.38) 

Sc, 2  —  -=p{2£*(&5  —  a3)[(&5  —  03  —  a2)2  +  a\k2}  •  [— ^*2ai2a2 
n2 

+  e*(ai2a4  +  4a*)  -  4a2 a4]  -  32rQ2a*(&|  +  4a^)(-ra2  -  a4) 

-  ( h  -  a3)2Q,2[-12£*al(-e*al  +  a4)  -  16a2] 

-  n2a2(h  -  a3)  •  [-24f  a2(~ra2  -  3a4)  +  32a2]},  (7.39) 

Sc, 4  = - tj6  ?  {4(fcs  —  03)  •  [(2a2  —  a\)£*  +  2as] 

-«3 

-4(a;r  +  as)(4a;-ol)},  (7.40) 

where 

Hi  =  £*(4 a2  -  a\){la\kl  +  (h  -  as  -  4a2)2},  (7.41) 


163 


(7.42) 

(7.43) 


H2  =  £*2(k5  —  a3) {Aa^k^k^  +  k$  -  a3)  +  5a2fc|(fc5  —  a3  —  2 a2)2 
+  [(&5  ~  a3  —  2al )2  —  —  a3 )]2}, 

H3  =  —t(k5  -  a3)(4a2  -  a\){a\kl  +  ( k5  -  a3  -  a2 )2}. 

It  has  been  calculated  that  Sc,i  <  0,  i  =  1,2,4  if  k$  >  a3  and  k$  >  0. 
Thus,  we  have  following  obvious  result. 

Theorem  7.1.  The  origin  is  asymptotically  stable  for  the  controlled  system 
(7.7)  during  station-keeping  if  the  tension  control  law  is  governed  by 

T  =  —m(U  4-  k±u>o  -(-  k5i-\-  k&v),  (7-44) 

with  &4  =  2£*ft,  k§  >  a3  and  k$  >  0. 


Suppose  r0  t  during  station-keeping,  the  values  of  Sc,i  can  then  be 
approximately  obtained  as  follows 


-3968fc6ft4 

C>1  ~  13{16ft2 +  ( k5  -  19ft2)2} 

_1 44Jk,04 

Sc, 2  ^ ^ — {3 ft2*2  +  (£5  -  6.25ft2)2  +  1.4375ft4} 

Hi 

_  — 36&6ft4 

5a4  ~13{3ft2&!  +  (k5  —  6ft2)2} 


(7.45) 

(7-46) 

(7.47) 


where 

Hi  =36 Jb2ft4(fc2  +  k5  -  3ft2)  +  I5kl(k5  -  9ft2)2 

+  {( k5  -  9ft2)2  -  6(k5  -  3ft2)ft2}2.  (7.48) 


In  general,  the  magnitude  of  the  angular  velocity  of  the  satellite  ft  (~ 
.001)  is  very  small.  As  observed  from  Eqs.  (7.45)-(7.48),  the  magnitudes  of 
Sc,i ,  i  =  1,2,4  axe  hence  small  for  all  k$  >  a3  and  k&  >  0.  As  discussed  in 
Section  4.2.3,  the  small  magnitudes  of  Sc,i  might  lead  to  the  small  decaying  for 
the  time  response  of  system  behavior.  Simulation  results  given  in  Section  7.5 
demonstrate  this  conclusion. 
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7.4.3.  Nonlinear  Feedback  Stabilization 


Next,  consider  the  case  in  which  the  nonlinear  control  input  function  u  is 
nonzero.  Referring  to  Proposition  7.1,  we  have  the  nonlinear  control  function 
u  being  a  quadratic-plus-cubic  function  as  follows 

U  +  Hxy^y  d“  Uxz'EZ  -}-  U xw'^'m  d“  n yyV  ~t  HyzyZ  "I-  H ywV^ 

”1“  UzzZ  d"  U  zvjZIO  d"  Uww'M  d"  Uxxx^  d~  (ll xxyU  d“  HxxzZ  d* 

d"  (uXyyX  d~  V’yyyV  d-  UyyzZ  d"  ^yyw^^V  d"  Uxyz-EyZ  d~  Hi rywXyW 

+  uxzwxzw  d-  uyzwyzw  d-  ( uxzzx  d-  uyzzy  d-  uzzzz  -f  uzzww)z 2 

■+■  (^xww’Z  d”  lAywwy  d~  'UzwwZ  d*  Ututuw1^)^  •  (7.49) 

Denote  by  Sjyti  the  parameters  5,-  given  in  Eqs.  (7.34)-(7.37)  for  the  re¬ 
duced  model  of  nonlinear  control  system  (7.27),  we  have 

‘SjV/'.l  =  Sc,l  d*  PlUyy  d-  P2Uxx  +  PzUxy,  (7.50) 

SsS,2  =  Sc,2  +  piU  ZZZ  d-  pnu  zww  d-  p&u  zzw  d -pro.  WWW  d-  (p»u  zz  +  P9U  ZW 

d-  Pio)uzz  +  (pull  WW  +  Pi?)u  ZW  d-  P\zu2ww  +  Puu  WW)  (7.51) 

*^A/’,4  ^Cj4  d”  PlSllyyz  d”  PXGUxxz  d"  Pl7llyyw  d"  PlRUxxw 

d-  (pi9  d-  P20Uyy  +  P2lUxx)uzz  d"  (p22^yy  d"  P23uxx  +  P2i)uzw 

d~  (P25  "d  p26uyy  d"  p21uxx')'Ujww  d-  P28uyy  d-  P29uxy  d-  P30uxxi  (7.52) 

where  Sc,i  are  defined  in  Eqs.  (7.38)-(7.40)  and  px-  are  functions  of  k5  and  Ar6, 
for  i  =  1,  •  •  • ,  30,  as  given  in  Appendix  7.  A.  It  is  observed  from  the  expressions 
in  Appendix  7. A  that  the  values  of  |p,j  decrease  as  the  magnitude  of  k5  (or  Are) 
increases. 

The  next  result  readily  follows  from  Proposition  7.1. 

Corollary  7.2.  Suppose  a  nonlinear  tension  control  law  as  in  (7.13)  is  applied 
to  system  (7.7)  with  A?j  =  0,  i  =  1,2,3  and  Ar4  =  2 while  the  nonlinear 
control  function  u  is  as  in  (7.49).  Then  the  origin  is  asymptotically  stable  for 
the  system  (7.7)  during  station-keeping  if  fc5  >  a3,  Ar6  >  0,  S/ft 2  <  0  and 

5V,4  <  0. 
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As  observed  from  Eqs.  (7.50)-(7.52)  and  Corollary  7.2,  only  parts  of  the 
quadratic  and  cubic  feedback  gains  contribute  to  the  stability  conditions  for 
the  system  (7.7).  Among  them,  uxx,uxy  and  uyy  play  key  roles  in  determining 
the  magnitude  and  the  sign  of  SV.i,  which  corresponds  to  the  stability  of  the 
out-of-plane  angle  <f>\  while  the  magnitudes  and  the  signs  for  SV,2  and  5V, 4  0X6 
determined  by  some  of  quadratic  and  cubic  feedback  gains. 

Referring  to  Eqs.  (7.50)-(7.52),  we  can  have  the  following  obvious  result 
from  Corollary  7.2. 

Theorem  7.2.  Suppose  the  tension  control  law  is  governed  by 

T  =  m(—U  —  2£*Slu>e  —  k$i  —  k&v  +  uxxx2  -k  uxyxy  +  uyyy 2 
~k  ^  z "1“  'LL zw ZW  “|”  ~k  {uxxxZ  -|-  Uxxww)x  -|“  ('UyygZ 

T  “k  ( ’U’zzzZ  “1“  U zzw^^)^  “k  (u zwwZ  “k  'U’www’w')'^  1^7.53) 

during  station-keeping.  Then  the  origin  is  guaranteed  to  be  asymptotically 
stable  for  the  system  (7.7)  if  k5  >  <23,  k$  >  0  and  the  quadratic  and  cubic 
feedback  gains  U{j  and  Uijk  in  Eq.  (7.53)  are  chosen  such  that  SV,i,  *SV, 2  <  0 
and  5^,4  <  0,  where  S/fj,  i  =  1,2,4  are  given  in  Eqs.  (7.50)-(7.52). 

7.5.  Simulation  Results 

A  TSS  with  the  same  characteristics  as  the  one  in  Section  6.4  is  considered 
here:  (i)  nominal  tether  length  l*  =  100  km,  (ii)  orbital  radius  r o  =  6598  km, 
(iii)  satellite  mass  m  =  170  kg,  (iv)  orbital  angular  velocity  SI  =  0.0011781 
radians  /  second. 

Let  the  equilibrium  point  of  (7.7)  of  interest  be  xo  —  (0, 0, 0, 0,£*,  0)'. 
Simulation  results  for  the  case  in  which  no  external  tension  control  force  is 
applied  to  the  system  have  been  given  in  Figure  6.2.  Here,  we  only  present  the 
results  which  illustrate  the  system  dynamics  for  the  various  types  of  control 
studied  in  this  chapter.  Similar  to  Section  6.4,  we  choose  the  initial  conditions 
<f)  =  0.01  radians,  6  =  —0.01  radians,  and  ug  =  =  0. 
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Example  7.5.1.  (Linear  stabilizing  feedback  control) 

The  tension  controller  is  taken  as  T  =  —m(U  +  2£*flu>g  +  k$£  +  kev),  with 
&5  =  ISO2 ,  &4  =  0.00051,  and  U  =  0.41019.  The  control  law  is  stabilizing,  as 
can  be  checked  using  Theorem  7.1.  Indeed,  we  have  Sc,i  =  —0.0452,  Sc, 2  = 
—0.0047,  Sc, 3  =  0  and  Sc, 4  =  —8.97  x  10~6  for  the  closed-loop  system.  The 
time  responses  for  the  variables  of  <j>,  9 ,  and  the  deviation  t  of  the  tether  length 
are  shown  in  Figure  7.1(a),  (b)  and  (c),  respectively.  However,  it  is  not  easy 
to  see  in  Figure  7.1(a)  and  1(b)  any  decaying  of  the  oscillations  for  the  out-of- 
plane  angle  <j>  and  in-plane  angle  9.  This  may  be  attributed  to  the  fact  that 
I5r.il,  i  =  1, 2, 4  are  too  small.  The  applied  tension  force  is  also  shown  in  Figure 
7.1(d). 

Example  7.5.2.  (Linear-plus- cubic  stabilizing  feedback  control) 

Let  the  tension  control  law  be  of  the  form 

T  —  m(  JJ  2t  LIloq  k§£  k§v  -f-  ( uxxz z  d*  uXXyjW^x  -|-  {uyyzz 
-I-  uyyww)y2  +  ( uzzzz  +  uzzww)z 2  +  ( u2WWz  +  uwwww)w2,  (7-54) 

where  U  =  0.41019.  By  choosing  k$  =  18fi2,  k6  —  0.00051,  uxxz  =  1000, 
uzzz  =  10000  and  letting  the  rest  of  cubic  gains  equal  to  zero,  the  in-plane 
angle  9  is  observed  to  decay  in  Figure  7.2(b)  while  the  out-of-plane  angle  (f>  in 
Figure  7.2(a)  still  has  no  significant  decaying.  This  result  may  be  attributed  to 
the  fact  of  the  large  value  of  ]5aT,2|  and  the  small  value  of  |SV,:i  |-  As  calculated, 
we  have  Sj\ft i  =  —0.0452,  5^,2  =  —41671,  5//, 3  =  0  and  5/^, 4  =  —1389  for  the 
closed-loop  system.  The  deviations  of  the  tether  length  and  the  applied  tension 
force  are  shown  in  Figure  7.2(c)  and  7.2(d). 

Example  7.5.8.  (Linear-plus-quadratic-plus-cubic  stabilizing  feedback  control) 

Let  the  tension  control  law  be  of  the  form  as  given  in  Eq.  (7.53)  with 
U  =  0.41019.  Choose  k5  =  20H2,  k6  =  0.0034,  uzzz  =  10000,  uxx  =  -1500  and 
let  the  rest  of  quadratic  and  cubic  gains  equal  to  zero,  the  out-of-plane  angle 
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<{>  in  Figure  7.3(a)  is  observed  to  decay  significantly,  while  the  in-plane  angle 
in  Figure  7.3(b)  also  has  significant  decaying.  This  might  be  attributed  to  the 
fact  of  the  large  values  of  |SV,«|j  for  i  =  1,2.  Indeed,  we  have  S//ti  =  —10251, 
SV,2  =  —32057,  5a/”, 3  =  0  and  S'/v/',4  =  —187  for  the  closed-loop  system.  The 
deviations  of  the  tether  length  and  the  applied  tension  force  are  shown  in  Figure 
7.3(c)  and  7.3(d). 

Example  7.5.4-  (Linear-plus- quadratic-plus- cubic  stabilizing  feedback  control) 

A  further  example  by  using  (7.53)  as  a  tension  control  law  is  depicted  in 
Figure  7.4.  In  this  example,  we  set  k$  =  1802,  k6  =  0.00051,  uxxz  —  uzzz  = 
1000,  uxx  =  —1000  and  let  the  rest  of  quadratic  and  cubic  gains  equal  to  zero. 
The  stability  coefficients  , SV,i  are  calculated  as  £V,i  =  —41859,  SV, 2  —  —4167, 
SV,3  =  0  and  Sj\ft 4  =  —1415  for  the  closed- loop  system. 

It  is  observed  from  the  simulations  in  Figures  7.3  and  7.4  that  the  transient 
responses  of  the  system  by  using  the  recent  approach  is  superior  to  the  ones 
given  in  Section  6.4.  Moreover,  the  magnitudes  of  the  nonlinear  control  gains 
and  the  variations  of  the  in-plane  angle  and  the  tether  length  are  much  smaller 
than  those  in  Section  6.4.  The  linear  feedback  gains  used  here  are  obviously 
small. 
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Figure  7.1.  Simulation  results  for  linear  feedback  system 
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Figure  7.2.  Simulation  results  for  linear-plus-cubic  feedback  system 
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7.6.  Concluding  Remarks 

A  new  approach  without  using  high  linear  and/or  nonlinear  feedback  gains 
for  the  design  of  the  stabilizing  control  laws  for  the  TSS  during  station-keeping 
is  presented  in  this  chapter.  A  major  difference  between  the  recent  approach  and 
the  previous  method  in  Chapter  6  is  that  the  stabilization  of  both  the  in-plane 
angle  9  and  the  out-of-plane  angle  <f>  are  ob tinned  by  using  nonlinear  stability 
criterion  in  this  chapter,  while  linear  stability  criterion  and  Hopf  bifurcation 
theorem  were  employed  in  the  previous  chapter  to  guarantee  the  stability  of 
the  in-plane  angle  9  and  the  out-of-plane  angle  <f>,  respectively. 

It  is  found  in  this  chapter  that  the  quadratic  feedback  gains  uxx,  uxy ,  and 
Uyy,  which  correspond  to  the  quadratic  function  of  <f>  and  play  very  impor¬ 
tant  roles  in  determining  the  stability  of  the  out-of-plane  angle  (j> .  This  agrees 
with  the  one  obtained  in  the  previous  chapter  by  using  Hopf  bifurcation  theo¬ 
rem.  To  stabilize  the  in-plane  angle  9 ,  a  linear  feedback  controller  is  designed 
in  Section  6.3.  However,  in  this  chapter,  such  regulation  of  the  in-plane  angle 
9  is  found  to  be  achieved  by  a  cubic  feedback. 

Although  a  purely  linear  feedback  control  can  be  designed  to  provide  the 
asymptotic  stability  of  the  TSS  during  station-keeping,  however,  nonlinear  feed¬ 
backs  are  needed  in  the  stabilizing  controller  to  get  a  better  performance  of  the 
regulation  (i.e.,  better  time  response).  Specifically,  a  three  steps  control  algo¬ 
rithm  emerging  from  the  approach  proposed  in  this  chapter  can  help  to  get 
better  performance  as:  (i)  use  a  linear  feedback  control  of  i  and  v  to  stabilize 
the  dynamics  of  the  tether  length,  (ii)  use  a  quadratic  feedback  control  of  <j> 
and  to  regulate  the  out-of-plane  angle  4>  by  letting  SV, l  <  0,  (iii)  finally, 
use  a  cubic  feedback  control  of  9,  t  and  v  to  regulate  the  in-plane  angle  9 
by  letting  SV, 2  <  0  and  SV, 4  5:  0. 
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Appendix  7.A 

The  values  of  for  i  =  1,  •  •  • ,  30  are  as  follows. 

Pl  =  JL  .  {32 ajtf  +  (~2a12al  +  8a?ai2)£  +  (12 a\a\  -  48a?)}a?fc6 
He 

Pi 

P2~~a{ 

p3  =  —  ■  {(-16af (oj  -  is)  -  64al)fl2  +  (M  -  4a?«nX<&  -  h) 

He 

4a?ai2a?  -  16o}ai2)^  +  (-6a?  a?  +  24a?)(a3  -  *5)  ~  24ata2  +  96a®} 

pA  =  —  .  {(24a?  +  24a?  (a3  -  fcS))*6  +  6('a3  -  k>)3 

+  54a? (a3  -  k5)2  +  144a? (a3  -  &5)  +  96a?}^f2 

p5  =  —  •  {(8a?(a3  —  £5)  +  8a?)£?  +  2a?(a3  —  £5) 

#8 

+  18a? (a3  -  k5)2  +  48a? (a3  -  h)  +  32a?  }£Q, 

p6  =  — —  •  {8a?A)g  +  (2a? (a3  -  k5  f  +  16a?(a3  -  k5 )  +  32 a?)fc6}^ 

He 

p7  =  — —  .  {(6a?(a3  -  fc5)2  +  48a? (a3  -  fc5)  +  96a?)fc6  +  24a?fc|}€12 
He 

ps  _  — L  .  {(— 32a?(a3  -  fc5)2  -  32a?(a3  -  fe))fc6  +  ("8(a3  -  &5)4 

-  72a? (a3  -  fc5)3  -  192a?(a3  -  fc5)2  -  128a?(a3  -  fc5))M^2 

^>9  =  —  •  {— 16a?(a3  -  kr,)k\  -  (48a?(a3  -  h)  -  12a?(a3  -  hf)kl 

H& 

+  4 (a3  -k5)s+  40a? (a3  -  fa)4  +  132a? (a3  -  k5)3 

4-  160a?(a3  —  fc5)2  +  64a?(a3  —  £5)}^ 

p10  =  — —  •  {(32a? kg  +  (— 36a?(a3  -  ks)2  +  72a?(a3  -  h)  +  160a?)fcf 
He 

+  (4a? (a3  -  hf  -  56 a?(a3  -  hf  -  212 a?(a3  -  fc5)2  -  24a?(a3  -  k5) 

+  128 a\°)h)£  -  1 6a?a4(a3  -  h)2k$  +  (8a4(a3  -  k5f  -  8a?a4(a3  -  k0f 

-  112 a?a4(a3  -  fc5)2  ~  +96a?a4(a3  -  A*))**}**2  +  {-2a12a?(a3  -  k6)k* 
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+  (-4:a12al(a3  -  k5 )3  -  801203(03  -  h)2  -  4ai2al(a3  -  k5))k g 
+  (— 2ai2(d3  —  k$)5  —  801303 (03  ~  ^s)4  —  1201203(03  —  &s)3 

-  801202(03  -  k5)2  -  201203(03  -  &5))fc6}^2  +  {803(03  -  k5)kl 
+  (1603(03  —  &s)3  +  3203(03  —  k$)2  +  1603(03  —  &5))&g  +  (8a2( 
+  3203(03  —  &s)4  +  4803(03  —  fcs)3  +  3203(03  —  k$)2  +  803°  (03 

l 

pn  =  — -  •  {-1603(03  -  k5)k%  +  (1203(03  -  k5 )3  -  4803(03  -  k5))k% 
•«6 

+  403(03  -  k5)5  +  4003(03  -  k5)4  +  13203(03  -  k5)3 
+  16003(03  —  k5 )2  +  64o2°(o3  —  2 

P12  =  ~  •  ((-2403(03  -  k5)ks  +  (2403(03  -  k5)3  -  2803(03  -  k5)2 
Jti  6 

-  13603(03  -  h))k2  +  2003(03  -  hf  +  12003(03  -  fc5)3 
+  18003(03  —  &5)2  +  80o2°(a3  —  k5))£  —  160304(03  —  k5)k^ 

+  (36a2a4(a3  —  k5)3  +  160304(03  —  k5 )2  —  800^04(03  —  k5))k% 

+  4a4(o3  —  k5)5  +  560304(03  —  fc5)4  +  2280304(03  —  k5)3 
+  3040304(03  —  k5)2  +  1280304(03  —  k5))Q2  +  ((04203(03  —  k5)2 
+  404203(03  —  k^^kg  -J-  (201203(03  —  fcs)4  4-  1201203(03  —  A^)3 
+  1801203(03  —  ks)2  +  801203(03  —  fcs))£g  -f-  042(03  —  k$  )** 

+  8ai2a2(a3  -  k5)5  +  220^03(03  -  k5)4  +  2801203(03  -  fc5)3 
+  1701203(03  —  &5  )2  +  4ai2a2°(a3  —  ks))(?  +  ((— 403(03  —  k^)2 

—  1603(03  —  k*,))kl  +  (— 803(03  —  fc5)4  -  4803(03  -  k5)3 

—  7203(03  -  k5)2  -  32o20(a3  -  k5))k%  -  4a2(a3  -  k5)6 

-  3203(03  -  k5f  -  880^(03  -  h)4  -  11203(03  -  k5)3 

—  6Sal°(a3  —  k5 )2  —  16o22(a3  —  k5))l 

p\z  —  — ~~  ■  {(3203(03  -  k5 )  +  3203(03  -  h)2)k%  +  (803(03  -  fc5)4 
-(-  7203(03  —  k^3  "I"  192a2(a3  —  &s)2  4"  1280210(03  —  k^^k^^kl2 


;  -  hf 
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Pi*  —  —  tt  ‘  {(32a2A:|  +  (5202(03  —  k5)2  +  12003(03  —  k5 )  +  160o2°)A;g 
+  (— 403(03  —  &s)4  +  7203(03  —  k5)3  +  35603(03  —  k5 )2 

+  408o2°(a3  —  £5)  4-  128a22)&6}£  +  {800304(03  —  k$)2 

+  640304(03  —  k5))kl  -f  (80304(03  —  k5)4  +  1520304(03  —  &5)3 
+  4960304(03  —  k5)2  +  3520304(03  —  k5))k6}Q? 

+  {204203(03  +  (404203(03  —  &s)3  4"  804203(03  —  k s)2 

+  404203(03  —  k$))kQ  +  (204203(03  —  £5)°  +  804203(03  —  k3)4 
+  1204203(03  —  k$)3  +  804203(03  —  k$)2  +  2o42a2°(a3  —  ^s))^}^2 
+  {— 803(03  —  k5)kl  +  (— 1603(03  —  ks)3  —  3203(03  —  ks)2 
— 1603°  (03  —  k$y)k\  +  (— 803(03  —  k$)5  —  3203(03  —  k$)4 
-  48o«(o3  -  k5f  -  32a30 (o3  -  h)2  -  8 o32(o3  -  h))k6}£ 

2 

Pi5  =  TT  ■  al(k5  -  a2  -  a3)ti 

2 

Pie  =  77-  •  (h  -a\-  a3)0 
2 

P17  =  —  •  (o2a2fc60) 

-n  9 

2 

Pl8  =  TT  •  (a2fc6ft) 

Pi9  =  jjT  '  {8(4ai  -  ai)(^5  —  a2  —  a3)(a3  —  &5)(.£a2  +  a5)A:602} 

P2°  =  •  {8(4a2  -  o2)(&5  -  a2  -  a3)(a3  -  ^5)01  A:602} 

P20 

'>21  =  ^f 

=  JT'  {— 4aJ(4 a2  -  a^)(a3  -  *s)[— af  fc|  +  (*s  -  a\  -  n,)2jfl2} 

P22 

P23  =  — T 
a{ 

P24  =  P23(^4  +  <25) 
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P25  —  —<fp\9 

P26  =  —O-lp20 
P26 

P2,  =  ^f 

p28  —  — 77”  •  {(80103(03  —  &s)  +  4a2 a®  —  lQa\a\)k\ 

IJ7 

+  (8o2a|(a3  —  &5)3  +  (20a2O2  +  16a{a2)(a3  —  kef 

+  (16a? -  32a{  0^(03  -  h)  +  4 a\a\  -  16 a\al)U}m2 

P29  =  -77-  •  {(403(03  —  kef  4-  4a3 (03  —  ke))k2  +  4a?(a3  —  kef 

+  12(22(03  —  kef  -+- 1202(03  —  kef  +  40^(03  —  kef££l2 

Pm  =  —jr  •  {(-802(03  -  h )  +  4a®  -  16af 03)^6 

227 

+  (—802(03  —  h )3  —  (16ai2o2  +  12a4)(a3  —  k5)2 

—  32a2  03(03  —  k5)  +  4o3  —  lGa^a®)^}^2 

where 

He  =  (4a2  -  a2){4a2A:g  +  ((a3  -  h)  +  4a2)2}£ 

H6  =  (a3  -  h){~4a62k%  +  (-9 a*(o3  -  h )2  -  24a°(o3  -  h)  -  24a*)fc* 

+  (— 6a2(a3  —  hf  -  3603(03  -  k5 )3  -  9003(03  -  k5 )2 

-  9603(03  -  h)  -  36o^0)^2  -  (a3  -  hf  -  12a2(o3  -  hf  -  54a*(a3  -  ) fc5)4 

-  11603(03  -  hf  -  12903(03  -  k5)2  -  72o2°(a3  -  k5)  -  16a^2}^2 
H7  =  (4a2  -  o2)(o3  -  h)(-a2k2  -  ((a3  -  h)  +  a\fft2 

H&  =  {403^6  +  (5a2 (a3  -  hf  +  1602(03  -  h)  +  2003)^ 

+  (o3  —  hf  +  10a2(a3  —  kff  +  3303(03  —  kef  +  4003(03  —  ke )  4-  lGa3}^2 
H9  =  -{a\kl  +  {ke  —  a2  —  a3)2}^. 
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CHAPTER 

EIGHT 

CONSTANT  ANGLE  CONTROL  FOR 
DEPLOYMENT  AND  RETRIEVAL  OF  TSS 


In  this  chapter,  we  continue  our  study  of  the  control  of  tethered  satel¬ 
lite  systems,  specifically,  the  deployment  and  retrieval  control  for  the  Tethered 
Satellite  System  (TSS).  A  constant  angle  control  method  is  hypothesized  for 
subsatellite  deployment  and  retrieval.  It  is  proved  that  this  control  law  results 
in  stable  deployment  but  unstable  retrieval.  An  enhanced  control  law  for  de¬ 
ployment  is  also  proposed,  which  entails  the  xise  of  the  constant  angle  method 
followed  by  a  station-keeping  control  law  once  the  tether  length  is  sufficiently 
near  the  desired  value.  Finally,  simulations  are  given  to  illustrate  the  conclu¬ 
sions. 

8.1.  Introduction 

Arnold  [5]  proposed  a  constant  angle  method  for  deployment  and  retrieval 
of  the  subsatellite  of  the  tethered  satellite  system.  In  [5],  the  satellite  and 
subsatellite  are  modeled  as  point  masses  and  the  tether  is  assumed  massless  and 
of  length  small  compared  with  the  radius  of  the  satellite’s  orbit.  Based  on  these 
assumptions,  Arnold  obtained  an  approximate  model  of  the  TSS  by  applying 
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the  gravity-gradient  method  and  argued  that  the  constant  angle  scheme  would 
result  in  stable  deployment  and  unstable  retrieval. 

One  goal  of  this  chapter  is  to  give  a  proof  of  the  validity  of  these  conclusions. 
Viewing  the  tether  length  as  an  input  variable  for  deployment  and  retrieval  of 
the  TSS,  a  constant  in-plane  angle  control  scheme  is  considered,  which  is  based 
on  the  mathematical  model  derived  in  Chapter  6.  Within  this  setting,  we 
prove  stability  of  constant-angle  deployment  and  instability  of  constant- angle 
retrieval.  This  is  achieved  through  the  construction  of  appropriate  Liapunov- 
like  functions  and  by  appealing  to  the  finite-time  stability  theory.  A  new  control 
strategy  for  deployment  of  the  subsatellite  is  also  proposed.  This  control  law 
consists  of  the  constant  angle  scheme  followed  by  the  stabilizing  station-keeping 
control  proposed  in  Section  6.3. 

Finally,  simulation  results  are  given  to  demonstrate  the  analytical  conclu¬ 
sions  of  this  chapter. 

8.2.  Results  on  Finite-Time  Stability 

From  the  basic  definitions  and  conditions  for  finite-time  stability  given 
in  Section  2.5,  some  extended  results  are  proposed  in  this  section.  Then  these 
finite-time  stability  criteria  are  applied  to  prove  the  instability  of  constant  angle 
retrieval  in  Section  8.4  and  the  stability  of  constant  angle  deployment  in  Section 
8.5.  Note  that,  the  norm  used  throughout  this  chapter  is  the  Euclidean  norm. 

Consider  a  system  given  by 

z  =  /(f,x),  (8.1) 

where  /  :  T  x  IRn  — >  IRn  and  T  :=  [to, to  +  T)  for  some  to  G  IR,  T  >  0.  Let 
xo  denote  the  initial  condition  of  (8.1)  at  to,  and  let  4>{t’,to,Xo)  be  the  solution 
of  (8.1)  at  time  t  satisfying  the  initial  condition.  The  basic  definitions  and 
conditions  of  the  finite  time  stability  are  given  in  Section  2.5.  Those  conditions 
depend  on  the  known  bounds,  say,  a,  /3  and  7.  But,  stability  properties  of  a 
system  may  be  investigated  without  reference  to  the  specific  bounds  on  the 
states  (i.e.,  a,  (3  and  7).  In  the  following  lemma  and  theorem,  two  sufficient 
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conditions  are  introduced  for  this  type  of  stability.  These  provide  a  means  for 
finding  the  associated  bounds  a,(3,y.  Lemma  8.1  gives  a  sufficient  condition 
for  uniform  finite-time  stability.  Theorem  8.1  then  gives  a  relationship  among 
T,  a,  (3  and  7  providing  a  sufficient  condition  for  contractive  stability. 


Lemma  8.1.  System  (8.1)  is  uniformly  finite-time  stable  with  respect  to 
(a,  /3,  T,  ||  •  ||)  for  any  given  a  and  {3  with 


fir 

0  <  a  <  /3a  —  <  (3  <  r, 
V  *2 


(8.2) 


if  there  exist  an  r  >  0  and  a  continuously  differentiable  function  V(t,x)  with 

V(t,x )  <  0, 

fci||x||2  <  V(t,x)  <  fc2||^||2,  (8.3) 

for  all  x  6  B(r),  f  €f.  Here,  0  <  k\  <  k 2. 


Proof.  The  result  follows  directly  from  condition  (2.34)  of  Lemma  2.8. 


In  the  next  theorem,  we  introduce  a  condition  on  (8.1)  and  a  relationship 
among  T,  a ,  f3  and  7  guaranteeing  finite-time  contractive  stability. 

Theorem  8.1.  System  (8.1)  is  contractively  stable  with  respect  to  (a,  /?,  7,  T, 
||  •  ||)  for  any  triple  a, (3, 7  with 

ot\f 7-  •  exp(— 7 -T)  <7  <  a  <  <  (3  <r  (8.4) 

V  k\  «2  V  *2 

if  there  exist  an  r  >  0  and  a  continuously  differentiable  function  V(t,  x)  satis¬ 
fying  the  conditions 

&1IHI2  <  V(t,x)  <  ^Ikll2,  (8-5) 

fc3||x||2<-H(t,x),  (8.6) 

for  all  x  G  B(r),  t  e  T.  Here,  k,  >  0,  i  =  1,  2,  3,  and  the  time  interval  length 
T  is  such  that 

T  >  h  ■  In  h.  (8.7) 

K3  k\ 
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Proof:  Condition  (8.6)  implies  that 


V(t,  x)  <  0,  for  all  x  E  B(f3),  t  E  T. 

Hence,  it  is  implied  by  Lemma  8.1  that  (8.1)  is  uniformly  finite-time  stable  with 
respect  to  (a,/?, T,  ||  •  ||)  for  any  a,  (3  satisfying  condition  (8.4).  Next,  we  prove 
quasi-contractive  stability  of  the  system.  From  conditions  (8.5)  and  (8.6),  we 
have 

k ,  _ 

V(t,x)  <  ——V(t,x),  for  all  xE  B(r),  t  E  T. 
k2 

Hence, 

h  _ 

F(f,^(t;t0,a:o))  <  F(t0,a:o)exp(-— (<  -  t0)),  for  all  x0  G  B(r),  t  E  T. 

K2 

Then  it  follows  from  (8.5)  that 

||<^(<;to,a:o)l|2  <  ^-|!x0||2exp(—  ~(t -to)),  for  all  x0  E  B(r),  t  E  F. 
fci  «2 

Thus,  there  exists  a  ti  E  T  such  that  f0,  xo)||  <  7>  for  all  t  E  [<i,<o  +  T) 
when  conditions  (8.4)  and  (8.7)  hold.  According  to  Definition  2.6,  system  (8.1) 
is  hence  quasi-contractively  stable  with  respect  to  (or,  7,  T,  ||  -  ||)  for  any  a,  7 
satisfying  (8.4). 

■ 

According  to  Definition  2.4  for  the  finite-time  instability,  a  sufficient  con¬ 
dition  is  given  in  the  next  lemma  for  finding  the  possible  value  for  a  such  that 
system  (8.1)  is  finite-time  unstable  with  respect  to  ( a ,  /3,T,  ||  •  ||),  when  the  time 
interval  T  and  the  bound  for  the  trajectory  (3  are  given. 

Lemma  8.2.  System  (8.1)  is  finite-time  unstable  with  respect  to  (a,/?, T,  ||  •  ||) 
for  any  a  >  ||xo||  and  /?  <  r,  if  there  exist  an  r  >  0,  ||xo||  <  r  and  a  continuously 
differentiable  function  V(t,x )  with  V(to,Xo)  >  0  and  satisfying  the  following 


179 


conditions: 


V(t,x)  <  ^2 1 1-^1 12  and  &x||:r|j2  <  V(t,x) 
and  t>^2-^„xo) 

kiV(t0,x0) 

where  ki,  k2  are  two  positive  real  numbers. 


for  all  x  £  .B(r),  t  £  T,  (8.8) 

(8.9) 


Proof:  Since  V(to,Xo )  >  0,  there  exists  a  8  >  0  such  that  V(io,£o)  =  k282 . 
Thus,  according  to  the  assumption  of  V(t,  x)  >  0  we  then  have 
V(t,  (f>(t;to,x0))  >  V(t0,x0)  >  k2S2,  for  all  f  G  T, 

which  (from  (8.8))  implies  that  ||^(<; f0, 2o)||  >  8  for  all  t  £  T. 

Thus,  for  any  given  ft  <  r  and  a  >  |[a;o||,  we  have 

V(t0  +  T ,  <f>(to]to,xo))  >  F(t0,x0)  +  h82T 

>  k2r 2  >  k2ft2  (8.10) 

when  the  time  interval  T  satisfies  condition  (8.9).  Thus,  there  exists  a  6  T 
such  that  ||^(<i;to,£o)||  =  ft.  The  conclusion  is  hence  implied  by  Definition 
2.4. 


8.3.  Constant  In-Plane  Angle  Control 

The  stability  and  stabilization  of  the  TSS  during  station-keeping  have  been 
studied  in  the  previous  two  chapters.  In  this  chapter,  we  focus  on  the  control 
of  the  deployment  and  retrieval  of  the  subsatellite  of  the  TSS.  By  viewing  i 
as  an  external  control  input,  we  can  write  the  state  equations  for  the  system 
(6.6)-(6.8)  as  follows: 

6  =  000  (8.11) 

u>0  =  —  -7-(Ue  +  +  2tan<£(u;0  +  ft)(<^  —  — -  ~J~)  (8.12) 

■C  c  COS  (p  T* Yf\ 

4>  =  U4,  (8.13) 

o  p  i  rs 

Cj<$>  -  — —ijjj,  -  -  sin(2«^)(we  +  ft)2 - - —  cos 6 sin  <£(1 - ^-).  (8.14) 

t  Z  t  V 
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At  an  equilibrium  point  (9*u  e,4>yi)  of  (8.11)-(8.14),  if  one  exists,  we  have 
Mg  =  =  0,  £  must  satisfy  (from  Eq.  (8.12)) 


£  = 


^r0  .  _  r„ 


sin0*(l  —  - - 0  ), 

2cos<^*  (rmC0)3 


and  <f>*  must  satisfy  either 

sin<^*  =  0,  or 


coSfi*  =  -^(l-^— )cos«-, 


(8.15) 


(8.16a) 

(8.166) 


where 

rm(^)  :=  (ro  +^2  +  2ro^cos0*  cos^*)1/2.  (8-17) 


Remark  8.1.  In  fact,  only  the  case  sin^*  —  0  is  realistic.  To  see  this,  briefly 
consider  the  possibility  (8.166),  which,  using  (8.15),  would  imply  that  at  equi¬ 
librium  £  obeys 

^  —  tan#*.  (8.18) 


Since  —f  <  <f>*  <  j,  we  have  cos  <j>*  >  0  (see  Figure  6.1).  Considering  the 
possibilities  0  <  (f>*  <  j  and  —  f  <  <j>*  <  0  separately,  and  referring  to  Figure 
6.1  for  the  relative  magnitudes  of  r*m{£ )  and  r0,  we  find  that  the  left  and  right 
sides  of  (8.166)  are  then  of  opposite  sign  unless  they  both  vanish.  Hence,  we 
obtain  <j>*  =  6*  =  ±f,  implying  £  of  (8.18)  would  be  infinite. 


In  view  of  the  Remark,  we  let  <f>*  =  0.  Eq.  (8.15)  now  implies  that,  at 
equilibrium,  £  satisfies 


£  = 


-)sin0* 


(8.19) 


where 

f*m(£)  ■=  (rjj  +  i2  +  2ro^cos0*)1/2.  (8.20) 
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This  control  law,  which  is  a  constant  in-plane  angle  control  method, ,  has  the 
feature  that  it  results  in  the  existence  of  an  equilibrium  point  of  (8.11)-(8.14). 
Moreover,  the  associated  equilibrium  point  of  system  (8.11)-(8.14)  will  then  be 
(9* ,  0,0,0),  where  8*  is  the  desired  in-plane  angle. 


8.4.  Stability  Analysis  of  the  TSS  During  Retrieval 

Suppose  for  simplicity  that  t  <  0  throughout  retrieval.  From  Eq.  (8.19) 
we  have 


^<0 


Or0 


(1-(^w)sinr<0- 


Denote  by  £{  the  initial  (pre-retrieval)  tether  length.  Then  the  condition  for 
£  <  0  is  that  8*  satisfies  either  0  <  6*  <  f  or  —i r  <  9*  <  9\  (see  Figure  8.1), 
where  8\  =  9\  (£t )  is  such  that 


£{  7T 

COS  8X  -7T  <  0,  < 

2  r0  2 


(8.21) 


Figure  8.1.  Retrieval  regions  for  9*  with  <j>*  —  0 


Thus,  the  set  of  the  candidates  of  the  desired  in-plane  angle  8*  for  constant 
angle  retrieval  is  given  as  follows 

Sr:={0|O<0<^  or  -  tt  <  9  <  8X  (£,)},  (8.22) 
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where  9i(£i)  is  defined  in  (8.21).  From  the  discussion  above,  we  have  £  <  0  and 
£  >  0  during  retrieval.  In  addition,  £  =  0  occurs  only  at  £  —  0.  Hence,  £  must 
approach  0  asymptotically. 

Denoting  6  :=  6  —  9*  and  x  (9,ue,<f>,u;(j>)' ,  we  can  then  write  the  series 

expansion  of  system  (8.11)-(8.14)  at  the  equilibrium  point  (6* ,  0, 0, 0)  as  follows 


9  =  ug 

ue  =  ni{t)9  +  n$  (t)ue  +  fx  (t ,  x) 
4>  =  u<t> 

u<t>  =  n2(t)4>  +  n3  +  f2(t,x) 


(8.23  a) 
(8.236) 
(8.23c) 
(8.23d) 


where 


r  q02r5 

nl(t)  :=2£l-cot9*  +  —^sin>9*, 


(8.24) 


n2(t)  :=  —  O2  -f  20-  cot  9* , 


(8.25) 


n3(t)  :=  -2-, 


(8.26) 


fi(t,x)  =  — — 0  +  2tan<£(u;0  -f  0)u;^ 

O2r0  sin(0*  +  9)  r30  ~ 

- w — ,()’ 

h(t,x)  =  -lsin(2^)(w#  +!J)2  -  -J-- 


(8.27) 


cos (9*  +  9)  sin  <f>(  1  -  -  n2(t)<f>, 


(8.28) 


fm  :=  (r2  +£2  +  2 r0£  cos (9*  +  9)  cos(^))1/2. 


(8.29) 


Here,  we  have 


V  l/;(*,z)l 

hm  sup rr— n 

l*IM>*>o  M 


=  0,  for  i  =  1,2. 
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It  is  shown  below  that  the  system  (8.11)-(8.14)  is  not  only  unstable  as  the 
tether  length  £  approachs  0,  but  also  unstable  in  the  sense  of  finite-time  stability 
during  the  process  of  constant  in-plane  angle  retrieval,  where  the  tether  length 
£  might  not  be  small.  Details  are  given  as  follows. 

First,  by  invoking  an  instability  criterion  given  in  Lemma  8.3  below,  we 
can  prove  the  equilibrium  point  (6* ,  0, 0, 0)  is  unstable  for  retrieval  when  the 
tether  length  £  approachs  0. 

Lemma  8.3  (e.g.,  [86])  Consider  a  system 

i  =  A„(  +  F(t,0,  (8.30) 


where  A0  is  a  constant  matrix  and  F  is  continuous  differentiable  with  F(t,  0)  =  0 
and 


lim  sup 

IUII— 0  <>o 


uncoil 

lien 


=  0. 


Then  the  equilibrium  point  £  =  0  of  (8.30)  is  unstable  if  at  least  one  of  the 
eigenvalues  of  A0  has  a  positive  real  part. 


Now,  we  can  apply  Lemma  8.3  to  show  the  instability  of  system  (8.11)- 
(8.14)  as  the  tether  length  £  approachs  0  in  the  next  theorem. 

Theorem  8.2.  Let  the  tether  length  £  be  governed  by  the  constant  in-plane 
angle  retrieval  law  as  in  (8.19).  Then  (0*  ,0,0,0)  is  an  unstable  equilibrium  point 
of  the  system  (8.11)-(8.14)  as  the  tether  length  approachs  0. 

Proof:  Denote  by  e  :=  the  ratio  of  the  tether  length  with  respect  to  the 
radius  of  the  satellite’s  orbit.  We  can  combine  the  dynamics  of  £  as  in  (8.19) 
with  (8.23)  to  describe  the  behavior  of  the  TSS  during  constant  in-plane  angle 
retrieval  by  a  mathematical  model  as  follows 

(*)=  A,  (*)+fXz, «),  (8.31) 
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where 


Ao 


/  0  1 

3ft2  (sin2  6*  —  cos2  6*)  ao 

0  0 

0  0 

Vo  o 


0  0 

0  0 

0  1 

-ft2(l  -f  3 cos2  6*)  ao 

0  0 


\ 


0 
0 
0 
0 

_M  / 
2  ' 


(8.32) 


and  ao  :=  3ft  cos  9*  sin#*.  Here,  F(x,  e)  denotes  a  purely  nonlinear  function 
with  .F(0, 0)  =  0.  Since  ao  >  0  for  all  the  desired  in-plane  angle  0*  £  Sr  (given 
in  (8.22)),  there  are  at  least  two  of  the  eigenvalues  of  the  constant  matrix  .Ao 
(given  in  (8.32))  having  positive  real  parts.  According  to  Lemma  8.3,  the  origin 
is  hence  unstable  for  (8.31).  Referring  to  the  foregoing  discussion,  we  know 
that  the  tether  length  £  approachs  0  asymptotically.  Thus,  the  state  variable  e 
is  stable  in  system  (8.31).  Consequently,  the  only  possibility  for  the  unstable 
state  variables  in  (8.31)  are  then  some  of  the  elements  of  x,  which  implies  that 
(0*  ,0,0,0)  is  an  unstable  equilibrium  for  the  system  (8.11)-(8.14)  as  the  tether 
length  approachs  0. 


In  the  rest  of  this  section,  we  intend  to  apply  Lemma  8.2  to  show  that  the 
system  (8.23)  is  finite-time  unstable  during  the  process  of  the  constant  angle 
retrieval. 

We  choose 

V(9,uj0,  <f>,u<f,)  =p\92  +  2p29ojg  +  p3wg  A  P4^2  +  Zps&wj,  4-  p§ (8.33) 

as  a  testing  function  for  proving  the  finite-time  instability  of  system  (8.23), 
where  p,  are  constant  scalars  for  i  —  1,  •  •  • ,  6. 

By  taking  the  derivative  of  V  along  the  trajectory  of  system  (8.23),  we 

have 

V(9,ug,<f>,u}^)  =  2{p2n1(t)92  +  {pi  +  p2n3(t)  +  p3ni(t))0ue 

+  (P2  +P3n3(t))uj  +  p5n2(t)cj)2  +  (ps  +  P(>ri3(t))u>l 
+  (P4  +  P5n3(t)  +  P6«2(<))<^*>0  +  (P20  +  P3<^e)fl(i,  x) 

+  (p5(f>+  Pe^)/2(<,  x)}.  (8.34) 
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In  order  to  apply  Lemma  8.2  to  study  the  instability  of  system  (8.23),  we 
make  the  following  arrangement.  First,  we  choose  pi,p4  such  that 

Pi  =  —  3p2^  cos  #*  sin#*  —  3p3ft2(sin2  6*  —  cos2  #*),  (8.35) 

Pi  —  —  3psf2cos#*  sin#*  +P6^2(1  +  3cos2  #*),  (8.36) 

for  any  given  desired  in-plane  angle  9*  £  Sr  and  given  p,  for  i  =  2, 3, 5, 6,  where 
Sr  is  as  in  (8.22). 

Then  it  is  obvious  to  have  the  following  result. 

Proposition  8.1.  There  exist  an  r  >  0  and  scalars  kx,k2  >  0  such  that 
condition  (8.8)  of  Lemma  8.2  holds  if  px  and  p2  are  as  in  (8.35)-(8.36)  and  the 
remaining  scalars  pi  satisfy  the  following  requirements: 

(i)  p2n1(t)  >  0;  p2  +  p3n3(t)  >  0;  4 p2nx{t){p2  +  p3n3(f))  >  (p3t>i(<)  +  p2v3(t))2, 

(ii)  p5n2(t )  >  0;  p5  +p6n3(t)  >  0;  4p5n2(t)(p5  +  p6n3(t))  >  (pev2(t)  +  p5v3(t))2 , 
for  all  t  £  r  =  [0,  T),  where  n,(<)  for  i  =  1,2,3  are  as  in  (8.24)-(8.26)  and 


ui(t)  =m(t)  —  3fi2(sm2#*  —  cos2  #*), 

(8.37) 

v2(t)  =n2(t )  +  fi2(l  +  3  cos2  #*), 

(8.38) 

v3(t)  =n3(t)  —  3f2 cos#*  sin#*. 

(8.39) 

Remark  8.2.  It  is  observed  from  Eq.  (8.24)  that  we  have  the  following  condi¬ 
tions  to  provide  the  definiteness  of  nx(t)  along  the  constant  angle  retrieval: 

(i)  m(t)  >  2ft2 (sin2#*  -  cos2#*),  for  f  <  #*  <  tt  or  ^  <  #*  <  9X  if 
l  <  yft(sin2  #*  -  cos2  #*), 

(ii)  m(t)  <  2fi2(sin2  9*  -  cos2  #*),  for  0  <  #*  <  f  or  x  <  #*  <  5s  if  £  < 

-^(sm2  #*  -  cos2  #*), 

(iii)  «i(0  <  •  £  when  #*  =  f  as  well  as  m(t)  >  ^  ^  when  #*  = 
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Similarly,  from  Eqs.  (8.25)-(8.26),  we  ha ven2(f)  <  -O2  and  n3(t)  >  2ft  cos*  sin* 
along  the  constant  angle  retrieval  if  t  <  ^  tan  6* . 

X  5 

■ 

By  employing  Proposition  8.1,  Remark  8.2  and  Lemma  8.2,  we  can  prove 
the  finite-time  instability  of  system  (8.23)  along  the  constant  angle  retrieval  as 
in  the  next  theorem. 

Theorem  8.3.  Let  the  tension  control  law  be  as  in  (8.19).  Then  there  exists 
an  /?  >  0  such  that  system  (8.23)  is  finite-time  unstable  with  respect  to 
||  -  ||)  for  any  a  <  (3  along  the  retrieval,  if  the  time  interval  T  is  large  enough 
as  well  as  the  desired  in-plane  angle  6*  and  the  tether  length  satisfy  either  of 
the  following  relationships: 

(i)  if  <  min{^(—  sin2  6*  +  cos2  6* ) ,  ~  tan  6* ,  ~  sin 29* y/ cos  26* }  when 
0  <  6*  <  f  or  7T  <  6*  <  , 

(“)  ^  ^  <  minj^,  ^  tan#*}  when  #*  =  f  or  6*  =  or 
(iii)  if  —  <  min{-jb(sin2  6*  —  cos2  9*),  —  tan0*,  sin  26* \f  —  cos  26*  }  when  j  < 
6*  <  7r  or  —  <  6*  <  6i  (£{),  where  6\  (£i)  is  as  in  (8.21). 

Proof:  In  the  following,  we  will  employ  the  observations  given  in  Remark  8.2 
to  construct  the  scalars  pi  for  i  =  1, •••  ,6  such  that  the  sufficient  conditions 
of  Proposition  8.1  hold.  Then  we  apply  Lemma  8.2  to  prove  the  conclusion  of 
theorem.  Details  of  this  are  given  as  follows. 

First,  by  choosing  7)5  =  —Q  cos  6*  sin  6* ,  p6  =  1  and  p 4  being  calculated  by 
(8.36),  we  can  check  that  the  condition  (ii)  of  Proposition  8.1  will  hold  for  each 
6*  €  Sr  with  the  assumption  of  t  <  yj?-  tan  6*. 

It  is  more  complicated  to  construct  the  scalars  pi,  for  i  =  1,2,3  such 
that  condition  (i)  of  Proposition  8.1  holds.  Indeed,  in  the  following,  we  choose 
different  values  for  the  scalars  pi  under  the  different  situations  of  the  desired 
in-plane  angle.  For  instance,  we  choose  P2  =  —flcosO8  sin#*,  p$  =  1  and  p\ 
is  calculated  by  using  the  formula  (8.35)  for  the  cases  in  which  the  desired 
in-plane  angle  6*  satisfies  the  condition:  0  <  6*  <  j  or  it  <  6*  <  It  is 
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not  difficult  to  check  that  these  p,  ’s  satisfy  the  condition  (i)  of  Proposition  8.1 
by  invoking  the  observations  in  Remark  8.2,  while  <  min{^(—  sin2  0*  + 

cos2  0* ),  jg  sin  20*  Vcos"2^*  } . 

For  the  cases  in  which  the  desired  in-plane  angle  0*  —  j  and  0*  =  we 
can  choose  p2  =  — flcos  6*,  p3  =  1  and  pi  is  calculated  by  using  Eq.  (8.35). 
Similarly,  the  condition  (i)  of  Proposition  8.1  holds  when  £  <  jfi-. 

Let  p2  =  ft  cos  0*  sin  0* ,  p3  =  1  and  p\  be  calculated  from  (8.35).  By  invok¬ 
ing  the  observations  in  Remark  8.2  and  assuming  that  <  min{  -L(sin2  6*  — 

cos2  8*)i  sin  20*  cos  20*  } ,  we  can  then  show  that  these  pi ’s  satisfy  the  con¬ 
dition  (i)  of  Proposition  8.1  for  the  cases  in  which  the  desired  in-plane  angle  0* 
satisfies  the  condition:  j  <  0*  <  tt  or  ^  <  0*  <  0i(£{),  where  0i(£{ )  is  as  in 
(8.21). 

As  implied  by  Proposition  8.1,  there  exists  an  r  >  0  and  real  scalars  ki,k2  > 
0  such  that  condition  (8.8)  holds.  Moreover,  according  to  the  foregoing  choice 
of  p3  =  p6  =  1,  we  always  have  an  initial  state  a:0  =  (0,^,0,^)'  of  system 
(8.23)  arbitrarily  close  to  the  origin  such  that  V(t,x o)  >  0,  where  function  V 
is  as  in  (8.33).  Thus,  as  implied  by  Lemma  8.2,  system  (8.23)  is  finite-time 
unstable  with  respect  to  (a,/?,r,  ||  •  ||)  for  any  given  a  <  f3  <  r  during  the 
constant  angle  retrieval,  if  the  time  interval  T  is  large  enough  and  one  of  the 
conditions  (i)-(iii)  of  Theorem  8.3  holds. 


Note  that,  it  is  not  difficult  to  observe  from  the  proof  of  Lemma  8.2  that 
not  only  system  (8.23)  is  finite-time  unstable  as  claimed  in  Theorem  8.3,  the 
state  disturbances  of  system  (8.23)  will  also  diverge  as  long  as  the  time  interval 
T  is  large  enough. 

8.5.  Stability  Analysis  of  the  TSS  During  Deployment 

In  this  section,  we  consider  the  application  of  the  constant  in-plane  angle 
strategy  of  Section  8.3  to  subsatellite  deployment.  For  simplicity,  suppose  that 
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£  >  0  for  all  t  >  to.  Since  i  is  always  positive  in  this  consideration,  one  might 
expect  that  the  tether  length  i  increases  without  bound.  In  reality,  only  a 
finite  final  tether  length  is  meaningful  for  deployment.  Stability  of  the  TSS 
is  hence  only  considered  in  a  finite  time  interval,  where  standard  Liapunov 
stability  criteria  cannot  be  employed.  Results  from  finite-time  stability  shall  be 
applied  to  study  the  behavior  of  the  TSS  during  deployment.  Especially,  the 
contractive  stability  criteria  are  used  to  study  the  stability  of  the  TSS  during 
constant  in-plane  angle  deployment.  In  addition  to  the  proof  of  finite-time 
stability  of  deployment,  a  switching  type  control  law  combining  constant  angle 
deployment  and  station-keeping  control  is  also  proposed  to  achieve  asymptotic 
stability.  Details  of  this  are  given  as  follows. 

In  the  following  discussion,  we  consider  the  deployment  of  the  subsatellite  of 
the  tethered  satellite  system.  For  simplicity,  let  i  >  0  throughout  deployment. 
By  Eq.  (8.19),  we  have 


i>0  4=^  2  °  (1  (r^,(£))3  )sin^*  >  0 

From  the  discussion  above  and  Eq.  (8.20),  the  condition  on  6*  for  i  >  0  is  that 
either  02{if)  <  0*  <  7r,  or  —  j  <  9*  <  0  (see  Figure  8.2),  where  02(if)  solves 

cos  $2  =  ~7T~i  0  <  #2  <  tt,  (8.40) 

2ro 

and  if  is  the  desired  post-deployment  tether  length. 

Two  strategies  for  deployment  are  considered  here.  The  first  consists  of 
the  constant  in-plane  angle  control  law  for  deployment,  and  the  second  involves 
the  constant  in-plane  angle  control  law  followed  by  a  stabilizing  station-keeping 
control  once  the  desired  in-plane  angle  is  close  enough  to  0  radians  or  n  radians. 
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Figure  8.2.  Deployment  regions  for  6*  with  <j>*  =  0 


Strategy  8.1:  Constant  Angle  Control  Only 

We  now  consider  application  of  the  constant  in-plane  angle  control  law 
discussed  above  to  subsatellite  deployment.  In  the  following,  if  denotes  the  de¬ 
sired  final  tether  length  and  £,•  denotes  the  initial  tether  length,  which  accounts 
for  support  by  a  boom. 

From  (8.19),  we  have 

l  _  f2rosin0*  r0  . 

=  ro  (^(l))6  ~  4 

2  '  t  '  +  (r*m(i)y] 

>  — flsin0*  cos0*  >  0  (8.41) 

for  any  9*  £  Sd  and  U  <  l  <  ^r0,  where  (in  radian  measure) 

Sd  :=  {9*  |  -  0.68  <9*  <  0,  or  2.5  <9*  <  tt}. 

Hence,  |  is  bounded  below  for  all  i{  <  i  <  if  <  ~^r0  and  9*  £  Sd,  and  similarly 

for  i.  Thus,  for  any  if  >  i{,  i  will  increase  past  if  at  some  T  >  0.  Theorem 

8.4  below  asserts  that  the  system  will  be  finite-time  contractively  stable  during 


deployment  over  the  interval  [t0,t0  +  T),  near  the  equilibrium  point  ( 9 *,  0, 0,  0) 
with  9*  E  Sd- 

Theorem  8.4.  Suppose  <  1,  if  <  ^r0,  and  T  :=  [<0,to  +  T).  There  is 
an  r  >  0  such  that  system  (8.11)-(8.14)  is  finite-time  contractively  stable  with 
respect  to  (a;,/?, 7 , T,  |j  •  ||)  at  the  equilibrium  point  (0*, 0,0,0)  for  any  a,  /?,  7 
and  T  satisfying  (8.4)  and  (8.7),  if  either  of  the  following  two  conditions  on  the 
desired  in-plane  angle  9*  holds: 

(i)  -0.68  <  9*  <  0, 

(ii)  2.5  <  9*  <  7T. 

Proof:  Denote  m  :=  Osin 20*.  It  is  clear  from  (8.41)  that 

2  £ 

— —  <  m  <  0,  for  till  t  G  I\ 

if  either  (i)  or  (ii)  holds  and  £  <  if  <  Invoking  the  finite-time  stability 

criterion  given  in  Theorem  8.1,  the  stability  of  the  TSS  during  constant  angle 
deployment  can  be  proved  as  follows. 

Using  a  general  construction  [54]  for  a  class  of  second  order  linear  time-  . 
variant  system,  we  prove  the  finite-time  contractive  stability  of  (8.11)-(8.14) 
during  deployment  by  employing  the  Liapunov-like  function 

V(t,9,ue,<f>, cof)  =  (-j-  H — l-^-)92  +  2 9u>g - 

k.  rti  rn 

+  (y  +  +  2^,  -  iu 4,  (8.42) 

t  m  m 

where  n,(<)  for  i  —  1,2  are  given  in  (8.24)-(8.25). 

Then  corresponding  to  the  original  system  (8.11)-(8.14),  we  have 

2£ 

V(t,9,ug,  —  n^{t)92  +  n,5(t)(f>2  -f  2(1  -j-  — )  •  (uj  +  u2^) 

+  !$-— )/.(*,x)  +  2(*-^)/a(t,*),  (8.43) 

m  m 
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where  x  :=  (O’uo, 


,  \  d  f2£.  1  dni(t ) 

y  .  .  .  d  21  1  dn2(t ) 

nsW  =  2„2(0  +  s{T}  +  -.^fi, 


(8.44) 

(8.45) 


and  fi(t,x )  for  i  =  1,2  are  given  in  (8.27)-(8.28). 

First,  consider  the  case  in  which  6*  satisfies  condition  (i).  After  some 
calculations  using  Eqs.  (8.24)-(8.25)  and  (8.42),  we  find  that  there  exist  Ar1;1, 
&i,2  >0  (given  in  the  Appendix  8. A)  such  that 

&i,i||z||2  <  V(t,  d,u)e,  ^,o^)  <  &i)2||x||2,  for  all  t  G  T.  (8.46) 


Moreover,  by  choosing  0.132O2  and 


r-^lWhlAlsg^jf  -d  IAI  <  (8.47) 


we  have 


—  V(t,8,ue,(f),u><f>)  >  A:ll3[ixjj2,  for  all  t  e  I\  x£  B(r).  (8.48) 


Thus,  conditions  (8.5)-(8.6)  are  satisfied  and  the  conclusion  follows  from  The¬ 
orem  8.1. 

Similarly,  for  the  case  in  which  9*  satisfies  condition  (ii),  we  have 

h,i\\x\\2  <V(t,6,ue,<l>,u!^)  <  k2,2\\x\\2,  for  all  t  €  T,  (8.49) 


where  &2)i,  &2,2  >  0  are  also  specified  in  the  Appendix  8. A.  By  choosing  fc2,3  '•= 
0.044202  and 


r  =  sup{  j|x 
ter 


l/il  < 


mk2,3\\x\\ 

2  (m  —  1) 


and 


l/*l< 


2(m  —  1)  *' 


(8.50) 


we  guarantee  that 

—V(t,6,ug,(j),u<j))>k2,z\\x\\2,  for  all  t  £  T,  x  €  B{r).  (8.51) 
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The  conclusion  again  follows  from  Theorem  8.1. 


The  finite-time  contractive  stable  regions  of  the  desired  in-plane  angle  6* 
for  constant  in-plane  angle  deployment  are  given  in  Theorem  8.4.  In  addition, 
a  relationship  between  the  time-interval  T,  the  bound  of  initial  disturbances 
and  the  final  contracted  region  is  set  up  in  Theorem  8.1.  Furthermore,  the 
simulation  results  given  in  Section  8.6.2  show  that  the  criteria  given  in  Theorem 
8.4  are  not  vacuous. 

Strategy  8.2:  Station- Keeping  Control  Included 

A  tension  control  law  has  been  designed  in  Chapter  6  to  regulate  the  tether 
length,  while  ensuring  the  out-of-plane  angle  <f>  =  0  and  the  in-plane  angle 
6  —  0  or  (6  =  7 r).  Combining  the  result  of  Theorem  8.4  with  the  station¬ 
keeping  control  strategies  of  Theorems  6.1  and  6.2,  a  switching  control  law  for 
deployment  is  constructed  as  follows: 

Step  1.  Apply  the  constant  angle  control  law  (8.19)  for  the  first  step  subsatellite 
deployment,  in  which  the  desired  in-plane  angle  8*  satisfies  the  conditions 
of  Theorem  8.4  and  is  close  to  0  (or  7r). 

Step  2.  Apply  the  tension  control  law  given  in  Theorem  6.1  (or  Theorem  6.2) 
once  the  tether  length  is  sufficiently  near  the  desired  length  If. 

Theorem  8.4  implies  that  the  initial  disturbance  in  the  state  of  the  TSS  can 
be  attenuated.  Specifically,  with  the  desired  in-plane  angle  sufficiently  near  0 
or  7r,  the  system  state  can  be  steered  to  the  domain  of  attraction  of  the  station¬ 
keeping  control  mode  in  Step  1.  Hence,  the  tether  length  will  be  regulated  to 
the  desired  length  upon  switching  to  the  station-keeping  stabilization  control 
when  the  tether  length  is  sufficiently  near  the  desired  value.  Simulation  results 
of  a  typical  system  given  in  Section  8.6.2  demonstrate  the  asymptotic  stability 
of  the  TSS  using  this  algorithm. 
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8.6.  Simulation  Results 


Many  simulation  examples  for  tethered  satellite  systems  in  the  stcition- 
keeping  mode  have  been  presented  in  Section  6.4.  In  this  section,  we  present 
simulation  results  only  for  deployment  and  retrieval. 

A  TSS  with  following  characteristics  is  considered  : 

-  Orbital  radius  ro  =  6598  km, 

-  Subsatellite  mass  m  =  170  kg, 

-  Orbital  angular  velocity  =  0.0011781  rad/sec. 

In  the  following  discussion,  0  =  6  —  6*  denotes  the  differential  of  the  in¬ 
plane  angle,  £ f  denotes  the  desired  final  tether  length,  £  =  l  —  if  denotes  the 
differential  of  the  tether  length  and  T  denotes  the  applied  tension  control  force. 

8.6.1.  Retrieval 

As  discussed  in  Section  8.4,  the  set  of  candidate  in-plane  angles  for  constant 
angle  retrieval  Sr  is  as  in  (8.22).  Let  the  initial  state  of  the  system  be  <j>  =  0.01, 
6  =  —0.01,  and  ug  =  =  0.  The  initial  tether  length  £{  is  assumed  to 

be  10  km.  It  is  observed  from  Figures  8.3  arid  8.4  that  the  equilibrium  point 
{8*  1 0, 0, 0)  is  unstable  during  retrieval  with  a  desired  in-plane  angle  of  8*  =  —3.0 
and  8*  =  —1.6,  respectively.  As  mentioned  in  Chapter  6,  since  the  tether  is 
not  in  reality  rigid,  the  applied  tension  control  force  cannot  be  positive  (to  rule 
out  compression).  However,  Figure  8.4(d)  shows  that  a  positive  tension  control 
force  T  occurs  during  some  time  interval.  Thus,  if  a  constant  angle  control  law 
is  applied  during  retrieval,  then  not  only  will  the  system  be  unstable,  but  tether 
compression  may  also  occur. 

It  is  also  found  that  when  the  desired  in-plane  angle  satisfies  8*  €  Si  := 
{—2.1  <  6*  <  #i (£,•)}  for  constant  angle  retrieval,  the  applied  tension  control 
force  T  can  assume  positive  values  during  some  time- intervals,  i.e.,  compression 
may  occur.  The  system  response  for  0*  =  —2.1  and  constant  angle  retrieval  is 
depicted  in  Figure  8.5,  where  T  is  found  (see  Figure  8.5(d))  to  at  times  be  very 
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close  to  0  but  is  never  positive. 

Similar  simulation  results  are  found  for  the  region  0  <  8*  <  j  for  constant 
angle  retrieval.  The  equilibrium  point  (8* ,  0, 0, 0)  is  found  to  be  unstable  during 
retrieval  and  compression  of  the  tether  may  occur  in  case  1.0  <  8*  <  j.  The 
system  responses  are  not  shown. 

8.6.2.  Deployment 

According  to  Theorem  8.4,  the  set  of  candidate  8*  for  stable  deployment  is 

Sd  =  {0|  -  0.68  <  6  <  0,  or  2.5  <  6  <  tt}. 

Let  the  initial  disturbance  of  the  system  be  <f>  —  0.01,  8  =  —0.01,  and  ug  =  uj,  = 
0.  The  initial  tether  length  is  assumed  to  be  =  10  m,  which  is  provided  by 
a  boom.  First,  the  system  response  during  deployment  (applying  constant  in¬ 
plane  angle  control  only)  are  depicted  in  Figures  8.6  and  8.7,  with  8*  =  —0.68, 
and  8*  =  2.5,  respectively.  It  is  observed  from  the  system  responses  that,  for 
instance,  the  differential  of  the  in-plane  angle  6  and  the  out-of-plane  angle  <f> 
decay  during  deployment. 

The  switching  control  strategy,  which  involves  both  constant  angle  con¬ 
trol  and  station-keeping  control,  is  applied  to  deploy  a  subsatellite  from  the 
satellite  with  the  desired  final  tether  length  if  =  10  km.  The  first  example  con¬ 
cerns  deploying  the  subsatellite  upward  (i.e.,  away  from  the  Earth)  by  applying 
constant  angle  control  with  8*  =  —0.015  for  the  first  260,500  seconds,  and  ap¬ 
plying  the  station-keeping  control  thereafter.  The  applied  tension  control  force 
for  station-keeping  is  governed  by 

T=  -m(U  +  hj  +  h2i),  (8.52) 

where  U  =  0.041019,  hi  =  3.1f22  and  h2  =  0.0034.  The  responses  of  the  system 
during  constant  angle  deployment  are  shown  in  Figure  8.8.  At  time  t  =  260, 500 
seconds,  we  have 

-  out-of-plane  angle  <f>  =  —7.01636  x  10-6,  and  <^>  =  1.70633  x  10-8  rad/sec 
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-  in-plane  angle  9  =  —0.0150051, and  9  =  5.61812  x  10  10  rad/sec 

-  actual  tether  length  i  =  9.97617  km  and  £  =  2.63603  x  10~4  km/sec. 

With  these  values,  the  applied  tension  control  law  is  switched  to  the  station¬ 
keeping  control  and  governed  by  Eq.  (8.52).  The  system  responses  governed 
by  (8.52)  are  depicted  in  Figure  8.9. 

Another  example  for  deploying  the  subsatellite  downward  (i.e.,  toward  the 
Earth)  is  implemented  by  applying  constant  angle  control  for  the  first  235,300 
seconds  with  9*  =  3.125,  then  switched  to  the  station- keeping  control  governed 
by  Eq.  (8.52).  At  time  t  =  235,300  seconds,  we  have 

-  out-of-plane  angle  (j>  =  — 2. 01378  x  10“ 6,  and  —  — 2.35517X  10“ 8  rad/sec 

-  in-plane  angle  9  =  3.1250,  and  9  =  8.96566  x  10~ 9  rad/sec 

-  actual  tether  length  £  —  9.88531  km  and  £  =  2.90670  x  10— 4  km/sec. 

The  system  responses  are  shown  in  Figures  8.10  and  8.11. 

4>  (radian)  l  (103  km) 


Figure  8.3.  Simulation  results  for  constant  angle  retrieval 
with  6*  =  —3.0  radians 
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<p  (radian)  l  (103  km) 


Figure  8.4.  Simulation  results  for  constant  angle  retrieval 
with  6*  =  —1.6  radians 

4>  (radian)  £  (103  km) 


Figure  8.5.  Simulation  results  for  constant  angle  retrieval 
with  6*  =  —2.1  radians 
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<j>  (radian)  t  (103  km) 


Figure  8.6.  Simulation  results  for  constant  angle  deployment 
with  0*  =  —0.68  radians 

4>  (radian)  f  (103  km) 


Figure  8.7.  Simulation  results  for  constant  angle  deployment 
with  6*  —  2.5  radians 
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4>  (radian)  t  (103  km) 


Figure  8.8.  Simulation  results  for  constant  angle  deployment 
with  6*  =  —0.015  radians 
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Figure  8.9.  Simulation  results  for  station-keeping 
with  8*  =  0  radians 
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<t>  (radian)  t  (103  km) 


Figure  8.10.  Simulation  results  for  constant  angle  deployment 
with  9*  —  3.125  radians 
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Figure  8.11.  Simulation  results  for  station-keeping 
with  9*  —  7r  radians 
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Appendix  8. A 


The  values  of  k{j,  i  =  1,2  and  j  =  1,2  are  given  as  below. 

0.295575407  esc2  29* 


ki,i  — 

k\  ,2  = 
&2,1  = 

&2,2  = 


kl,2 

h  -f  h  +  \/i}i  +  I3)2  +4 
2 

0.498328311  esc2  29* 
k 2,2 

h  +  h  +  y/UT+  h)2  +  4 


where 

l\  =  —  30  cos  9*  sin  6*  —  0.50  sin  6* 

_  ft2 (3  cos2  9*  +  0.5  cos  9*)  +  1 

2  Osin  20* 

l  02(3  cos2  9*  +  0.5  cos  9*)  —  1 

3  Osin  20* 

/4  =  —3.689610  cos  9*  sin  9* 

3.6896061O2  cos2  9*  +  1 

5  Osin  29* 

3.6896061O2  cos2  9*  -  1 

6  Osin  29* 
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CHAPTER 

NINE 

CONCLUSIONS  AND  SUGGESTIONS  FOR 

FURTHER  RESEARCH 


Among  the  topics  studied  in  this  dissertation  is  a  detailed  consideration 
of  the  applications  of  the  Center  Manifold  Theorem  to  the  stability  analysis 
and  stabilization  of  nonlinear  critical  systems.  For  these  systems,  the  Jaco¬ 
bian  matrix  has  eigenvalues  lying  on  the  imaginary  axis;  while  the  remaining 
eigenvalues  are  either  stable  or  stabilizable  by  feedbacks.  The  feedback  stabiliz¬ 
ing  control  laws  have  been  designed  for  both  linearly  controllable  and  linearly 
uncontrollable  cases  for  the  critical  modes  (i.e.,  for  the  eigenvalues  which  lie 
on  the  imaginary  axis).  A  linear  transformation  has  been  introduced  to  play 
a  key  role  in  linear  and  linear-plus-quadratic  feedback  designs  for  the  linearly 
uncontrollable  case,  facilitating  application  of  the  Center  Manifold  Theorem  to 
system  stabilization.  In  the  linearly  controllable  case,  we  have  focused  on  the 
design  of  purely  nonlinear  feedback  stabilizing  control  laws. 

The  stabilization  of  two  simple  critical  castes  in  which  the  linearized  system 
model  has  one  zero  eigenvalue  or  a  pair  of  nonzero  pure  imaginary  eigenvalues 
have  been  obtained  to  demonstrate  the  applications.  Moreover,  a  nonlinear 
transformation,  the  so-called  “normal  form  formulation”,  was  employed  to  sup- 
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plement  the  study  of  the  stability  and  stabilization  of  nonlinear  systems  with 
compound  criticalities.  The  compound  criticalities  considered  in  this  disserta¬ 
tion  are  the  cases  in  which  the  linearized  system  model  has  two  zero  eigenvalues 
with  geometric  multiplicity  one;  one  zero  eigenvalue  and  one  pair  of  nonzero 
pure  imaginary  eigenvalues;  or  two  distinct  pairs  of  nonzero  pure  imaginary 
eigenvalues,  along  with  the  assumption  of  the  remaining  eigenvalues  being  sta¬ 
ble  or  stabilizable.  We  have  obtained  the  stability  conditions  and  have  designed 
feedback  stabilizing  control  laws  in  terms  of  the  original  nonlinear  system  dy¬ 
namics  for  these  critical  systems,  as  an  alternative  to  those  given  in  terms  of 
system  dynamics  in  normal  form  [10].  Moreover,  our  results  do  not  restrict  the 
dimensionality  of  the  noncritical  modes. 

In  this  thesis,  we  have  also  proposed  a  technique  to  construct  Liapunov 
function  candidates  for  general  nonlinear  critical  systems  in  which  the  center 
manifold  reduction  technique  is  employed  to  simplify  the  complexity  of  the 
design.  To  demonstrate  the  applications  of  the  proposed  technique,  we  have 
constructed  stability  conditions  for  the  simple  critical  cases  and  those  for  the 
compound  critical  cases  by  using  the  proposed  composite  Liapunov  function 
approach.  The  stability  results  were  found  to  agree  with  those  obtained  by 
using  normal  function  reduction.  Furthermore,  families  of  Liapunov  functions 
for  these  critical  cases  have  also  been  obtained.  The  center  manifold  reduction 
results  presented  in  this  thesis  may  be  easily  coded  using  a  symbolic  algebra 
package. 

In  the  practical  applications,  we  have  studied  the  mathematical  model  and 
the  control  of  the  Tethered  Satellite  Systems  (TSS).  A  point-mass  model  of 
the  TSS  was  derived  based  on  several  simplifying  assumptions.  Linear  and/or 
nonlinear  state  feedback  stabilizing  control  laws  for  the  TSS  during  the  station¬ 
keeping  mode  have  been  obtained  by  using  the  Hopf  bifurcation  theorem.  It  was 
found  that  such  stabilizing  control  laws  can  also  be  implemented  by  using  center 
manifold  reduction.  Another  approach,  using  application  of  center  manifold 
reduction  for  the  stabilization  of  double  critical  systems  whose  linearized  model 
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has  two  distinct  pairs  of  nonzero  pure  imaginary  eigenvalues,  was  also  proposed 
to  guarantee  the  stability  of  the  TSS  during  station-keeping  and  to  improve  the 
system  performances.  Simulations  indicate  that  the  transient  response  of  the 
system  by  using  this  new  method  is  superior  to  that  obtained  from  the  design  via 
the  Hopf  bifurcation  stability  criterion.  The  stability  of  the  constant  in-plane 
angle  control  for  the  deployment  and  the  retrieval  of  the  subsatellite  of  the  TSS 
have  also  been  addressed  in  this  thesis.  By  invoking  the  “finite-time  stability” 
criteria,  we  have  proved  that  the  TSS  will  be  unstable  during  retrieval.,  but 
stable  during  deployment.  A  new  switching  type  controller,  which  combines 
the  constant  in-plane  angle  control  and  the  station-keeping  control,  was  also 
designed  to  guarantee  the  asymptotic  stability  for  subsatellite  deployment. 

To  further  extend  the  researches  covered  in  this  thesis,  we  note  several 
possible  directions.  First,  the  stabilization  techniques  proposed  in  this  thesis 
using  center  manifold  reduction  can  be  applied  to  study  the  local  stabilization 
of  parametrized  families  nonlinear  systems,  specifically,  bifurcating  systems  and 
multiple  time-scale  systems.  Secondly,  the  proposed  method  for  constructing 
families  of  Liapunov  functions  can  be  used  to  study  the  optimization-based 
nonlinear  controller  design  (for  instance,  the  requirements  of  optimal  transient 
performance  and  the  largest  attraction  donmins),  specifically,  for  the  critical 
nonlinear  systems.  A  third  possible  direction  for  future  research  is  to  further 
study  the  stabilization  and  control  of  the  TSS.  Application  of  existing  control 
techniques  and  development  of  new  control  ideas  in  this  area  are  important. 
In  this  thesis,  we  only  focused  on  the  stability  analysis  and  the  control  for  the 
simple  point-mass  model  of  the  TSS.  More  complicated  models,  which  include 
flexibility,  mass  of  the  tether  and  other  possible  factors,  should  be  addressed  in 
future  research. 
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